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(i)
(i)
(i)
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(i)
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(i)
(i)
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(i)

0]
(i)

|EXERCISE 1.1

(iv), (v), (vi), (vii) and (viii) are sets.

TGyt iyt i) w1 (i)l
A ={-3,-2,-1,0, 1,2, 3, 4, 5, 6
C={17, 26, 35, 44, 53, 62, 71, 8)
E={T, R,I,GO,N,M,EY} (Vi)
{x:x=3n,ninand IENE£4} (i)
{x:x=5nNnand 1EN£4 } (iv)
x:x=r nl nand 1£ n £ 10}
(if)

1,2} (iv)

B={1,2,3,4,5}

D={2, 3,5}

F={B,ET R}
{x:x=2,nlnand IEN£5}

{ x:xis an even natural number}

B={0,1,2 3,4}
D={L O,Y,A}

FebruaryApril, June, SeptembgNovember }

| EXERCISE 1.2|

(i), (iv)

Finite (i)
Infinite (i)
Yes (if)
No (i)

Infinite (i) Finite
Finite
No
Yes

(i) Yes

(iv) Infinite
(i) Infinite (iv) Finite
(iv) No
6.B=D,E=G

(v) Finite
(v) Infinite

| EXERCISE 1.3|

] (i) E
I
False (i) True (i) False

(v), (vii), (viii), (ix), (xi)

(i) 1 v) E

(iv) True

() E (vi) 1

(v) False  (vi) True

f,.{a} ()f {a}{b}{ab}

f{1h{2}:{3%L{1.2} {1,3}{2,3},{1, 23} (iv) f
4, 6] (i) (-12,-10) (i) [0,7)
(iv) [3,4]

{x:xT R,—3<x<0} (i) {x:x1 R,6EX£12}

{x:xT R,6<x£12}

(iv) {x R:—23¢x<5}

9. (iii)
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| EXERCISE 1.4|
() XEY={1,23,5)} i) AEB={ab,ceio il
iy AEB={x:x=1,2,4,5o0ramultiple of 3 }
(v) AEB={x:1<x<10,xT N}(vy AEB={1,2,3}
2. YesAEB={a,b,cy 3. B

=

4. () {1,2,3,4,5,6} (i) {1,2,3,4,5,6,7,8}(ii) {3,4,5,6,7,8}
(iv) {3,4,5,6,7,8,9,10§v){1,2,3,4,5,6,7,8}
(i) {1,2,3,4,5,6,7,8,9, 10} (vii) {3,4,5,6,7,8,9,10}
5 (@) XCY={1,3} (i) AC B={a} @ {3} (vyf (v)f
6. () {7,9,1} (i) {11,13} (i) f (iv){ 11}
(v) f (i) {7,9,11} (vii) f
(viiy {7,9,11} (ix) {7,9,11} (x) {7,9,1,15}
7. () B (i) C @iy D (iv) f
v) {2} (vi) { x:xis an odd prime number} 8. (iii)
9. () {38,6,9,15,18,21} (i) {3,9,15,18,21} (i) {3,6,9,12,18, 21}
(iv) {4,8,16,20) v) {2,4,8,10, 14,16} (vi) {5,10,20}
(vii) { 20} (vii){ 4, 8,12,16} (ix) {2,6, 10, 14}
(x) {5,10,15} (xi) {2,4,6,8, 12, 14, 16ii) {5, 15, 20}
10. () {a c} @ {f, g} (i) {b,d}
11. Setofirrationalnumbers 12. () F (i) F (i) T (iv) T
| EXERCISE 1.5|
1. () {5/6,7,8,9 (i) {1,3,5 7,9} @iy {7,8,9}
(iv) {5,7,9} v) {1,2,3,4} (vi) {1,3,4,5,6,7,9}
2. () {defgh} @@ {ab,ch} @iy {b,d,f,h}
(iv) {bcde)
3. () { x:xisan odd natural number }

@) { x:x is an even natural number }
iy {x:x T Nandxis nota multiple of 3}
(iv) { x:xis a positive composite numberor 1 ]
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(v) {x:xisa positive integer which is not divisible by 3 or not divisible by 5}
(vi) { x:xT N andxis not a perfect square }
(vi) { x:xT N andxis not a perfect cube }

(vii) { x:xT Nandx®3} (ix) {x:x1T Nandx?® 2}
- - 9
X) {x:xl Nandx<7} (xi) {x:x1 Nandx £ E}
. A'is the set of all equilateral triangles.
@i u @i A @iy f (iv) f
| EXERCISE 1.6
.2 2. 5 3. 50 4. 42
. 30 6. 19 7. 25,35 8. 60

Miscellaneous Exercise on Chapter 1
. Al B,Al C, BI C, DI A, DI B, DI C

() False (i) False (i) True (iv) False (v) False
(vi) True

. False 12. WemaytakA={1,2},B={1,3},C={2,3}
. 325 14. 125 15. ()52,(i)30  16. 11
| EXERCISE 2.1

. X=2andy=1 2. The number of elementsfx B is 9.
. G " H={(7,5),(7,4),(7,2),(8,5), (8,4), (8, 2)}
H” G={(5,7),(5,8),4,7),(4,8),(2,7),(2,8)}

() False

P” Q={(m,n), (m m), (n,n), (n, m)}

(i) True
(i) True
. ATA={-1,-1),(-1,1),(1,-12), (1, 1)}
A"A" A={-1,-1,-1),(-1,-1,1),(-1,1,-1), (-1, 1, 1), (2, -1,-12),(1,-1, 1),
(1,1,-1),(1,1,1)}
- A={a b}, B={xy}
- A" B={(1,3),(14),23. @2 4}
A~ B will have 2 = 16 subsets.

A={xYy,zZtand B ={1,2}
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A ={-1, 0, 1}, remaining elements of
A" Aare (-1, -1), (-1, 1), (0, -1), (0, 0), (1, -1), (1,(@,1)

|EXERCISE 2.2 |

. R={(1,3),(2,6),(3,9), (4, 12)}

Domainof R={1, 2, 3, 4}
Range of R={3, 6, 9, 12}
Codomainof R ={1, 2, ..., 14}

. R={(1,6), (2,7), (3, 8)}

Domain of R ={1, 2, 3}
Range of R ={6, 7, 8}
R={(1,4),(1,6),(29), @3 4), (3 6), (5 4), (5 6)}
() R={(xy):y=x—-2forx=05, 86, 7}
(i) R={(5,3),(6,4), (7,5} Domain of R = {5, 6, 7}, Range of R ={3, 4, 5}
) R={11),12),(1,3),(1 4,1 6), (24, (2 6), (2 2), 4 4, (6,6),
(3,3), (3, 6)}
(i) Domainof R ={1, 2, 3, 4, 6}
(i) Rangeof R={1, 2, 3, 4, 6}
Domainof R={0, 1, 2, 3,4, 5,} 7. R={(2,8), (3, 27), (5, 125), (7, 343)}
Rangeof R={5, 6, 7, 8, 9, 10}
No. of relations fronA into B = 2 9. Domainof R &Z
Range of R Z

| EXERCISE 2.3|

() yes, Domain ={2,
(i) yes, Domain = (2,
(i)  No.
() Domain =R, Range = (¥, 0]
(i) Domain of function =% : -3£ X£ 3}
Range of function =X: 0£ x £ 3}
(@ f@O=-5 (i) f(7)=9 (i f(-3)=-1

8,11 14, 17}, Range = {1}
6

5,
4,6,8,10,12, 14}, Range ={1, 2, 3, 4, 5, 6, 7}

() t(@©)=32 (i) t(28)= 4?12 (iii) t (-10) =14 (iv) 100
() Range = (=¥, 2) (i) Range =[2¥) (i) Range =R



NooAD

10.

ANSWERS 437

Miscellaneous Exercise on Chapter 2

2.1 3. Domain of function is set of real numbers except 6 and 2.
Domain =[1¥), Range = [0¥)
Domain =R, Range = non-negative real numbers

Range = (0, 1)
(f+g)x=X-2 8.a=2,b=-1 9.() No (i) No (i) No
f-gyx=—-x+4
&ef 0_ x+1 . 3
_-X_ [l X+ —
gy 2x-3 2
(i) Yes, (i) No 11. No 12. Rangeoff={3,5, 11,13}
| EXERCISE 3.1
L5 19 L4 26
0 35 (i) ——5 (i) — (iv) =5
(i) 39°22¢3¢ (i) —229° 5¢27 (i) 30C° (iv) 210
20
. 12p 412 36¢ 5. 3 6. 5:4
2 1 7
0 1g (i) & (i) >z
| EXERCISE 3.2|
: 3 2 1
sinx=- = coseo= —— , seoc- 2 tax v 3 cot —
2 73 NE
5 4 5 3 4
cosexX=—, COX=—, seg=-—, tam- — , cot- —
3 5 4 4 3
. 4 5 3 5 4
sinx=- —,cosexx= — , COS¢- — , se&- — , taW —
5 4 5 3 3
. 12 13 5 12 5
sinx=- —,cosex= — , COS¢ — , tan- — , COok- —
13 12 13 5 1:



438 MATHEMATICS

- 13 12 13 17
5. SInX=—,cosexxX=—, COX=-—, Seg- — , caot- —
13 13 12 5
1 V3
6. 7= 7.2 8. 9.2 10. 1
J2 3 2
| EXERCISE 3.3|

| EXERCISE 3.4

Iy S 2. =220 - ni z

. 3131 3,n 3131 —3,n

5 11 5 R 7 11 7 R
3. —,—,n+—.nl 2z 4., —,—,n +(-1)"— nl Zz
6 6 6" 6 6 ) 5.n
n ~ ~
5. X=§orx:np,nl Z 6. x=(2n+1)z,or2n ig,nl Z
L\ 7 -
7. X=n +(-1)"—or(2n+ )— ni z
6 2

8 x=" orn—+3— nl z 9 x="2orn +— nit z

' 2 2 8’ ' 3 T3

Miscellaneous Exercise on Chapter 3

s 25451

5’52

J6 /3
o Y08
3 3
10 \/8+2\/175 \/8- Z/T54+\/1—5
' 4 ’ 4 '



13,1

. 3 (cosp +i sinp)

EXERCISE 5.1
3 2. 0 3.1
2 7i 6 _E ﬂ 7 £+|_5
-1 5 10 33
242 o -22 107 4.3
27 3 27 25 25
~7\/2
14, ——1
' 2
|EXERCISE 5.2 |
-2 5
2,—— . 2, 3.
3 2 6
2 B0 +i sing—-: 5. 2 Zos S 4i siﬁi;
&4 4% &4 4

¢

|[EXERCISE 5.3]
+J3i 5 -1+ 70 . -3t 3/3i
4 2
-3t V11 1+ J7i - 1 7
2 2 242
-1 (V2 )i -1+ /7]

5 10. 2\/5

ANSWERS 439

4. 14+ 28i

V2 %os— +i sin— -
&4 4%

g

2~C0S—+1 Sin— . COS— +1i Sin—
7. 8 5 6 8. >

N 1+J/Ti
-2

; J2 £/34i
23
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13.

17.

19.

21.
23.
25.

MATHEMATICS

Miscellaneous Exercise on Chapter 5

> _ i 307+ 599
- 442
(i) \/Ea%osg—ﬂ smg—_; (ii) \/Ea%osg—ﬂ sing—_;
&4 47 &4 4
e T 8. 2.¥2; o 2,414,
3 3 2 27 27 3 1
N2 . 1 3
J2 12. ()0 13. =7 14. x=3,y=-3
2 17. 1 18. 0 20. 4
| EXERCISE 6.1
0 {1,2,3,4} @ {..-3,-2,-1,0,1,234}
() No Solution i) {..—4, -3}
() {.-2-1,0,1} (i) (=¥, 2)
() {~1,0,1,2,3,..} (i) (=2,¥)
(-4,¥) 6. (—¥,-3) 7. (~¥, -3] 8. (¥, 4]
(-¥,6)  10. (-¥, -6) 11. (=¥, 2] 12. (=¥, 120]
(4,¥%) 14. (=¥, 2] 15. (4,¥%) 16. (=¥, 2]
x<3 x=>-1
, %I—I—I—Q—I% 18. 3 -1, <t
x<3 01234 X 101 >
x>-1 2
-1, €ToTrrTrr—> . X3 —=, €TeT
x>-1 2-1012 20 x 7 -101 >

Greater than or equal to 35  22. Greater than or equal to 82
(5.7),(7.9) 24. (6,8),(8,10), (10,12)
9cm 26. Greater than or equal tol&it less than or equal to 22
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EXERCISE 6.2

2.
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7. Y 8.

9. 10.
N
X' _:_’_ — X
v
Yl
EXERCISE 6.3|
1. X N 2. Y

>

£=x<
<
Il
[\
A

Y’
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4,
Y
6
5
4
2
X' ! X
N 0]123 6 A X< >X
v
~1~x7
% A
.b\\ e
[
6.
Y
4/
6
3
3 3
> 2
1 1
X’( - X’( 0 >X
4321123456 1234
L N "
N 3 x
77, 2
/'% 4 4 v +>fb \\6
Y Y N
Y
8. Y

Cd

.-Nt».nuuo\\loe\_./’
S

>
”
'y

LY
o)

123 4{6' 78910
—ly?l)
R o

v oA
, \
Y &
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9. }{ 10.
'\A
5
AN
3
y=2 2 \
1 \
X'<¢ —t N ——t———> X
0] 1 234\f78
v
! %,
VL %,
1 — A\
Y \‘)0
12.

et
—4-3-2-1,101-773 56 7 8

13.

4
O..
™~ +




15.

10.

11.
12.
13.
14.

1.
5.
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7

Nodesofbes,

XY
3g/‘3
Miscellaneous Exercise on Chapter 6
2e-80 —10 | 6 11¢
(23,2 > g3 73y O gl’st
-5,5)
(-5,5) —00 €—4+—0 O—t—t—t—t— 00
—-6-5-4-3-2-1012345¢67389
-L7)
(1,7 —00 €—+—+—0 O—t—t—t—> 00
-3-2-1012345¢6738910
(5, 0)
(5,¥) — 00 €t O —) OO
-1012345¢6 738
[_7! ]1]

-7, 11]
—o0

6—.7—6—5—4—3—2—1 0123456789 101.1—1.2—1.3-)00
Between 20°C and 25°C

More than 320 litres but less than 1280 litres.

More than 562.5 litres but less than 900 litres.

9.6£MA £16.8

EXERCISE 7.1

(i) 125, (i) 60. 2. 108 3. 5040 4. 336
8 6. 20
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EXERCISE 7.2
1. ()40320, ()18 2. 30,No 3. 28 4. 64
5. (i) 30, (ii) 15120

| EXERCISE 7.3|
1. 504 2. 4536 3. 60 4. 120,48
5. 56 6. 9 7. ()3, ()4 8. 40320
9. (i) 360, (ii) 720, (jii) 240 10. 33810
11. (i) 1814400, (ii) 2419200, (iii) 25401600

| EXERCISE 7.4
1. 45 2. (i)5,(i)6 3. 210 4. 40
5. 2000 6. 778320 7. 3960 8. 200
9. 35

Miscellaneous Exercise on Chapter 7

1. 3600 2. 1440 3. (i) 504, (i) 588, (iii) 1632
4. 907200 5. 120 6. 50400 7. 420
8. 4C, *C, 9. 2880 10. 2C+2C,~ 11. 151200

| EXERCISE 8.1

1. 1-10c + 40 — 80¢ + 8¢ — 32¢
5
32 40, 20 . 5, X

T e x 8" 32
3. 64X 576X + 2160x — 43203+ 4860%2 — 2916X + 729

x55x310 10 5 1

_+ +_
4 243 81 27 x 3 X
5. X°+6x" +15x2+2o+1f §+—{;
X X X
6. 884736 7. 11040808032 8. 104060401
9. 9509900499 10. (1.1} > 1000 11. 8(a’h + ab®); 406

12. 2(x® + 15¢* + 15¢ + 1), 198



12.

10.

11.

12.
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| EXERCISE 8.2|
1512 2. —101376 3. (-1 fc.xr?y
(-1 Pc.x*"y 5. — 1760xy° 6. 18564
-105 4. 35 ;,
5 %28 8. 61236x%y° 10. n=7;r=3
m=4

Miscellaneous Exercise on Chapter 8

9
a=3;b=5n=6 2. a:? 3. 171
396./6 6. 288+ 1226 —1x* —4a2 + 2
. 0.9510 8. n=10

16 8 32 16 x2 X X
—t—-—t —- 4 — — — 5

x x* xX x 2 2 16
27X — 548 + 117a2* — 116333 + 117a*? — 54a°x + 27a°

EXERCISE 9.1
3,8,15,24,35 213—3—4—5 3. 2,4,8,16and 32
. ) 3 ) ) . 27 3’ 4! 51 6 . ] ) ) a.n
R —Sand—7 5. 25,-125, 625, -3125, 15625
6'6'2'6 6 L eT e e ’
3921 75 49
225 21and— , =
2'2' 2 2 7. 65,93 8 128
729 10 300
© 23

3,1, 35,107,323; 3+11+35+107+323 +...

-1-1- 1- 1 -ael eloée

i U P .
27624120 " & 2% %_eg§4g_%_20 g
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13.

13.
16.

11.

13.

16.
19.

27.
32.

MATHEMATICS

35 8
2,2,1,0,-1; 2+2+1+40+(-1)+.. 14. 1L,2—,-and-
23 5
EXERCISE 9.2|
1002001 2. 98450 4. 5o0r20 6. 4
n 179
—(5n+7 , . — ,
2( ) 8. 2q 9 25 10. 0
27 14. 11,14,17,20and 23 15. 1
14 17. Rs 245 18. 9
EXERCISE 9.3
ﬁ’? 2. 3072 4. —2187
14 20 p
(@) 13, (b) 12", (c) 9 6. £1 7. EgL- (0.9 L
el ¢ '_ 4 nu 3(q_ 20
ﬂ(\/é+l) F- 1 9 g‘ ( a) 0 1o X (1 X )
2 P 1+ - 1-¥
a X
3 5 2 2 5 5 2
22+=(3- r ==or—=; Terms are-, X
2( ]) L2 2 5 5 ’1_2 2 5
16 . 16
4 14, 22 ) 15. 2059
-4- 8- 16 80 8
——,—,..0r4- 8,16; 32 64. . —110"-1- =n
3 3 3 4 18 81( ]) 9
496 20. rR 21. 3,-6,12,-24 26. 9and 27
n=_7 30. 120, 480, 30 (3 31. Rs 500 (1.1
x2-1ex+25=0
| EXERCISE 9.4
g(n+1)(n+2) n(n+1)(n4+ 2)(n+3



21.

23.

27.
31.

11.
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n n

& (n+1) (30 + 50+ b 5. 2840
2

3n(n+1) (+3) 7. n(n+1) (n+2)
12

n(n+1) (3n + 230+ 34

g(n+1)(2n+])+2(?-]) 10. g(2n+1)(2”'])

Miscellaneous Exercise on Chapter 9

581 4. 8729 5. 3050 6. 1210
4 8. 160;6 9. +3 10. 8,16,32
4 12. 1

50 5 2n 2
) > (100- 2 2 iy - 2 (1 107
() 5710~ & 5 . () T o5+ 107) 22. 1680
N2 n 2
5(n +3n+5) 25, Z(Zn +9n+13

Rs 16680 28. Rs39100 29. Rs 43690 30. Rs17000; 20,000
Rs 5120 32. 25days

|EXERCISE 10.1]

121 .
—,Square unit

(0, ), (0, —a) and(- \/§a,0) or (0,a), (0, —a), and(fSa,O)

. . 15 1
() Yo - Wl Gi) % - %] 4. 5.0 5. -3
-3 8. x=1 10. 135°

1 1 1
1 and 2, orE and 1, or — 1 and -2, orE and -1 14. E’ 104.5 Crores
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|EXERCISE 10.2

1. y=0andx=0 2. x—-2+10=0 3. y=mx

4. (\/§+1)X-(\/§- ])y: 4(\/_3—) 5. 2X+y+6=0

6. x-By+ 2/3=0 7. Bx+3+2=0

8. J3x+y=10 9.x-4+8=0 10. 5x—y+20=0

11. A +nx+3(1 +ny=n+11 12. x+y=5

13. X+2y—6=0,X+y—-6=0

14. 3x+y- 2= Oand/ 3+ y+ 2 | 15. 2x—9 +85=0
192 ; .

16. L="—(C-20)+ 12494.  17. 1340litres. 19. 2kx+ hy= 3kh.

90

| EXERCISE 10.3|

1 1 5 5
1. () y=-$X+ 0 ;,O; (ii) y:-2x+§,- 2,5:(iii)y=(»(+0, 0,0

s XY e XY 93
2. (I) Z+E_114|61 (") §+_2 1’2’ 2,
2
2 , . 2 . , :
(iii) =- 3’ intercept withy-axis = - 3 and no intercept witk-axis.

3. (i) xcos 120° 4y sin 120° =4, 4, 120° (i} cos 90° +y sin 90° = 2, 2, 90°;
(i) xcos 315° 4ysin 315° =2,/2, 2./2, 315° 4. 5 units

65 . . 1l|p+r| .
5. (=2, 0)and (8, 0) 6. (i) ’E units, (”)ﬁ‘ I units
7. 3x—4y+18=0 8. y+7™ =21 9. 30° and 150°
22
10. 9

12. (@+2)X+(2f3—])y: 8/ 3+ lor (\f3 2)x+ (lr gf%y: 1+ §¢



13.

17.

12.
16.

17.

21.

w =

10.
12.
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S B8 49 -
X*y= &5 25p 0 MRS
y-x=1,.2
Miscellaneous Exercise on Chapter 10
7
(@3,(b)x2,(c)6o0r1 2. ?’1
2x- 3y= 6; A 2y € 4 .- §O<§§—
X - y= r e F . g ] 38 ’
[sin€ =)l 5
_ 6. X=-— 7. 2x-3y+18=0
olsin® = 22 ¥
2
. k? square units 9. 5 11. 3x-y=7, x+3y=9
13x+13y=6 14. 1:2 15. 2:i'\/_Sunits
The line is parallel ta - axis or parallel tg-axis
+
x=1, y=1 18. (-1, - 4). 19. 1_5[2
&3
18+ 1 +11=0 22. €5 OE 24, 119x+ 103/ =125
| EXERCISE 11.1|
X¥+y—4=0 2. X% +yY+4&-6/y-3=0
36 +362—-3x—18+11 =0 4. X¥+y—-X-2=0
X +y? +2ax+ 2y+20°=0 6. ¢(-5,3),r=6
1 1
. ¢(2,4),r =65 8. c4,-5r=453 9. ¢(4,0;r=7
X+y’—6x—8 +15=0 11, ®+y?—T&+5/-14=0

X¥+yYP+4—-21=0&X¥+y?—-1X+11=0
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13. X +y’—ax—by =0 14.2+y —&—4y =5
15. Inside the circle; since the distance of the point to the centre of the circle is less
than the radius of the circle.

EXERCISE 11.2|

1. F(3,0), axis x - axis, directrixx = — 3, length of the Latus rectum =12

3 . . . . 3
2. F(O, E)’ axis -y - axis, directrixyy = — > length of the Latus rectum =6

3. F(-2,0), axis x - axis, directrixx= 2, length of the Latus rectum =8
4. F(0,-4), axisy - axis, directrixyy = 4, length of the Latus rectum = 16

5 . L .
5 F (E , 0) axis x - axis, directrixx = —g, length of the Latus rectum =10

-9 9
6. F(O, 7) , axis -y - axis, directrixy = 2 length of the Latus rectum =9

7. Yy =24 8. X=-1% 9. y?»=1X
10. y? = —8& 1. 2y2 = & 12. 2% = 25
| EXERCISE 11.3]|
1. F (x420,0); V (= 6, 0); Major axis = 12; Minor axis = 8¢ = @
16
Latus rectum =—
3
2. F (0, x/21); V (0, £ 5); Major axis = 10; Minor axis = 4e = %1;
8
Latus rectum ==
5
. . . . J7
3. F (7., 0); V (= 4, 0); Major axis = 8; Minor axis = 6 = " :

9
Latus rectum ZE



10.

13.

16.
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3
F (0, £/75); V (0, 10); Major axis = 20; Minor axis = 10g = % :

Latus rectum =5

13
F (x.13.,0); V (& 7, 0); Major axis =14 ; Minor axis = 12e, = g;
72
Latus rectum =7
. . . . V3
F (0, +10J3); V (0,+ 20); Major axis =40 ; Minor axis = 20e, = -
Latus rectum = 10
2\ 2
F (0, £ 44/2); V (0, 6); Major axis =12 ; Minor axis = 4e = T\/_;
4
Latus rectum =§
15
F(O,i\/ﬁ); V (0, 4); Major axis = 8 ; Minor axis = 2 ¢ = g

[

Latus rectum =

N

F (£5,0); V (= 3, 0); Major axis = 6 ; Minor axis = 4¢ = ?

8

Latus rectum :3

2 2 2 2 2 2
X_+L: 11. X_+L:l 12 X_+L:
25 9 144 169 36 20

2 2 2 2 2 2
X_+L:l 14 X_+L:l 15 X_+L:l
9 4 1 5 169 144
2 2 2 2 2 2
X_+L:l 17. X_+L: 18 X—+L:

64 100 16 7 25 9
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2 2 2 2
X Yy 2 2 X Yy

L —+2=1 X vy = —+2-=1
19 1010 20. X +4y 520r52 13

|EXERCISE 11.4|

5 9
1. Foci &5, 0),Vertices £ 4, 0);e = Z; Latus rectum =§

2. Foci (0% 6), Vertices (0 3); e= 2; Latus rectum = 18

. . 13
3. Foci (0, £./13), Vertices (0 2);e = g; Latus rectum=9

5 64
4. Foci ( 10, 0),Vertices £ 6, 0);e =—; Latus rectum=—

3 3
2414 6 J14 45
5. Foci (0x—F=), Verti =), e=——: Lat tum=——
oci (0 JE ), Vertices (O::\E),e 3 atus rectunr 3
65 49
6. Foci (0,£4/65), Vertices (0 4); ezg; Latus rectum=7
2 2 2 2 2 2
; XY g Y _X_ 9 Y _X_
4 25 39 9 16
2 2 2 2 2 2
10 X_.¥_ 11, XX 12, .Y
16 9 25 144 25 20
2 2 2 2 2 2
13 XY 12. X 9y Yy _X_
4 12 49 343 5 5

Miscellaneous Exercise on Chaptef 1

1. Focus is at the mid-point of the given diameter

2. 2.23 m (approx.) 3. 9.1 m (approx.) 4. 1.56m (approx.)
X2 y2 X2 y2

5 —+=—=1 6. 1 it 7. —+=—=1
81 9 8 sq units 579

8. &3
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|EXERCISE 12.1]

y andz - coordinates are zero 2. y-coordinate is zero
[, 1V, VIIL, V, VI, 1L VI
(i) XY -plane @i (xy,0) (i) Eight

|EXERCISE 12.2]
(i)2+/5 (i) /43 (i) 2v/26 (iv)2/5

4. Xx—-2=0 5 9+ 257+ 25%-225=0

13.

|EXERCISE 12.3]

ae4 1 27
—,—,— = (i 8173 .
Oee 553 Liii) (- ) 2. 1:2
2:3 5. (6,—-4,-2),(8,-10,2)
Miscellaneous Exercise on Chapter 12
16
. (1,-2,8) 2. 7./34,7 3. a:—2,b=-§,c:2
(0, 2, 0) and (0, — 6, 0)
2
(4,-2, 6) 6. X+y*+7-2% Ty 2z K —109
|[EXERCISE 13.1]
6 2. B2, 3 4 2
| & T P 2
1 . , , 1os
2 ' 4 7
1
b 10. 2 11. 1 12 "2
a 14 a 15 1 16 1
b B : :
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17.

21.
24.
25.
27.

29.

30.

32.

11.

MATHEMATICS

a+l

4 18. Yy 19. 0 20. 1

0 22. 2 23. 3,6

Limit does not exist at=1

Limit does not exist at= 0 26. Limit does not existat=10
0 28. a=0,b=4

)l('®”; f}=0 and!(ig‘a f(x) = (a—al) (a—az) (a—ax)

lim £ (x) exists for alla* 0. 31. 2

For IM ' (x) to exists, we neemh = n; IM f (x) exists for any integral value

of mandn.
| EXERCISE 13.2]
. 20 2.1 3. 99
- -2
N oo . 3 L & S .
(1) 3% @ 2x-3 (iii) N (iv) (x- 1)2

n"'+an- D)X %+ &(n )% + 4*

a-b
() 2x- a b (i) 4ax(ax’-+b) (i) W

nx"- anX™- &% &

(x- a)°
S @) 2 (i) 20¢-15¢+6x—4 (i) ;—f’(5+ 2x) (V) 15¢+ %
12 3 —2 _ X(3X —2)
(v)? +F (vi) (x+1)2 (3x —1)? 10. — sinx
(i) cos X (i) secxtanx
(i) 5secx tanx — 4sinx (iv) — cosecx cotx

(v) — 3cosetx —5 cosex cotx (vi) 5cosx+ 6sinx
(vii) 2seé x — 7secx tan x



11.

13.

15.

17.

20.

22.
23.

24.

25.

26.
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Miscellaneous Exercise on Chapter 13
N 1 fD (i) -sin® s 1
1) — ) —% 111) COS IV) -SINeX- — = .
) =1 ()7 (i) cos &+1) (v) ¢ g3

_qr

7+ps 4. 2c (axtb) (cx +d) + a (cx + d)?
ad- bc -2 - (2ax+ b)
— 6 PEERVE x1 O,l 7 2
(cx+ d) © (x-1) : (ax2+bx+c)
-apX’- 2bpx b apxX +2bpx+ bg a -4a 2b .
p p a-g q | p pxz O llO. 5a+—3-smx
(o + ax+ 1) (ax+b) XX
2 n-1
X 12. na(ax+ b

(ax+b)"(cx+ A" 'gmé axr p+ nf ot X 14. cos k+a)

-1
— coset x — cosex cof x 16. 1isinx
-2 2secx tarx . n-1
— 8. V/—/= 19. nsin X cosx
(sinx- cosx) (secx+ )
bccosx+ ad sin x+ bd cosa
2 L
(c+dcosx) cosx

x° (5x cosx+ X sinx+ 20sinx- 12cos)
-x?sinx sin% 2x cosx

-qsin><(a)€+ sin >)+ ( p ocos X(2ax cosk
-tan’x(x+ cosx)+ (x tanX(-1 sing

35+ 15 cosx+ 28cos+ 28 siR- 15six
(3x+7 cosx)’
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xcos—( 2sinx- x cosy 1+ tark - x seéx

27. 4 — 28. (1+tarx)2

29. (x+secx)(1— se%x)+(x— tan (+1 sek tap

30 SiNn X- N XCOSX
sin"x

|EXERCISE 14.1]

1. (i) This sentence is always false because the maximum number of days in a
month is 31. Therefore, it is a statement.

@) This is not a statement because for some people mathematics can be easy
and for some others it can be difficult.

(i) This sentence is always true because the sumis 12 and it is greater than 10.
Therefore, it is a statement.

(iv) This sentence is sometimes true and sometimes not true. For example the
square of 2 is even number and the square of 3 is an odd nilihdyefore,
it is not a statement.

(v) This sentence is sometimes true and sometimes false. For example, squares
and rhombus have equal length whereas rectangles and trapezium have
unequal length. Therefore, it is not a statement.

(vi) Itis an order and therefore, is not a statement.

(viiy This sentence is false as the product is (—8). Therefore, it is a statement.
(vii) This sentence is always true and therefore, it is a statement.

(ix) Itis not clear from the context which day is referred and therefore, it is not
a statement.

(x) This is a true statement because all real numbers can be written in the form
a+ixO0.

2. The three examples can be:

() Everyone in this room is bold. This is not a statement because from the
context it is not clear which room is referred here and the term bold is not
precisely defined.

() She is an engineering student. This is also not a statement because who
‘she’ is.

(i) “cos¥qis always greater than 1/2”. Unless, we know vehiat we cannot
say whether the sentence is true or not.



(ii)
(i)
(iv)
v)

2. ()
(if)
3. ()
(if)
(i)
1)
(if)
(i)
(iv)
2. ()

(ii)
(i)
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EXERCISES 14.2

Chennai is not the capital o&mil Nadu.
J2 is a complex number

All triangles are equilateral triangles.

The number 2 is not greater than 7.

Every natural number is not an integer

The negation of the first statement is “the numbisra rational numbeér

which is the same as the second statement” This is because when a number
is not irrational, it is a rational. Therefore, the given pairs are negations of
each other

The negation of the first statement isi§ an irrational number” which is

the same as the second statement. Therefore, the pairs are negations of
each other

Number 3 is prime; number 3 is odd'(€).

All integers are positive; all integers are negative (False).

100 is divisible by 3,100 is divisible byt Band 100 isigtisible by 5 (False).

EXERCISE 14.3 |

“And”. The component statements are:

All rational numbers are real.

All real numbers are not complex.

“Or”. The component statements are:

Square of an integer is positive.

Square of an integer is negative.

“And”. the component statements are:

The sand heats up quickily in the sun.

The sand does not cool down fast at night.

“And”. The component statements are:

X = 2 is aroot of the equatiorx23—x— 10=0

x = 3 is a root of the equatiorx23—x— 10=0

“There exists”. The negation is

There does not exist a number which is equal to its square.
“For every”. The negation is

There exists a real numbesuch thak is not less thar + 1.
“There exists”. The negation is

There exists a state in India which does not have a capital.
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0]
(ii)
(i)

0)
(i
(i)
(v)

v)

(i)

(i

(i)

(v)

v)

0]
(i

No. The negation of the statement in (i) is “There exists real nuxraret

y for which x+y t y + X", instead of the statement given in (ii).
Exclusive

Inclusive

Exclusive

EXERCISE 14.4

A natural number is odd implies that its square is odd.

A natural number is odd only if its square is odd.

For a natural number to be odd it is necessary that its square is odd.
For the square of a natural number to be odd, it is sufficient that the number
is odd

If the square of a natural number is not odd, then the natural number
is not odd.

The contrapositive is

If a numberx is not odd, them is not a prime number

The converse is

If a numbeix in odd, then it is a prime number

The contrapositive is

If two lines intersect in the same plane, then they are not parallel

The converse is

If two lines do not interesect in the same plane, then they are parallel
The contrapositive is

If something is not at low temperature, then it is not cold

The converse is

If something is at low temperature, then it is cold

The contrapositive is

If you know how to reason deductivellgen you can comprehend geometry
The converse is

If you do not know how to reason deductiyéhen you can not comprehend
geometry

This statement can be written as %fis an even numbgthenx is
divisible by 4”.

The contrapositive is, ¥is not divisible by 4, thexis not an even numhber
The converse is, Kis divisible by 4, them is an even number

If you get a job, then your credentials are good.

If the banana tree stays warm for a month, then it will bloom.



(i)
(iv)

4. a (i)

5.

2.

(ii)
b ()
(ii)

0]
(ii)
(i)
(iv)
v)

0]
(i
(iii)
(v)

(i)

(i

(i)
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If diagonals of a quadrilateral bisect each qttiean it is a parallelogram.
If you getA* in the class, then you do all the exercises in the book.
Contrapositive

Converse

Contrapositive

Converse

EXERCISE 14.5|

False. By definition of the chord, it should intersect the circle in two points.
FalseThis can be shown by giving a counter examplehord which is not

a dimaeter gives the counter example.

True. In the equation of an ellipse if we @ut b, then it is a circle
(Direct Method)

True, by the rule of inequality

False. Sincellis a prime numbetherefore,/11 is irrational.

Miscellaneous Exercise on Chapter 14

There exists a positive real numbesuch thak-1 is not positive.

There exists a cat which does not scratch.

There exists a real numbesuch that neithex > 1 norx < 1.

There does not exist a numbesuch that 0 s < 1.

The statement can be written as “If a positive integer is prime, then it has no
divisors other than 1 and itself.

The converse of the statement is

If a positive integer has no divisors other than 1 and itself, then it is a prime.
The contrapositive of the statement is

If positive integer has divisors other than 1 and itself then it is not prime.
The given statement can be written as “If it is a sunny tten | go

to a beach.

The converse of the statement is

If I go to beach, then it is a sunny day

The contrapositive is

If I do not go to a beach, then it is not a sunny day

The converse is

If you feel thirsty then it is hot outside.

The contrapositive is

If you do not feel thirstythen it is not hot outside.



462 MATHEMATICS

3. (i) If you log on to the servethen you have a password.
(i) If it rains, then there is traffic jam.
(i) If you can access the website, then you pay a subscription fee.
4. (i) You watch television if and only if your mind in free.
(i) You getamh grade if and only if you do all the homework regularly
(i) A quadrilateral is equiangular if and only if it is a rectangle.
5. The compound statement with “And” is 25 is a multiple of 5 and 8
This is a false statement.
The compound statement with “Or” is 25 is a multiple of 5 or 8
This is true statement.
7. Same as Q1 in Exercise 14.4

EXERCISE 15.1

1. 3 2. 84 3. 2.33 4. 7
5. 6.32 6. 16 7. 3.23 8. 51
9. 157.92 10. 11.28 11. 10.34 12. 7.35

EXERCISE 15.2

n+l -1
1. 9,9.25 2. —, 3. 16.5,74.25 4. 19,43.4
2 12
5. 100, 29.09 6. 64,1.69 7. 107,2276 8. 27,132
9. 93,105.52,10.27 10. 5.55,43.5

EXERCISE 15.3]

1. B 2. Y 3. ()B, (i)B
4. A 5. Weight

Miscellaneous Exercise on Chapter 15

1. 4,8 2. 6,8 3. 24,12
5. (i)10.1, 1.99 (ii) 10.2, 1.98
6. Highest Chemistrand lowest Mthematics 7. 20,3.036
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| EXERCISE 16.1]

{HHH, HHT, HTH, THH, TTH, HTT, THT, TTT}

A, Y i x,y=1,2,3,4,5,6}

{(1,1), (1,2), (1,3), ..., (1,6), (2,1), (2,2), ..., (2.6), ..., (6, 1), (6, 2), ..., (6,6)}
{HHHH, HHHT, HHTH, HTHH, THHH, HHTT, HTHT, HTTH, THHT, THTH,
TTHH, HTTT, THTT, TTHT, TTTH, TTTT}

{H1, H2, H3, H4, H5, H6, T1, T2, T3, T4, T5, T6}

{H1, H2, H3, H4, H5, H6, T}

{XB , XB,, XG, XG, YB,, YG,,YG, YG}

{R1,R2, R3, R4, R5, R6, W1, W2, W3, W4, W5, W6, B1, B2, B3, B4, B5, B6}
(i) {BB, BG, GB, GG} (i) {0, 1, 2}

{RW, WR, WW}

. [HH, HT, T1,T2,T3, T4, T5,T6}
. {DDD, DDN, DND, NDD, DNN, NDN, NND, NNN}
. {T,H1, H3, H5, H21, H22, H23, H24, H25, H26, H41, H42, H43, H44, H45, H46,

H61, H62, H63, H64, H65, H66}

- 1(1,2), (1,3), (1,4), (2,2),(2,3), (2,4), 3,), (3,2), (3,4), (4,1), (4,2), (4.3)}
. {1HH, 1HT, 1TH, 1TT 2H, 2T, 3HH, 3HT, 3TH, 3TT, 4H, 4T, 5HH, 5HT 5TH,

5TT, 6H, 6T}

. {TR, TR, TB, TB, TB, H1, H2, H3, H4, H5, H6}
. {6, (1,6), (2,6), (3.6), (4,6), (5.,6), (1,1,6), (1,2,6), ..., (1,5,6), (2,1,6). (2,2,6), ...,

(2,5,6), ..., (5,1,6), (5,2,6), ... }

| EXERCISE 16.2|

No.
() {1,2,3,4,5,6} @iy (i) {3, 6} (iv) {1,2,3} (v) {6}
(vi) {3,4,5,6},AEB={1,2,3,4,5,6},ACB=f,BEC ={3, 6}, ECF = {6},
DCE =f,
A-C={1,245,D-E={1,23},) EFt=f, F¢={1, 2}

. A={(3,6), (4,5), (5, 4), (6,3), (4,6), (5,5), (6,4), (5,6), (6,5), (6,6)}

B={(1.2),(2,2), (3,2),(4,2),(52),(6,2),(2,1), (2,3), (2,4), (2,5), (2,6)}
C={(3,6),(6,3), (5, 4), (4,5), (6,6)}
A and B, B and C are mutually exclusive.

() AandBAandC;BandC;CandD (#and C (iii) Band D

() “Getting at least two heads”, and “getting at least two tails”

(i) “Getting no heads”, “getting exactly one head” and “getting at least two
heads”
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(i)
(iv)
v)

“Getting at most two tails”, and “getting exactly two tails”

“Getting exactly one head” and “getting exactly two heads”

“Getting exactly one tail”, “getting exactly two tails”, and getting exactly
three tails”

FANNERY There may be other events also as answer to the above questian.

6.

-~

=

w

ol

A=

{2, 1), (2,2), (2,3), (2,4), (2,5), (2,6), (4,1), (4,2), (4.3), (4,4), (4,5), (4,6),
(6,1), (6,2), (6,3), (6,4), (6,5), (6,6)}

B= {1 1), (1,2), (1,3), (1,4), (1,5), (1,6), (3,1), (3,2), (3,3), (3:4), (3,5), (3,6),

C=
(i)

(ii)
(i)

(v)
v)

(Vi)

(vii)
(i)

(5.1),(5,2), (5,3), (5,4), (5,5), (5,6)}
{(1,1),(1,2),(13),(1,4),(21),(2,2),(23),(31),(3,2), (41)}
At={(11),(1,2),(1,3),(1,4), (1,5), (1,6), (3,1), (3,:2), (3,3), (3:4), (3,5), (3,6),
(5.1),(5,2),(5,3), (5,4), (5,5), (5.6)} =B
B¢={(2,1), (2,2), (2,3),(2,4), (2,5), (2,6), (4,1), (4,2), (4,3), (4,4), (4,5), (4,6),
(6,1),(6,2), (6,3), (6,4), (6,5), (6,6)}~
AEB={(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (3,1), (3,2), (3,3), (3.4), (3,5),
(3.6), (5.1), (5,2), (5,3), (5,4), (5,5), (5,6), (2,1), (2,2), (2,3), (2,5),
(2,6), (4.1), (4,2), (4,3), (4,4), (4,5), (4,6), (6,1), (6,2), (6,3), (6,4),
(6,5), (6,6)}= S
ACB=f
A-C={(2.4), (2,5), (2,6), (4,2), (4,3), (4,4), (4,5), (4,6), (6,1), (6,2), (6,3),
. (6,4), (6,5), (6,6)}
BE C={(1,1), (1,2), (1,3), (14), (1,5), (1,6), (2,1), (2,2), (2,3), (3,1), (3,2),
(3.3), (3,4), (3,5), (3,6), (4,1), (5,1), (5,2), (5,3), (5,4), (5,5), (5,6)}
BCC={(11),(12),(13),(14),(31),((32)}
A C B¢ CCt={(2,4), (2,5), (2,6), (4.2), (4,3), (4,4), (4,5), (4,6), (6,1), (6,2),
(6,3), (6,4), (6,5), (6,6)}

() True (i) True (iii) True (iv) False (v) False (vi) False

| EXERCISE 16.3|

. (@)Yes (b)res (c)No (d)No (e)No 2. %

12 o1 5 1 L1
05 @ 5 i) 5 MO0 W 4 (@) 52 (Bg, © )5 @)

~ 1 .1
: (')1—2 (”)1—2 6.

1
2

gl w



12.

13.

15.
18.

21.

©
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Rs 4.00 gain, Rs 1.50 gain, Re 1.00loss, Rs 3.50loss, Rs 6.00 loss.

1 1 3
P (Winning Rs 4'00):E’ P(Wnning Rs 1.50)=Z, P(Losing Re. 1.00)=§

1 1
P (Losing Rs 3.50)=Z, P (Losing Rs 6.00)=E.

1.3 1 7 T 1 03 1 7
() 3 (i) 3 (i) 5 (iv) 3 (V)§ (vi) 3 (vii) 3 (viii) 3 (ix) 3

S 10 (i)E (ii)l 11 .
11 - Y13 13 " 38760

(i) No, because P(@B) must be less than or equal to P(A) and P(B),Yés

A 4

(I)E (i) 0.5 (i) 0.15 14. e

~ 5 .. 3 , .

(i) 3 (i) 8 16. No 17. (i)0.58 (i) 0.52 (i) 0.74
0.6 19. 0.55 20. 0.65

.19 11 .0 2
(')3—0 (i) 30 (iii) 15

Miscellaneous Exercise on Chapter 16

i 200, 1 0C, : 18c, 8¢
- () ®oC, (ii) B, 2 5—204
1 .1 .5 999 %0, %%0C,
= = = a)—— b) ——2 C)— 19
(i) 5 (i) 5 (iii) 6 4. ( )1000 (b) 10000(:2 ( )10000010
17 16 2
a)— (b= —
( )33 ( )33 6. 3
4
. ()0.88 (i)0.12 (ii)0.19 (iv)0.34 8. ¢
33 .. 3 1
= (i) = —
@ 83 (i 8 0. 5040
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Chapter

V In these days of conflict between ancient and modern studibgre

must surely be something to be said for a study which did not
begin with Pythagoras and will not end with Einstein; b

is the oldest and the youngest— GH. HARDY Vv b

1.1 Introduction

in almost every branch of mathemati
define the concepts of relations an

geometrysequences, probabiligt 8
of sets. Q :
The theory of sets elop c@ an £
mathematician Georg C @ He firs
n trigonometric

encountered sets whi rklng on “pro
series”. In this Cha dISCUS me Dasic definitions

and operations involV

Georg Cantor
sets (1845-1918)

1.2 Sets and their Repres ions

In everyday life, we oft eak of collections of objects of a particular kind, such as,
a pack of cards, a c% eople, a cricket team, etc. In mathematics also, we come
across collectioggs for &ample, of natural numbers, points, prime numbers, etc. More
speciallywe e the following collections:

(@ ural numbers less than 10, i.e.,1,3,5,7,9
(i) hewivers of India

(i) TRe vowels in the English alphabet, namalye, i, o, u
(iv) Various kinds of triangles

(v) Prime factors of 210, namel®,3,5 and 7

(vi) The solution of the equatiorR’— 5x+ 6 = 0, viz, 2 and 3.

We note that each of the above example is a well-defined collection of objects in
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the sense that we can definitely decide whether a given particular object belongs to a
given collection or not. For example, we can say that the river Nile does not belong to
the collection of rivers of India. On the other hand, the river Ganga does belong to this
colleciton.

We give below a few more examples of sets used particularly in mathematics, viz.
N : the set of all natural numbers
Z : the set of all integers

Q : the set of all rational numbers
R : the set of real numbers

Z* : the set of positive integers b
Q* : the set of positive rational numbers, and
R* : the set of positive real numbers. @
The symbols for the special sets givep above will be d to throughout
this text. & %
mathe s of the world is not

may vary from person to person. ned collection.
We shall say thaa set is afvell-qMined c I of object
The following points ma

(i) Objects, element mem et are synonymous terms.
(i) Setsareu denoted b letterB, C, X,Y, Z, etc.
(i) The elem f a set ep sented by small lettérsc, x, yz, etc.

If ais an elementof a that ‘a belongs t\” the Greek symbol
(epsilon) is used to denote t dmongs ta Thus, we writeal A. If ‘b’ is not
an element of a sét, we ygteb I A and read B does not belong ta”.

Thus, in the sef of Is in the English alphabet] V butbT V. In the set
P of prime factors :& Pbut 151 P.

There are two rwl‘?ds of representing a set :
@) Ror abular form
(if) mfider form.
() Inroster form, all the elements of a set are listed, the elements are being separated
by commas and are enclosed within braces { }. For example, the set of all even

positive integers less than 7 is described in roster form as {2, 4, 6}. Some more
examples of representing a set in eogorm are given below :

(a) The set of all natral numbers which divide 42 is {1, 2, 3, 6, 7, 14, 21, 42}.

Again the collection of five most .
well-defined, because the criterion fgdeNgminhing @ atician as most renowned
»n |
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JANINER]] In roster form, the order in which the elements are listed is immaterial.
Thus, the above set can also be represented as {1, 3, 7, 21, 2, 6, 14, 42}.
(b) The set of all vowels in the English alphabetasé, i, o, &

(c) The set of odd natural numbers is represented by {1, 3, 5, . . .}. The dots
tell us that the list of odd numbers continue indefinitely

PANINEIE It may be noted that while writing the set in roster form an element is not

generally repeated, i.e., all the elements are taken as distinct. For example; the set
of letters forming the wordSCHOOL is { S, C, H, O, L} or {H, O, L, C, S}. Here
the order of listing elements has no relevance.

@) In set-builder form, all the elements of a set possess a single n property

which is not possessed by any element outside the set. For ple, in the set
{a, e, i, 0, §, all the elements possess a Eommon propem@ch of them

her letter gos is pidpeayng
this set by, we write
V = {x : xis a vowel in Englis &7’
It may be observed that we % e ele e the set by using a symbol
g: u

is a vowel in the English alphabet, and

(any other symbol like the lettey Id be 8¢ WhICh is followed by a colon

“: 7", After the sign of colon, the ¢ teristic property possessed by the
eIements of the set and th ose th description within braces. The above
description of the set V_is rea®as “the UC thak is a vowel of the English

alphabet”. In this de on the braces and for “the set of all”, the colon stands for
“such that”. For exahk(®/ the se
A ={x:xisanaturaln X< 10} is read as “the set of alsuch that
X is a natural number zmbetween 3 and 10.” Hence, the numbers 4, 5, 6,
7,8 and 9 are thegents of the/set
If we denote thﬁC escribed a), (b) and €) above in roster form b4, B,
C, respectivelytQenA, B can also be represented in set-builder form as follows:
A= {x:xi ral number which divides 42}
B={y:y % owel in the English alphabet}
C={{: A an odd natural number}

Example 1Write the solution set of the equatigt+ x —2 = 0 in roster form.

Solution The given equation can be written as
x=1) x+2)=0,.e., x=1,-2
Therefore, the solution set of the given equation can be written in roster form as {1, — 2}.

Example 2Write the set X : x is a positive integer and < 40} in the roster form.
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Solution The required numbers are 1, 2, 3, 4, 5, 6. So, the given set in the roster form
is{1, 2, 3,4,5, 6}.

Example 3Write the setA = {1, 4, 9, 16, 25, . . .ih set-builder form.
Solution We may write the sek as
A ={x:xIis the square of a natural number}

Alternatively, we can write
A ={x:x=n? wherenl N}

E le 4Write th 1{——23—4—5—3 the set-builder f
xample 4Write the set -, 2.7 2 in the set-builder form. b
Solution We see that each member in the given set has the num one less than

the denominatoAlso, the numerator begin from 1 and do not @ . Hence, in the

set-builder form the given set is R

ix:xz— wheren is um e £ u
| Qg %
Example 5Match each of the left d d in the roster form with the

same set on the right descri set by
0 {P,R,I,N,CA, X: XIS e mteger and is a divisor of 18}

@ {0} teger ang?— 9 = 0}

@ {1,2,3,6, (c) {x n integer angd + 1= 1}

(iv) {3,-3} (d) x is a letter of the word PRINCAR}
Solution Since in (d), there tiers in the word PRIMCIBNd two letters Bnd |
are repeated, so (i) matches). Similaflyy matches (c) ag + 1 = 1 implies

x=0.Also, 1, 2,3, 6, 9, 1§ @ all dIVISOI’S of 18 and so (iii) matches (a). Fidal§ = 0
impliesx= 3, =3 an matches (b).

& |EXERCISE 1.1
1. Whi(%@following are sets ? Justify your answer

0] exollection of all the months of a year beginning with the letter J.
(i) Tre collection of ten most talented writers of India.

(i) A team of eleven best-cricket batsmen of the world.

(iv) The collection of all boys in your class.

(v) The collection of all natural numbers less than 100.

(vi) A collection of novels written by the writer Munshi Prem Chand.

(vi) The collection of all even integers.
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(vii)  The collection of questions in this Chapter
(ix) A collection of most dangerous animals of the world.
LetA = {1, 2, 3, 4, 5, 6}. Insert the appropriate symbobr | in the blank
spaces:
@i 5...A @@ 8...A @ O...A
(iv) 4...A v) 2...A (vi) 10...A
Write the following sets in roster form:
() A={x:xisaninteger and 8x< 7}
@) B ={x:xis anatural number less than 6}
(i) C={x:xis atwo-digit natural number such that the sum of i@its is 8}
(iv) D ={x:xis a prime number which is divisor of 60}
(v) E =The set of all letters in the woﬂ'd?IGONOMETR{

(vi) F =The set of all letters in the wor:l BETTER
Write the following sets in the set-bui 9
(i) (3,6,9, 12} (i) {2,4,8, (|||) 125, 625}
(v) {2,4,6,. (v) {1 100} 0
List all the eIements of the f ets:
() A={x:xisan odd @

(i) B={x:xisani vy <x

@iy C={x:xi mteg n<2£ 4}

(iv) D={x: x ter in t LOA(L”}

(v) E={x:xis'a onth of r not having 31 days}

(vi) F={x:xisa con in the English alphabet which precedles
Match each of the se left in the roster form with the same set on the right
described in set- ‘form

0 {1,2,3,6} (a) {x:xisaprime number and a divisor of 6}
@ {2,3} (b) {x:xis an odd natural number less than 10}
(i) {Mm, W |,C,S}(c) {x:xis natural number and divisor of 6}

(iv) 9} (d) {x:xis a letter of the word MAHEMATICS}.

1.3 The pty Set
Consider the set

A ={ x:xis a student of Class Xl presently studying in a school }
We can go to the school and count the number of students presently studying in

Class Xl in the school hus, the seA contains a finite number of elements.

We now write another set B as follows:
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B = { x: xis a student presently studying in both Classes X and Xl }
We observe that a student cannot study simultaneously in both Classes X and XI.
Thus, the set B contains no element at all.

Definition 1 A set which does not contain any element is calle@ gty sebr the
null setor thevoid set
According to this definition, B is an empty set whlés not an empty sethe
empty set is denoted by the symbair { }.
We give below a few examples of empty sets.
() LetA ={x:1<x<2,xis a natural numberfThenA is the empty set,
because there is no natural number between 1 and 2.
(i) B ={x:x*—2=0andis rational number}. Then B is the emp
the equation®— 2 = 0 is not satisfied by any rational value.of /
(i) C={x:xisan even prime number greater than 2}.Te e empty set,

because 2 is the only even prime gtimber ( >
(iv) D={x:x*=4,xis odd }. Then ¥ &he emp%%cause the equation
|uof

X2= 4 is not satisfied by any Q@.
1.4 Finite and Infinite Sets

Let A={1,2,3,4,5, B /c.d, e

and C={men living pese ' ferent@o; the world}
|

We observe tha contains tsand ns 6 elements. How many elements
does C contain®s it is, we doot kno mber of elements in C, but it is some

natural number whi be quite a b\ numBgrnumber of elements of a set S,
we mean the numb istinct ents of the set and we denote(Bpyfn (S)
is a natural numbethen S i % finiteset.

Consider the set of nati%; Sjmbem&a see that the number of elements of this

of natural numbers | nite séhe set, B and C given above are finite sets
andn(A) = 5,n(B) = C) = some finite number

Definition 2 A s ich is empty or consists of a definite number of elements is
calledfinite o «@ iSe, the set is call@dfinite.

Congf ¥me examples :

0] t W be the set of the days of the week. Then W is finite.

(i) Let S be the set of solutions of the equakibrl6 = 0. Then S is finite.

(i) Let G be the set of points on a line. Then G is infinite.

When we represent a set in the roster form, we write all the elements of the set
within braces { }. Itis not possible to write all the elements of an infinite set within
braces { } because the numbers of elements of such a set is not finite. So, we represent

set is not finite since thegre Iffinite number of natural num&rsay that the set
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some infinite set in the roster form by writing a few elements which clearly indicate the
structure of the set followed ( or preceded ) by three dots.

For example, {1, 2, 3. . .} is the set of natural numbers, {1, 3,5, 7, . . .} is the set
of odd natural numbers, {. . ..-3,-2,-1, 0,1, 2,3, . . .} is the set of int&fjerese
sets are infinite.

All infinite sets cannot be described in the roster form. For example, the

set of real numbers cannot be described in this form, because the elements of this
set do not follow any particular pattern.

Example 6State which of the following sets are finite or infinite :
() {x:xT Nand&-1)k-2)=0}
@ {x:xT Nandx=4} @
iy {x:xT Nandx-1=0}
(iv) {x:x1 Nandxis prime} Q
(v) {x:x1 N andxis odd} \6
Solution () Givenset={1, 2}. Hen inite. \
(i) Given set={2}. He |n|te
(i) Givenset=. He n|te
(iv) The given se 's t of all umbers and since set of prime
numbers is @i ence n set is infinite
(v) Since there aNyin |n|te n dd numbers, hence, the given set is
infinit
1.5 Equal Sets @
Given two set® and B, if e ent & is also an element of B and if every
element of B is also an elem&fAf then the setd and B are said to be equal.
Clearly, the two sets ha actly the same elements.
Definition 3 Two se B are said to bequalif they have exactly the same
elements and rite = B. Otherwise, the sets are said tasbequaland we write

Al B.

We ¢ he following examples :
(0] @z {1, 2, 3, 4} and B ={3,1, 4, 2}.ThenA = B.

(i) LetA be the set of prime numbers less than 6 athe Bet of prime factors
of 30.ThenA and Pare equal, since 2, 3 and 5 are the only prime factors of
30 and also these are less than 6.

FANIREIR A set does not change if one or more elements of the set are repeated.
For example, the sefs= {1, 2, 3} and B = {2, 2, 1, 3, 3} are equal, since each
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element ofA is in B and vice-versa hat is why we generally do not repeat any
element in describing a set.

Example 7 Find the pairs of equal sets, if amjyve reasons:
A ={0}, B ={x:x> 15 andk < 5},
C={x:x-5=0}, D = {x: x2= 25},
E = {x: xis an integral positive root of the equatién- 2« -15 = 0}.

Solution Since 0l A and 0 does not belong to any of the sets B, C, D and E, it
follows that, At B,A* C,A* D,A! E.

Since B =f but none of the other sets are empiyperefore Bt CaB* D
and B! E.Also C = {5} but -=51 D, hence G D.

Since E = {5}, C =E. FurtherD = {-5, 5} and E = {5}, we fin E.
Thus, the only pair of equal sets is C and E.

Example 8Which of the following pairs of sg#s are equal? J y8ur answer
() X, the set of letters in “ALLOY” B, the seteqf rs in “LALY".
1 R +2 =0}

(i) A= {n:nl Zandm£ 4} an@ |
Solution (i) We have, X ={A, L, L, X BN {L, O L}. Then X and B are
equal sets as repetition of elemgfits et do@ nge a set. Thus,
A, 1) O, Y}aQ

(i)A={-2,-1,0,1, 2}, B B, A and B are not equal sets.

2
1. Which of the fo g are e ples of the null set
(i) Setofodd natura divisible by 2

(i) Set of even prime ers
@) { x:xisanat numberg,< 5 andx> 7}
(iv) {y:yis i@mmon to any two parallel lines}
2. Which of the fmg sets are finite or infinite
() The sé\of months of a year
@ {1, o}
(iii) NG .. .99, 100}
(iv) e set of positive integers greater than 100
(v) The set of prime numbers less than 99
3. State whether each of the following set is finite or infinite:
(i) The set of lines which are parallel to thexis
(i) The set of letters in the English alphabet
(if) The set of numbers which are multiple of 5
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(iv) The set of animals living on the earth
(v) The set of circles passing through the origin (0,0)
4. In the following, state whethé = B or not:
(i) A={abcd} B ={dchba}
(@ A={4,8,12,16} B = {8,4,16, 18}
@ A={2,4,6,8,10} B = {x:xis positive even integer axE 10}
(iv) A ={x:x is amultiple of 10}, B = {10, 15, 20, 25, 30, ...}
5. Are the following pair of sets equal ? Give reasons.
() A={2,3}, B = {x:xis solution ofx® + 5x + 6 = 0}

@) A={x:xis a letter in the word FOLLOW}
B ={y:yis a letter in the word WOLF}
6. From the sets given belogelect equal sets : Q
A={2,4,8,12}, B={1,2,3,4}, C={4,8,12,14}, 4, 2}
E={1, 1}, F={0,a}, G 3 —1} 0, 1}

class.

1.6 Subsets \}
Consider the sets : X = set of all stu % c@ all students in your
anele

We note that every eleme X; we say thas a subset

of X. The fact that is subset pres Qg boly ds X. The symbol

stands for ‘is a subset’adr ined i

Definition 4 A setA issqjd to e a subﬁ set B if every elemeftisfalso an
element of B. @

In other words, if wher@l A, thenal B. It is often convenient to
use the symbol¥ ” which me Using this symbol, we can write the definiton
of subsetas follows:

AQ ifal ApP al B
We read the aBQv atement“@sis a subset of B if a is an elementlof

implies that a i o aM€lement df B A is not a subset of B, we wrifeE B.
We may at foA to be a subset of B, all that is needed is that every
element ofA i . Itis possible that every element of B may or may not Belin

it so hap every element of B is algi ihen we shall also havelBA. In this
caseA amre the same sets so that we BaveB and BI AU A = B, where
“U " is a symbol for two way implications, and is usually reaifl asd only if(briefly
written as “iff”).

It follows from the above definition that every gets asubset of itselfi.e.,
Al A. Since the empty séthasno elements, we agree to say thais a subset of
evel set We now consider some examples :
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() The seQ of rational numbers is a subset of theReif real numbes, and
we writeQ I R.

(i) If Aisthe set of all divisors of 56 and B the set of all prime divisors of 56,

then B is a subset ok and we write B A.
(i) LetA={1, 3,5}andB =¥ xis an odd natural number less than®}en
Al BandBI Aand hencé =B.
(iv) LetA={a, e i,o, land B={a, b, c, d. ThenA is not a subset of B,
also B is not a subset Af
LetA and B be two sets. K1 B andA! B, thenA is called groper subset
of B and B is callecdupersebdf A. For example,
A={1, 2, 3}is a proper subset of B ={1, 2, 3, 4}.
If a setA has only one element, we call itsangleton setThu a
singleton set.

Example 9 Consider the sets
f,A={1,3), B={L5 9&) 5
Insert the symbdl or E between each Wlng i ets

@ f...B (i) A . )2 C .C
Solution () f 1 Basfisa every
i) AEBas3l
iy Al Cas 1% 0 belg

(iv) B 1 Caseadelemen j Aso an element of C.

Example 10 LetA @ i, o, yand {a, b, c, 4. Is A a subset of B ? No.
(Why?). Is B a subsQdy/ A? No y?)

Example 11 Let A, B and hree sets. Af1 B and Bl C, is it true that
Al C2.If not, give an examp®

Solution No. LetA ={J}} {{1}, 2} and C = {{1}, 2, 3}. Here AT B asA = {1}
and Bl C.ButAE Aand 1l C.
Note that an el&ent of a set can never be a subset of itself.

16.1 Subset@set of real numbers
As noted j on 1.6, there are many important subs&s\We give below the
names oﬁe of these subsets.

The set of natural numbersl = {1, 2, 3, 4,5, .. .}

The set of integers z={..,-3,-2,-1,0,1,2,3,...}

The set of rational numbel®@ ={ x: x = g .p, gl Zandqg? 0}
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p
which is read ‘Q is the set of all numbexssuch thak equals the quotienta , Where

pandq are integers and is not zero”. Members d@ include -5 (which can be

1 _ 7 11
=, 3= (which can be expressed 35) and 3

1) 2
The set of irrational numbers, denotedThyis composed of all other real numbers.
Thus T ={x: x1 Randxi Q}, i.e., all real numbers that are not rational.

Members ofT include /2 , /5 and . E

expressed as

Some of the obvious relations among these subsets are:

NI Z1 QQI RRTI RRNET %
1.6.2 Intervals as subsets of Reta, bl R anda <b.Then the numbers
{y:a<y<hb is called amopen inteval angfis denoted b NII"the points

betweeraandb belong to the open interv ta, bthx do not belong to
oints a esed intervabnd is

this interval.
The interval which contains thgfe
denoted by R, b]. Thus
[a,b]={x:af£Xx£Db} <€ )
We can also have intervals c one e @ d open at the.ether
[a, b)={x:a£x< b} is n |nte o b, includinga but excludind.
(a,b]={x:a< open vﬂv matoblncludlngb but excludinga.
These notat|0|de an alternaWwe way of deS|gnat|ng the subsets of set of
real numbers. For \.. dle Af— ( and B = [-7, 9], thehl B.The set[ 0¥)
defines the set of non-neg numbers, while set,(G-) defines the set of
negative real numbers. The s ) describes the set of real numbers in relation

to a line extending from ¥,
Onreal numbe% rious types of intervals described above as subRets of

are shown in th%
(a,b) [a,b] [a,b) (a,b]

@ @ @ O
a b a b a b
Fig1l.1

@
b

SO

Here, we note that an interval contains infinitely many points.

For example, the sek{ xI R,-5<x£ 7}, written in set-builder form, can be
written in the form of interval as (-5, 7] and the interval [-3, 5) can be written in set-
builder form as ¥ : —3£ x < 5}.
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The numberlf — g is called thdength of any of the intervalg, b, [a, b,
[a, b or (@, 4.

1.7 Power Set

Consider the set {1, 2}. Let us write down all the subsets of the set {We&}.
know thatf is a subset of every set . Sois a subset of {1, 2)We see that {1}
and { 2 }are also subsets of {1, 2Also, we know that every set is a subset of
itself. So, { 1, 2 } is a subset of {1, 2}. Thus, the set { 1, 2 } has, in all, four
subsets, vizt , {1}, {2 }and {1, 2}. The set of all these subsets is called the
power sef { 1, 2 }.

Definition 5 The collection of all subsets of a geis called thepower sem@ is
denoted by P(A). In P(A), every element is a set. @

Thus, as in above,£={1, 2}, then

P(A)={f{1}{2{12}}
Also, note thah [P (A) ] =4 =2

In general, ifA is a set with ther\x be shown that
n[P(A)] = 2. Q/

1.8 Universal Set

Usually in a particular conte ve to ~ £ the elements and subsets of a
basic set which is relevan partlcul xt For example, while studying the
system of numbers, we are i rested t of natural numbers and its subsets such

as the set of all prim bers, the set aII even numbers, and so forth. This basic set
is called the' Univer The ersal set is usually denoted by U, and all its
subsets by the lettefs @

For example, for the se@ integers, the universal set can be the set of rational
numbers qrfor that matt@ seR of real numbers. For another example, in human

population studies, % rsal set consists of all the people in the world.
|EXERCISE 1.3|

1. Make co tements by filling in the symbdoler E in the blank spaces :
(0] ... {1,2,3,45}i){ abc}...{brcd}
(iii) ; Xis a student aflass Xl of your school}. . X: x student of yourschool}
(iv) {x:xis acircle in the plane} . .x{: xis a circle in the same plane with
radius 1 unit}

(v) {x:xisatriangle in a plane}. . x{ xis a rectangle in the plane}
(vi) {x:xisanequilateral triangle in a plane} {x.: xis a triangle in the same plane}
(viy {x:xis an even natural number} .. x {xis an integer}




o

1.9 Venn Diagggms U
Most of the %ships between sets canpbe

represented ans of diagrams which are knpwn g4
asvenn d@ns\/enn diagrams are named after

the English¥Wgician, Jolwenn (1834-1883Y hese o5
diagrams consist of rectangles and closed cufves
usually circles. The universal set is represerjted
usually by a rectangle and its subsets by circlgs.
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Examine whether the following statements are true or false:

() {ab}E{Dbca}

(i) {a e}l {x:xisavowelinthe English alphabet}

iy {1,2,3}1 {1,3,5}

(v) {a}l {abc)

(v) {a}l {ahb,c} X

(vi) { x:xis an even natural number less thanl 6 x: xis a natural number

which divides 36}
Let A={1, 2,{3, 4}, 5}.Which of the following statements are incorrect and2vhy
() {3,411 A (i) {3,471 A iy {3,411 A
(iv) 1T A (v) 11 A (vi) {1,2,5}I Ab
(viiy {1,2,5}1 A (vii) {1,2,3}1 A ix) f1A
x) f1 A eay {fry1 A @
Write down all the subsets of the following sets
() {a} (i) {a b} {1,2,3}, f

How many elements has P(A) Af=
Write the following as intervals :

M) x:x1 R—4<x£6} i R,\%m—m}
i) {x:xT R,0EX<T} x:xiw £4)
Write the following intervalqin sep-builder, ‘

) 3,00 (i
What universal set(s)

,12] (iv) [-283,5)
ou proé% each of the following :
() The set of rjglyt tria . & The set of isosceles triangles.
Given the sem@& 5}, B = {2,

»6} and C = {0, 2, 4, 6, 8}, which of the
following may sidere niversal set (s) for all the threg, &&tnd C
() {0,1,2,3,4,5,6}
@iy f
@iy {0,1,2,3,4,5,6,7¢8Q 10}
(iv) {1,2,3,45,&2,

In Venn diagrams, the elements of the sets

are written in their respective circles (Figs 1.2 and 1.3) Fig 1.2
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lllustration 1 InFig 1.2, U={1,2,3, ..., 10} is the U
universal set of which
A={2,4,6,8,10} is a subset. el

lllustration 2 InFig 1.3, U ={1,2,3, ..., 10} is the
universal set of which

A={2,4,6,8,10} and B = {4, 6} are subsets| *?
and also B A. Fig 1.3

The reader will see an extensive use of the
Venn diagrams when we discuss the union, intersection dededie of sets.

1.10 Operations on Sets Q
In earlier classes, we have learnt how to perform the operations of age ubtraction,
multiplication and division on humbers. Each one of these operg{i as performed

on a pair of numbers to get another num example, wh perform the
operation of addition on the pair of numb and 13, we numBeyair8.

performing the operation of multiplicatig trpair o u* 5and 13, we get 65.
Similarly, there are some operations @Wﬁen e on two sets give rise to
another sete will now define certai ramons on d examine their properties.
Henceforth, we will refer all ourgfets ubsetseof e universal set.

1.10.1 Union of set LetA an ny twosget§he union of A and B is the set
which consists of all the el nd al e ments of B, the common elements
being taken only onc&he syn®ol E’ isﬁB denote thmion Symbolicallywe
write A E B and us ad as'A unioMB.

Example 12LetA = /6, 8} a@ {6, 8,10, 12}. FiMIE B.

Solution We haveA E B :t@a, 8, 10, 12}
Note that the common eleme® 6 and 8 have been taken only once while writing
AE B.
Example 13 LetA &e, i,0, 4 and B ={a, i, u}. Show thatA E B = A
Solution We ha\m B={a e io0 u=A.
This ex@e illustrates that union of sétsnd its subset B is the s&t
A

itself, i.eQ  thenA E B =A.

Example 14Let X = {Ram, Geetalkbar} be the set of students of Class Xl, who are
in school hockey team. L&t = {Geeta, DavidAshok} be the set of students from
Class XI who are in the school football team. FinE X and interpret the set.

Solution We have, XE Y = {Ram, GeetaAkbar, David,Ashok}. This is the set of
students from Class XI who are in the hockey team or the football team or both.
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Thus, we can define the union of two sets as follows:

Definition 6 The union of two setd and B is the set C which consists of all those
elements which are either &or in B (including
those which are in both). In symbols, we writ&
AEB ={x:xT Aorxi B}

The union of two sets can be represented by aA
Venn diagram as shown in Fig 1.4.

The shaded portion in Fig 1.4 represénisB. B
Some Properties of the Operation of Union AUB
() AE B =BE A (Commutative law) Fig 1.4
() (AEB)EC=AE (BEC)

(Associative law ) @

iy AEf =A (Law of identity eleghent, is the iden™{ oW)
(iv) AEA =A (Idempotent Iaw&

V) UEA =U  (Law of U) Q?
1.10.2 Intersection of set The |nte f sefs the set of all elements
which are common to bothand oI (; IUS to denote thmtersection
The intersection of two sefs he set ose elements which belong to
bothA and B. Symbollcall I Aandx] B}.
Example 15Consider the se nd B ple 12. Finrd C B.
Solution We see th are the only ents which are common té lamith B.

HenceAC B ={6

Example 16Consider the s% of Example 14. Find XC Y.

Solution We see that elerpent ‘@eets'the only element common to both. Hence,
X CY ={Geeta}.

Example 17LetA = {1} ,4,5,6,7,8,9,10}andB={2,3,5, 7 }. Fxd; B and
hence show th B =B.

Solution We B={23,57}=BWe

note that B d thatA C B = B. U

Definition WJ'he intersection of two sefsand B
is the set of all those elements which belong to Joth A
A and B. Symbolicallywe write
ACB={x:xI Aandx] B} B
The shaded portion in Fig 1.5 indicates tle ANB
intersection oA and B. Fig 1.5
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If A and B are two sets such tha€ B = f, then U
A and B are calledlisjoint sets.

For example, leA={2,4, 6,8} and
B={1, 3,5, 7 }..ThenA and B are disjoint setq,
because there are no elements which are commgn
A and B.The disjoint sets can be represented|by
means of/enn diagram as shown in the Fig 1.6

In the above diagram and B are disjoint sets. Fig 1.6
Some Properties of Operation of Intersection
) ACB =BCA (Commutative law).
MM (ACB)CC=AC(BCC) (Associative law). b

iy fCA=f,UCA=A (Law of f and U).
(iv) ACA=A (Idempotent law) Q
(v AC(BEC) :\(AQ B)E (A C C) (Distributive -

C distributes oveE
This can be seesasily from the following/

(iv) (AnC)

(v) (AnB) U (ANC)
Figs 1.7 (i) to (v)
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1.10.3 Difference of sed The diference of the se#s and B in this order is the set
of elements which belong fobut not to B. Symbolicallywe writeA — B and read as
“ A minus B”.

Example 18 LetA={1,2,3, 4,5, 6},B={2, 4,6, 8}. FindA — B and B -A.

Solution We haveA — B ={ 1, 3, 5}, since the elements 1, 3, 5 belong taut
not to B and B -A = { 8 }, since the element 8 belongs to B and noAto
We note thah — Bt B —A.

Example 19Let V ={ a, e, i, 0, U} and
B={a ik, . FindvV-Band B -V

Solution We haveyY — B ={e, 0}, since the element$
e, obelong to V but not to B and B — V ={}, since
the elemenk belongs to B but not i@

We note thaV — B! B —V. Using theget/
builder notation, we can rewrite the defgiti
difference as

A—-B={x:x1 Aandxl

The diference of two se n b

represented byenn diagram gs §howp in Fig
The shaded portion rep dlffer
the two set&\ and B.

Remark The setsA C B and B are A-B
mutually disjoint set he inte tion of any-of

these two sets is the null set in Fig 1.9.

ERCISE 1.4
1. Find the union & f the following pairs of sets :
() X={1g 5} Y={1,2,3}
@M A= o, B={a b, ¢

@ A= is a natural number and multiple of 3}
" X is a natural number less than 6}
(iv) e 1X: xis a natural number and Ix<g 6 }
B = {x: xis a natural number and éxx 10 }
v) A={1,2,3},B=f
LetA={a,b},B= {a, b, ¢ IsAl B?WhatisAE B?
If A and B are two sets such tidat B, then what is /&£ B ?
4. IfA={1,2,3,4},B={3,4,5,6},C={5,6,7,8}and D={7,8,9, 10 }; find

W™
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() AEB i) AEC iy BEC (ivyBE D
(vy AEBEC (i AEBED (viiy BECED

Find the intersection of each pair of sets of question 1 above.

6. fA={3,5,7,9,1},B={7,9,11, 13}, C={1, 13, 15}and D = {15, 17}; find

1

() ACB i) BCC i) ACCCD
V) ACC (V) BCD i) AC(BE C)
i) ACD i) AC(BED) (x (ACB)C(BEC)

x) (AED)C(BEC)
7. If A={x:xis a natural number }, B ={: x is an even natural number}
C = {x: xis an odd natural number}abd= {x : x is a prime numbé }, find

i) ACB @ ACC @ ACD
(v, BCC (v BCD (vij CCD
8. Which of the following pairs of sets are disjoint @
() {1, 2, 3,4} and «: xis a natural nugber andfAx £ GQ
(i) {aeio tand{c,d, e f ,{ . %
(i) {x:xis an even integer} an is &g odd i
9. fA={3,6,9, 12, 15,18, 21},B -(Q,QZ, 1 KQ{
C={2,4,6,8,10,12, 14, 16BEH, N, 15, 2%
i) A-B (i) A- (j (i

(v) C-A (viy D
(ix) C-B (x) =
10. IfX={ a, b, ¢, d and . b
(i) X-=Y @ Y-=-X iy XCVY
11. If Ris the set nu ber ds the set of rational numbers, then what is
R -Q?
12. State whether each of th @, pwing statement is true or false. Justify your answer
(i {2,3,4,5}a 3, 6} are disjoint sets.
@ {a eli, { a, b, c, dare disjoint sets.
@ {2,86,10, nd {3, 7,1, 15} are disjoint sets.
(iv) {2,6,9%}and{3,7, 1} are disjoint sets.
1.1 Comple@‘ut of a Set

Let U be @wiversal set which consists of all prime numbera Bedhe subset of

U which cohsists of all those prime numbers that are not divisors of 42. Thus,
A={x:xT U andxis not a divisor of 42 }We see that 2 U but 2] A, because

2 is divisor of 42. Similarly3T Ubut3l A,and 7l Ubut7l A.Now 2,3 and 7 are

the only elements of U which do not beloné\td he set of these three prime numbers,
i.e., the set{2, 3, 7} is called tl@omplementf A with respect to U, and denoted by

A V) B-A
(i) B-D
(i) D—-C

o
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A€ So we haveAc¢= {2, 3, 7}. Thus, we see that
A¢ ={x:x1 Uandxl A}. This leads to the following definition.

Definition 8 Let U be the universal set aAda subset of UThen the complement of
A is the set of all elements of U which are not the elemens $ymbolically we
write A¢to denote the complementAfwith respect to UThus,
A¢={x:xT UandxT A}. ObviouslyAt=U —A
We note that the complement of aAeatan be looked upon, alternativehs the
difference between a universal set U and théset

Example 20LetU = {1, 2, 3,4,5,6,7,8,9, 10} alAd={1, 3, 5, 7, 9}. FigdA¢
Solution We note that 2, 4, 6, 8, 10 are the only elements of U which débelong to
A. Hence A¢={2,4,6,8,10}.

Example 21Let U be universal set of all the students of Clas oeducational
school and\ be the set of all girls in Class X}#FiAd

.
Solution SinceA is the set of all girlsAtismigariNhe se f@s in the class.

FANINE® If A is a subset of the

compleAwris also a

subset ol.
Again in Example 20 6 8,10}
Hence (B¢

Itis clear from inition of the plement that for any subset of the uniyersal
set U, we have

Now, we want to find t ults forA E B )¢ andA¢C B¢in the followng
example.

Example 22Let U = t% 74,5, 6)A={2, 3}and B = {3, 4, 5}.
FindA¢ B¢, A¢ ¢ A E B and hence show thatX E B )¢ =A¢C B¢

Solution Clea@y™p= {1, 4, 5, 6}, Bt={ 1, 2, 6 }. HenceA¢ CB¢={ 1, 6 }
Also.ee ={2,3,4,5),sothat (K B){ ={1,6)
(AEB){={16}=A¢CB¢

It can be shown that the above result is true in generalaifd B are any two
subsets of the universal set U, then

(AE B )t =A¢C B¢ Similarly, (A C B )¢ = A¢ E B¢. These two results are stated
in words as follows :
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The complement of the union of two sety U
the intersection of their complements and A
complement of the intersection of two sets is
union of their complement3hese are callede
Morgan's laws These are named after th
mathematician De Morgan.
The complemenf¢of a setA can be represent

by aVenn diagram as shown in Fig 1.10. Fig 1.10
The shaded portion represents the complement of tide set
Some Properties of Complement Sets

1.Complement laws: (i) AE A¢ =U (i) AC Ac=f

2. De Momans law: () (A E B) =A¢C B¢ (i) (A @E B¢
3. Law of double complementation :
4. Laws of empty set and universal ﬁand \6

These laws can be verified by usiMenngig]

1. LetU= {123456 » B{2468}and
C={3,4,5,6} Fin 1) B¢ (|||) Q)d:(lv) (AE B)¢ (v) (AQ¢
(vi) (B-C)x ¢

2. Ifu={a, b,c, f, g,fhfind th oMplements of the following sets :
() A={a, b, G@ (")
(i) C ={a, c, e,

7 { f, g, h 3
3. Takingthe set of natura%ers as the universal set, write down the complements
of the following sets:
() {x:xisan evmtural number} (ii) { x: xis an odd natural number }
@)y {x:xisap¥i ultiple of 3} (iv) { x: xis a prime number }
(v) {x:xi I number divisible by 3 and 5}

(vi) {x: erfect square } (vii) { x: xis a perfect cube}

(viii)) { x 8} (ixX){ x: 2x+5=9}

(x)Q 7} (xi) { x:xT Nand X+1>10}
4. 1fU=-N,2,3,4,5,6,7,8,9A={2,4,6,8tand B ={2, 3, 5, 7Nerify that

(i) (A E B)¢=A¢C B¢ (i) (A C B)¢=ACE B¢

5. Draw appropriat&/enn diagram for each of the following :
(i) (A E B) (i) ACC B¢ (iii) (A CB)¢ (iv) ACE B¢

6. Let U be the set of all triangles in a planéA i the set of all triangles with at
least one angle dédrent from 60, what iSA®
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7. Fill'in the blanks to make each of the following a true statement :
() AEA¢=... (if) feCA=...
iy ACAC=... (iv) Ut CA=...

1.12 Practical Problems on Union an

Intersection of Two Sets

In earlier Section, we have learnt union, interseci

and difference of two sets. In this Section, we V Q
go through some practical problems related to

daily life.The formulae derived in this Section w
also be used in subsequent Chapter on Proba (AnB)

(Chapter 16). Fig 1.11
LetA and B be finite sets. KC B =f, then @

()n(AEB)= n(A)+n(B)

The elements iA E B are either ir\ or | ut notin bot =f. So, (1)
follows immediately

In general ifA and B are finite

([ n(AEB)=n(A)+n( QB) - (2
Note that the seta — B, A Q and)B™-A ar t and their union SSE B
(Fig 1.11). Therefore

n(AE B)=n(A— A QB -A)

- B) + (Ag B “A)+n(A CB)=n(A CB)
= r@»n( B)— n( B), which verifies (2)
(i) If A, B and finite en

n(AEBE C)=n(A +n(C)-n(A CB)-n(B CC)
—n(Aw+n(A CBCC) .. (3)

In fact, we have
n(AEBEC n®+n(BEC)—n[A Q(BEC)] [by (2)]
=n(A)+n(B) C)-n(BCC)-n[AC(BEC)] [by (2)]

SinceA C (BE¥) = (A CB)E (A CC), we get
n[AC )I=n(ACB)+n(ACC)-n[(ACB)C (A CC)]
=n Y+n(A CC) -n (A CB CC)

Therefor

n(AEBEC) =n(A)+n(B)+n(C)-n(A CB)-n(B CCQC)
n(A CC)+n(A CB CC)
This proves (3).
Example 231f X andY are two sets such that K Y has 50 elements, X has
28 elements and has 32 elements, how many elements do€sYXhave ?
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Solution Given that U
N(XEY)=50n(X)=28,n(Y) =32,
nXgyY)="2
By using the formula Q
N(XEY)=n(X)+n(Y)=n(XCY), ’
we find that ) (XAY)
N(XCY)=n(X)+n(Y)-n(XEY)
=28+32-50=10 Fig 1.12

Alternatively, supposen ( X C Y ) =k, then

n(X-Y)=28-k,n(Y —-X) =32k (byVenn diagram in Fig )
Thisgives5Gn(XEY)=nX-=-Y)+n(X CY)+n(Y-=X)
= (28 —k) +k + (32 —k) @

Hence k = 10. ?

Example 241In a school there are 20 teac?&ho teacl;rrﬁ? atics or physics. Of
these, 12 teach mathematics and 4 te bo physi«\N athematics. How many
teach physics ?

Solution Let M denote the set o % who te thematics and P denote the
set of teachers who teach physigs. In state the problem, the woiE'®r

us a clue of union and the w Ves us e of intersectioiVe, therefore,

have eﬁ
n(MEP)= ,n(M( nh(MCP)=4
We wish to determi :
Using the resu
n(MEP) 3 n(P)-n (MCP),
we obtain

20 =12 4P ) - 4

Thus n(P
Hence 12 teachers physics.

ass of 35 students, 24 like to play cricket and 16 like to play
student likes to play at least one of the two games. How many

Example 25In_d
football. Also, @
PFlay both cricket and football ?

students L@

Solution Le®X be the set of students who like to play cricket drake the set of

students who like to play footballhen XE Y is the set of students who like to play

at least one game, andCXY is the set of students who like to play both games.

Given n(X)=24n(Y)=16n(XEY)=35n(XCY)="

Using the formulan (XE Y)=n(X)+n(Y)—-n (XCY), we get
35=24+161n(XCY)
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Thus, nX ¢Y)=5
ie., 5 students like to play both games.

Example 26In a survey of 400 students in a school, 100 were listed as taking apple
juice, 150 as taking orange juice and 75 were listed as taking both apple as well as
orange juice. Find how many students were taking neither apple juice nor orange juice.

Solution Let U denote the set of surveyed studentsAadénote the set of students
taking apple juice and B denote the set of students taking orange juice. Then

n (U) = 400,n (A) = 100,n (B) = 150 anch (A C B) = 75.

Now n(ACCBY =n(AE B)¢
=n(U)-n (A E B)
=nU)-n(A)-n(B) +n(AC B) @

=400 -100 - 150 + 75 =225
Hence 225 students were taking neither apgye juice nor oral @e
Example 27There are 200 individuals wj N disor; been exposed to
the chemical ¢ 50 to chemical ¢ and h the C cs &hd C. Find the
number of individuals exposed to
(i)  Chemical Cbut not cifemic (ii @ucal G but not chemical C
(i)  Chemical Gorc

Solution Let U denote the urtyersal se t| g of individuals suffering from the
skin disorderA deno set of indivi S exposed to the chemicah@B denote
the set of |nd|V|duaI sed to hemical C

Here n(U)-ZOOn(A) )=50anth(AC B) =30
(i) From theVenn dlagra Fig 1.13, we have
A=(A-B C B).
n (A) = n(A A C B) (SinceA — B) andA C B are disjoint.)
orn(A-B)= (AQB)—120—30 90

Hence, the of individuals exposedta
chemical to chemical gs 90. U

(ii) From tisFig 1.13, we have Q

B=(B-A)E (ACB).
andso, n(B)= n(B-A)+n(AC B)
(Since B -A andA CB are disjoint.)
oo n(B-A)=n(B)-n(ACB) (ANB)
=50-30= 20 Fig 1.13
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Thus, the number of individuals exposed to chemiga@ not to chemical @s 20.
(i) The npmber of individuals exposed either to chemicair@ chemical ¢ i.e.,
n(AEB)=n(A)+n(B)-n(ACB)
=120 + 50 — 30 = 140.

|EXERCISE 1.6|

1. IfXandY are two sets such tha{ X ) =17,n(Y ) =23 anch(XE Y) = 38,
findn(XCY).

2. If X andY are two sets such thatEXY has 18 elements, X has 8 elements and
Y has 15 elements ; how many elements do€sY¥Xhave?

3. Inagroup of 400 people, 250 can speak Hindi and 200 can spe lish. How
many people can speak both Hindi and English?

4. IfSand T are two sets such that S has 21 elements, T h eng,and S
has 1 elements, how many elements d¢s Bhave? < >

5. If XandY are two sets such that X h&lemené’,&%‘:

X C Y has 10 elements, how ma ents ok

O A
6. Inagroup of 70 people, 37 lik lik each person likes at least
one of the two drinks. HOWQ pgople like offee and tea?

elements and

7. Inagroup of 65 people, 40 gke cricKet, 10 li cricket and tennis. How many
like tennis only and not CW ow m e tennis?
8. In a committee, 50 p peak F 0 speak Spanish and 10 speak both
Spanish and French. HOw many t least one of these two languages?
Misce ous Examples
Example 28Show that the etters needed to spell TRRACT ” and the

set of letters needed to spe ACT” are equal.
Solution Let X be th ‘Ietters in “GARACT". Then
LetY be the se Ietters INTRACT”. Then
,RACT}={T,RAC}
Since ever@ ntin X is¥and every element iviis in X. It follows that X =Y.

ist all the subsets of the set { -1, 0, 1 }.

Solution Let A={-1, 0, 1 }.The subset ofA having no element is the empty
setf . The subsets oA having one elementare { -1}, {0}, { 1 The subsets of
A having two elements are {-1, 0}, {-1, 1} ,{0O, 1Fhe subset oA havingthree
elements oA isA itself. So, all the subsetsafaref , {-1}, {0}, {1}, {~1, O}, {-1, 1},
{0, 1} and {-1, O, 1}.

Example
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Example 30Show thah E B = AC B implies A=B

SolutionLetal A. Thenal AE B. SinceAE B=A CB,al A CB.Soal B.
ThereforeAl B. Similarly if bT B, thenbT AE B. Since
AE B=ACB,bl ACB.Sobl A Therefore, B A. Thus,A=B

Example 31For any seté& and B, show that
P(ACB)=P(A)CP(B).
Solution Let XT P(AC B).Then XI AC B.So, XI Aand Xl B. Therefore,
XT P(A)and XI P(B)whichimplies X P(A)C P(B).This gives RAC B)
I P(A)CP(B).LetYl P(A)CP(B).ThenYT P(A)andYl P(®. So,
Y1 AandYl B.ThereforeY A C B, whichimpliesyT P(A CB).TH{s Qwes
P(A)CP(B)I P(ACB)
Hence HACB)=P(A)C P(B).
Example 32A market research group co cted a surye 00 consumers and
reported that 720 consumers like prodi consu&\ product B, what is
the least number that must have likegh b
S uestlo e the set of consumers who

nsum I|ke the product B. Given that
T ) =
T)

So nN(SET)= n(T
= 450 -]_170 -n(SCT)
Thereforen (SE T imum whelm C T)isleast. But & T1 U implies

Solution Let U be the set of co
liked the producA andT be the
n(U)=1000n(S

N(SET)En(U)= .So,m m valuesrof SE T ) is 1000. Thus, the least
value ofn(SC T)is 170. He st number of consumers who liked both products
is 170.

Example 330ut of 500 wners investigated, 400 ownedAcand 200 owned
car B, 50 owned bo B cars. Is this data correct?

Solution Let U l&gg set of car owners investigated, M be the set of persons who
owned caiA the set of persons who owned car B.

Given that U)—500n(M)—400n(S)—200an<d|(SQM)—50

Then n@M)—n(S)m(M) -n(SC M) =200 + 400 - 50 =550

But SE M |* Uimpliesn(SEM)£n(U).

This is a contradiction. So, the given data is incorrect.

Example 34 A college awarded 3giedals in football, 15 in basketball and 20 in
cricket. If these medals went to a total of 58 men and only three men got medals in all
the three sports, how many received medals in exactly two of the thrée 3po
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Solution Let FE B and C denote the set of men w

received medals in football, basketball and cricket,

respectively F a B

Thenn (F)=38n(B)=15n(C) =20 9@&
n(FEBEC)=58anch(FCBCC)=3

Therefore, Nn(FEBEC)=n(F)+n(B) C

+n(C)-n(FCB)-n(FCC)-n(BCC) +

n(FCBC C), Fig1.14

givesn(FCB)+n(FCC)+n(BC C)=18
Consider th&/enn diagram as given in Fig 1.14

Here,a denotes the number of men who got medals in football and bas
denotes the number of men who got medals in football and cricke ’4. :
number of men who got medals in basket ball and cricket MgiOtes the

number of men who got medal in all the thrge. Tlius,n ( F C ¥ )=3and
a+td+b+d+c+d=18 & .

Therefore a+b+c=09, \v\
which is the number of people Who% in @ 0 of the three sports.
' t

Miscellane erl

1. Decide, among the fol ts wh' ts are subsets of one and another:
A={x:x1 R and
B={2,4,6}, C={24,

2. Ineachofthe f@’ ing, determl&vhether the statement is true or false. If itis

true, prove it. false, ggffopan example.
0 IfxT A andAT B
(i) IfA 1 BandBI eAT C

iy IfA1 Bangm{ C,therAl C
v) IFAEB @C,themEC
(v) Ifx1 A&&EB,thenxT B
(i) IfA andx| B, thenxl A

3. LetA, be the sets such tAdE B =A E C andA C B =AC C. Show
thazﬁ .

4. Showthat the following four conditions are equivalent :

() Al B(i)A—B=f (i) AEB=B (ivyACB=A

Show that ifA1 B,then C—HB C -A.

Assume that PA ) = P( B ). Show thaA = B

7. lsittrue that for any sefsand B, RA)E P(B) = P(A E B)? Justify your
answer

S
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Show that for any sets and B,

A=(AC B)E(A-B)andAE (B-A)= (AEB)

Using properties of sets, show that

()AE (A CB)=A (i) AC(AE B) =A.

Show thatA C B =A C C need not imply B = C.

LetAand Bbe sets. K CX=BC X=f andA E X =BE X for some set
X, show thatA = B.

(Hints A=AC (AE X),B=BC (BE X) and use Distributive law )
Find setsA, B and C such thad C B, BC C andA C C are non-empty

setsandA ¢ B C C =f
In a survey of 600 students in a school, 150 students were foundﬁ taking tea
and 225 taking coffee, 100 were taking both tea and coffe ow many
students were taking neither tea nor coffee?

In a group of students, 100 students kngw Hindi, 50 knm@ish and 25 know
both. Each of the students knows e&hndl or gn ow many students

are there in the group? xa
In a survey of 60 people, it was o%ﬂnt 25 x d newspaper H, 26 read
newspaper, 26 read newsp ead nd kehd both H and,

8 read both Tand I, 3re aI new Flnd

(i) the number of peop ad at of the newspapers.

(ii) the number of p re one newspaper

In a survey it was fou t 21 produ&s liked product B and

29 liked produ f14 people I| duétand B, 12 people liked products
CandA, 14 p iked p and C and 8 liked all the three products.

Find how man d produ nIy

Summary

This chapter deal ﬂ@ne basic definitions and operations involving sets. These
are summatri

®Asetis

fined collection of objects.
®A set w@oes not contain any element is calagpty set
®A s

oth e, the set is callafinite set

consists of a definite number of elements is céhdd set

(R)Two setA and B are said to be equal if they have exactly the same elements.
(R)A setA is said to be subset of a set B, if every elemeAtisfalso an element

of B. Intervals are subsets Bt
(R)A power set of a sét is collection of all subsets @& It is denoted by P(A).
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(® Theunion of two seté and B is the set of all those elements which are either
inA orin B.

(R The intersection of two sefs and B is the set of all elements which are
commonThe diference of two se&s and B in this order is the set of elements
which belong ta\ but not to B.

(R The complement of a subgebf universal set U is the set of all elements of U
which are not the elements Af

(RFor any two seté and B, (AE B)¢=A¢ CB¢and (A C B )¢=A¢ EB¢

@®If A and B are finite sets such t#atC B =f, then
n(AE B)=n(A) +n(B).

IfA C B f, then b
nN(AEB)=n(A)+n(B)-n(ACB) @

Historic got

The modern theory of sets is co to hav v rlglnated largely by the
German mathematician Geo C (184% His papers on set theory
appeared sometimes duri 74 o 1897. y of set theory came when he
was studying trigonom%es of th X+a,sin X+a,sin X+.

He published in a paper in Y374 tha or'real numbers could not be put into
one-to-one corre ence wih the Wgegers. From 1879 onwards, he publishd
several papers s@; vario perties of abstract sets.

Cantofs work was w d by another famous mathematician Richard
Dedekind (1831-1916). But ecker (1810-1893) castigated him for regarding
infinite set the same » as finite sétsother German mathematician Gottlob
Frege, at the tur %{ entupresented the set theory as principles of logic.

Till then the heory was based on the assumption of the existence of the
set of all s as the famous Englih Philosopher Bertand R{$841R-

1970) wed in 1902 that the assumption of existence of a set of all sets
leads toag cOntradictiommhis led to the famous RusselParadox. Paul R.Halmos
writes about it in his book ‘Naive Set Theory’ that “nothing contains everything”.

The Russelt Paradox was not the only one which arose in set theory
Many paradoxes were produced later by several mathematicians and logicians.
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As a consequence of all these paradoxes, the first axiomatisation of set theory
was published in 1908 by Ernst Zermélaother one was proposedAgraham
Fraenkelin 1922. Johfon Neumann in 1925 introduced explicitly the axiom of
regularity Later in 1937 Paul Bernays gave a set of more satisfactory
axiomatisationA modification of these axioms was done by Kurt Gédel in his

monograph in 194 his was known agon Neumann-Bernays (VNB) or Godel-
Bernays (GB) set theary

Despite all these ditulties, Cantors set theory is used in present day
mathematics. In fact, these days most of the concepts and results ingdgthematics
are expressed in the set theoretic language. @

A \\‘;0
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Chapter

V Mathematics is the indispensable instrument of
all physical research— BERTHELOT V

2.1 Introduction

Much of mathematics is about finding a pattern -
recognisable link between quantities that ch:nge. In

daily life, we come across many patterns t haracte

% ache
I|neI

n all th
objec t.
ow to s of

relations such as brother and sigtather a
and student. In mathematics also, w,
relations such as numbmris less th
parallel to linem, setA is a subset
notice that a relation involve
order In this Chapterwe wi

objects from two sets and theNjntroduc etw

the two objects in t iFinally, we Iearn about G.W. Leibnitz

special relations W@” quall be unctlons The (1646-1716)

concept of function i ry impg n mathematics since it captures the idea of a

mathematically precise corrd® @ dence between one quantity with the other

2.2 Cartesian Produciesf Sets

Supposeé\ is a set OK‘ rs and B is a set of 3 objects, i.e.,
{red, blue}and B = p, c, s},

whereb, ¢ an:é‘;psent a particular bag, coat and shirt, respectively

How many coloured objects can be made from these two Ssets’?
Proceedi@a very orderly mannese can see that there will be 6
distinct pairs as given below: ¢
(red,b), (red,c), (red,s), (blue,b), (blue,c), (blue,s). b
s H H [ ] [ J
Thus, we get 6 distinct objects (Fig 2.1). red  blue

Let us recall from our earlier classes that an ordered pair of elemenﬁ 21
taken from any two sets P and Q is a pair of elements written in small
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brackets and grouped together in a particular orgey ,0), pI Pandql Q .This
leads to the following definition:

Definition 1 Given two non-empty sets P and Q. The cartesian produc® i the
set of all ordered pairs of elements from P and Q, i.e.,
P"Q={(d:pl Ral Q}
If either P or Q is the null set, then RQ will also be empty set, i.e.,’PQ =f
From the illustration given above we note that
A~ B={(redb), (redg), (reds), (blueh), (blueg), (blues)}.
Again, consider the two sets:
A = {DL, MP, KA}, where DL, MR KA represent Delhi,
Madhya Pradesh and Karnataka, respectively and B = {019
03}representing codes for the licence plates of vehicles is

by DL, MP and KA . 01
If the three states, Delhi, Madhya Pra h and Karnat
were making codes for the licence plate hicles, KA
restriction that the code begins with nt fron&
Y such Fig 2.2

which are the pairs available from t s and h
pairs will there beRig 2.2)? @
The available pairs are: glpy L,02) (MB (MP,02), (MR03),
(KA,01), (KA,02), (KA,03) nd set B is given by
A~ B={(DL,01), (DL,02), 2), (MP3), (KA,01), (KA,02),

(KA,03)}
It can easily be@\hat the |II be 9 such pairs in the Cartesian product, since
there are 3 elements reach qft d B.This gives us 9 possible codééso
note that the order in which *Iements are paired is crucial. For example, the code
(DL, 01) will not be the sam he code (01, DL).
As a final illustrat c@nyder the two séts{a , a } and b,
B={b,b,b b b,

17 T2 T3

A" B= {( b), (@, b), (&, b), (@, b), @, b), (&, b), b,

QZ b). (@, b)) b,
The 8 or irs thus formed can represent the position of pointgjin |
the plan and B are subsets of the set of real numbers and itdg a,
obvious that the point in the positiaa,(b,) will be distinct from the point Fig 2.3
in the positionl§,, a ).

Remarks
() Two ordered pairs are equal, if and only if the corresponding first elements
are equal and the second elements are also equal.
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(i) If there arep elements irA andq elements in B, then there will kg
elements ilA " B, i.e., ifn(A) = p andn(B) =q, thenn(A~ B) =pg.

(i) If A and B are non-empty sets and eith@r B is an infinite set, then so is
A’ B.

(iv) AxAxA={(ab,c):ab, cl A}. Here (&, b, c) is called arordered
triplet.

Example11If (x+ 1,y —2) = (3,1), find the values afandy.

Solution Since the ordered pairs are equal, the corresponding eleme@e equal.

Therefore Xx+1=3 and/—2=1.
Solvingwe get x=2andy=3. @

Example 2If P={a, b, c} and Q = {}, form e sets P Qa

Are these two products equal? \
uct \

Solution By the definition of the cart

P" Q= {@n,bn),(n} = {(r (r o}
Since, by the definition of equalig of o(Mred palr D (s not equal to the pair
(r, @), we conclude that R Q *

However the number of el in eac be the same.
Example 3LetA ={1 B=13 4} a =14.5,6}. Find
() Ax(BG XB)C(AXC)
iy Ax(BE (AXB)E(AXC)
Solution (i) By the definition intersection of two sets,@BC) = {4}.

ThereforeA x (BC C) 5
(i) Now (AxB)=

andeg
Therefore, (Aps

) (2,4), (3,4)}

1,4), (2,3), (2,4), (3,3), (3,4)}

={(1,4), (1,5), (1,6), (2,4), (2,5), (2,6), (3,4), (3,5), (3,6)}
(A7 C) ={1.4),(2,4). 3, 4}

) = {3, 4, 5, 6}, we have
(B E C) ={(1,3), (1.4), (1.5), (1,6), (2.,3), (24), (2,5), (2.6), (3.3),
(3,4), (3,5), (3,6)}.

(iv) Using the setd ~ B andA "~ C from part (ii) above, we obtain
(A" B)E (A" C)={(1,3), (1,4), (1,5), (1,6), (2,3), (2,4), (2,5), (2,6),
(3,3), (3:4), (3,9), (3,6)}-

(iii) Since,
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Example 41f P={1, 2}, form the setP P~ P

SolutionWe have, P P* P={(1,1,1), (1,1,2),(1,2,1), (1,2,2), (2,1,1), (2,1,2), (2,2,1),
(2,2,2)}.
Example 5If R is the set of all real numbers, what do the cartesian proBuct®

andR "~ R’ R represent?

Solution The Cartesian produ& ~ R represents the sBtx R={(X, y) : X, yT R}
which represents theoordinates of all the points in two dimensional spaoe the

cartesian produ® ~ R~ R represents the s&” R™~ R ={(x, y, 2 : X, y.&l R}
which represents theoordinates of all the points in tbe-dimensionalé:e

Example 61f A™ B ={(p, 9),(p, r), (M, g), (M, )}, find A and B. @

Solution A = set of first elements } Q
B = set of second elem g {} . 6

alues o

ax 26 %1
1. If 8§+17y——+—%,—3 ., ffhd th

2. If the setA has 3 ele nd the {3, 4, 5}, then find the number of
elements in (AB). Q

3. fG={7,8}an {5 4,2}, f|n HandH G
4. State whether f the f ing statements are true or false. If the statement
is false, rewrltet e giv, ent correctly
@ IfP={mn}and Q m}, then P~ Q = {(m, n),(n, m)}.
@) IfAandBar -empty sets, then B is a non-empty set of ordered
pairs &, y) atxl Aandyl B.
(i) If A =«ge, }, ={3, 4}, thenA” BC f)=f.

@ -

7. Let 2},B={1, 2, 3,4}, C={5,6}and D ={5, 6, 7, 8\erify that
A" (BCC)=(A" B)C (A" C).(i) A" Cisasubsetof BD.

8. LetA={1,2}and B ={3, 4}. WriteA~ B. How many subsets wl * B have?
List them.

9. LetA and B be two sets such th@) = 3 andn(B) = 2. If (x, 1), , 2), @ 1)
are inA”~ B, find A and B, where, y and z are distinct elements.

5. If A= {—LmidN#dA " A” A
AT :m x),@, ), (0, %), (b, y)}. Find A and B.
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10. The Cartesian produt” A has 9 elements among which are found (-1, 0) and
(0,1). Find the set and the remaining elements/f A.

2.3 Relations
Consider the two sets={a, b, c} and Q = {Ali, Bhanu, BinoyChandra, Divya}.
The cartesian product of P Q

P and Q has 15 ordered pairs which
can be listed as R Q = {(a, Ali),
(a,Bhanu), &, Binoy), ..., €, Divya)}.
We can now obtain a subset
P x Q by introducing a relation
between the first elementand the
second elementof each ordered pair

(%, y) as
R={ (x,)): x is the first letter of the n% Pyl o

Then R = {(a, Ali), (b, Bhanu), b, Binoy), dra)} \
A visual representation of this relati alled agran) is shown

Fig 2.4

inFig 2.4

Definition 2 A relationR from a s& to -empty set B is a subset of

the cartesian produé&t” B.Th s deriv. scrlblng a relationship between

the first element and the eleme ordered pdirs . The second

element is called thlma eof first e&

Definition 3 The set irst ele ts oPthe ordered pairs in a relatioorRa set

AtoasetBis calle R0 mainof lation R.

Definition 4 The set of all se elements in a relation R from A sefa set B is

called therange of the rgdagjon R. The whole set B is called doelomainof the
odomain.

dor by theSet-builder methad
arrow diagram is a visual representation of a relation.

relation R. Note thaKK
Remarks (i) lation may be represented algebraically either by Rioster
i

Example WetA = {1, 2, 3, 4, 5, 6}. Define a relation R froAto A by

R={xy):y=x+1}
() Depict this relation using an arrow diagram.
(i) Write down the domain, codomain and range of R.

Solution (i) By the definition of theelation,
R={(1,2), (2,3), (3.4), (4.5), (5,6)}
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The corresponding arrow diagram is
shown in Fig 2.5.

(i) We can see that the
domain={1, 2, 3,4,5,}

Similarly, the range = {2, 3, 4, 5, 6}
and the codomain ={1, 2, 3, 4, 5, 6}.

Fig 2.5

Example 8 The Fig 2.6 shows a relation
between the setsdnd QWrite this relation (i) in set-builder form, (ii) in roster form.
What is its domain and range? P

Solution It is obvious that the relation R i

“X is the square of y”.
(i) In set-builder form, R =, y): x
is the square of, xI Pyl Q}
(i) In roster form, R = {(9, 3), (Y
(9, -3), (4, 2), (4, -2), (25, 5) 423
The domain of this relation is {4, %
The range of this relation is {= 4 2, -
Note that the element 1 is ent in set P
The set Q is the codomain oNis relat@
The total@ r of relations¥hat can be defined from A get set B
is the number of le sub f B.Ifn(A) = pandn(B) = q, then

n(A” B)=pgand theota@ of relations &-.
Example 9LetA = {1, 2} gnd B® {3, 4}. Find the number of relations frgxrto B.

Solution We have, &
A" Bs{( , (1, 4),(2,3), (2, 4)}.

Sincen (A" B) = e number of subsets of B is 2. Therefore, the number of

relations fro will be 2.

Remark @lon R fromA to A is also stated as a relationAn

| EXERCISE 2.2|

1. Let A = {1, 2, 3,...,14}. Define a relation R from\ to A by
R={(xY):3-y=0, wherex,yl A}. Write down its domain, codomain and
range.
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2. Define arelation R on the sitof natural numbers by R =)(y) : y= x+ 5,

x is a natural number less tharxdy 1 N}. Depict this relationship using roster
form. Write down the domain and the range.

3. A={1, 2, 3, 5} and B = {4, 6, 9}. Define a relatioR from A to B by
R = {(x, y): the diference betweer andy is odd;xT A, y1 B}. Write R in
roster form.

4. The Fig2.7 shows a relationship

between the sets &hd Q.Write this
relation

(i) in set-builder form (ii) roster form
What is its domain and range?
5. LetA=1{1, 2, 3, 4, 6}. Let R be the

relation orAAdefined by
{(a,b):a,bl A, bis exactly divisible&
(i) Write R in roster form Q\
(i) Find the domain of R Q/
(i) Find the range of R.
6. Determine the doga

R ={(x,x +5):x1 {0,
Write the relatl.é( ) : XIS rivv®number less than 10} in roster form.

the relation R defined by

®© N

LetA={x,y, Z {1, 2}. Flnd e number of relations fraito B.
9. LetRbethere N oﬁdefl y R ={&b): a bl z,a—bisan integer}.
Find the domain and r

2.4 Functions

In this Section, we sgu ecial type of relation célledtion.It is one of the most

important concepts in ematiéée can, visualise a function as a rule, which produces

new elements msome given elements. There are many terms such as ‘map’ or
[ ote a function.

mapping USQ
Definitioﬁ ationf from a sefA to a set B is said to befanctionif every
element o has one and only one image in set B.

In other words, a functiohis a relation from a non-empty geto a non-empty
set B such that the domain foils A and no two distinct ordered pairsfinhave the
same first element.

If fis a function from Ao B and &, b) T f, thenf (a) = b, whereb is called the
imageof a underf anda is called thepreimageof b uncer f.
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The functionf fromA to B is denoted bff A& B.
Looking at the previous examples, we can easily see that the relation in Example 7 is
not a function because the element 6 has no image.

Again, the relation in Example 8 is not a function because the elements in the
domain are connected to more than one images. Simtlalyelation in Example 9 is
also not a function.Why?) In the examples given belpwe will see many more
relations some of which are functions and others are not.

Example 10Let N be the set of natural numbers and the relation R be defined on
N suchthat R=§Yy):y=2x x,yl N}
What is the domain, codomain and range of R? Is this relation a fO)yction?
; a

Solution The domain of R is the set of natural numbér3he codomaip.i
The range is the set of even natural numbers. g

Since every natural numberhas one and only one im relation is a
function &
Example 11 Examine each of the follo reldions g w and state in each

case, giving reasons whether it is a r% not:
() R={21),31),(4.2 @ 2,2),( ) (4.4)}
(i) R={(1,2),(2,3).3,f). (4,

Solution (i) Since 2, 3,4 e
this relation nction.

(if) Since@me irst ele @corresponds to two different images 2

ents ain of R having their unique images,

and 4 lation is not nctlon
(i)  Since eleme s one and only one image, this relation is a

function. 9
Definition 6 A function whjch ha eithd® or one of its subsets as its range is called
areal valued functi rif its domain is also eitheR or a subset oR, it is
called areal functior:

Example 12Let&§the set of natural numbers. Define a real valued function

f:Na Nb 2x + 1. Using this definition, complete the table given below
X 2 3 4 5 6 7

ylf@)=..1fT@2)=..[f@B)=...IfT@4)=..|f5B)=..|T®6)=...|T7) = ..
Solution The completed table is given by
X 1 2 8 4 5 6 7

y | f)=3 (2 =5|13)=7| f(4)=9|f(5)=1n|f(6)=13 f(7)=15
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2.4.1 Some functions and their graphs

() Identity function LetR be the set of real numbers. Define the real valued
functionf: R ® R byy = f(x) =x for eachxT R. Such a function is called the
identityfunction Here the domain and rangefaefreR. The graph is a straight line as
shown in Fig 2.8. It passes through the origin.

Y

b Q/:
2 Q
Q,S :\\
Y Q2
2.8
(i) Constant function De funct| byy=f(x) =c,x1 R where
c is a constant af R. He< in of is R and its range isd}.

v

N-hO\OO
=t

! —— X

(’—8—6—4—2 02 4 6 8
O
Q
+-6

Fig 2.9



RELATIONS AND FUNCTIONS 39

The graph is a line parallel eaxis. For example, if(x)=3 for eachxi R, then its
graph will be a line as shown in the Fig 2.9.

@iy  Polynomial function A functionf: R ® R is said to bg@olynomial functionif
foreachx in R,y = f(x) =a,+ax +ax* +..+a X, wheren is a non-negative
integer anda,, a,, a,,...a| R.

The functions defined bi{x) = x* —x*+ 2, andg(x) = x' + /2 x are some examples

2

of polynomial functions, whereas the functiomefined byh(x) = x3+ 2x is not a

polynomialfunction.(hy?)

Example 13Define the functior: R® R byy = f(x) = xI R.C the
Table given below by using this definitidvhat is the domain and range ) function?
Draw the graph of.

X -4 -3 ]| -2 2

v

y="f(x) =x
Solution The completedable is gi

X -4 -3 3 4

y=f(x)=x| 16 9 4 9 | 16

T R}. The graph off is given

Domain off = {x : xI_R}. Raje off
by Fig 2.10

Y’ .
fo) =x? Fig 2.10
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Example 14Draw the graph of the functidnR ® R defined byf (x) =3, xI R.

Solution We have
f(0) = 0,f(1) = 1,f(-1) = -1,f(2) = 8,f(-2) = -8, f(3) = 27;f(-3) = —27, etc.
Therefore, f={(xx®: xI R}. v

The graph of is given in Fig 2.1.

&

(iv) Rational functions ar jons of , wheref(x) andg(x) are
X
polynomial funok defined ir&domain, whegéx) * 0.
1

Example 15Define the real nctidn R — {0} ® R defined by f (X) =
x1 R —{0}. Completeth le ghven below using this definition/hat is the domain
and range of this fur&

X -2 |-15-1(-05]|025/05( 1 | 15 2

1

Solution The completedable is given by

X -2 |[-15 ]| -1 -05] 025 05 |1 ( 15 2

1
y= % -05(-067-1-2| 4 2 1| 067| 05
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The domain is all real numbers except 0 and its range is also all real numbers
except 0. The graph ofs given in Fig 2.12.
Y

(v) The Modulus function%nctio

f: R® R defined b = x| Tor ea

x1 R is calledmodu ctionF ch

non-negative value of(x) is m

But for negative values of, @Iue of

f(x) is the negative of the valufi.e., X < o 4
(e}

X, x< 0

f(x) =

The graph of @mdulus function is given

in FigZ.lQ v
(vi) Signum function The function S = x|

f:.R® R defined by
iLif x>0
f(x)=10,if x=0
[.1ifx0
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is called thesignum functionThe domain of the signum functiorRsand the range is
the set{-1, 0, 1}. The graph of the signum function is given by the Fig 2.14.

X' € > X

y=-1 -1

Y!
X
f(x)=u,x‘ OandOforx =0 @b
Fig 2.14

(vii) Greatest integer function Y o §

The function f: R ® R defined

by f(x) = [x], x] R assumes the

value of the greatest integégess %
than or equal tg. Such afunctior< )

is called thegreatest inte -3
function.

From the definition.ofq], wi & —0 -1
can see that @ —0 42

[X] = -1 for = <0

[X] = O forOFf x < 1\0 1
[X]= 1lforl£x<2 v

|

(S
(]
w
£~N
(9]

X

Y!
X = 2for2 nd
. @ Sx) = Ix]
S0 on. _
The graph@ function is Fig 2.15
shown in Fig

2.4.2 Al real functionsin this Section, we shall learn how to add two real
functionsg%ract a real function from anotmeultiply a real function by a scalar
(here by a scalar we mean a real number), multiply two real functions and divide one
real function by another

() Addition of two real functions Letf: X® R andg: X® R be any two real
functions, where X R. Then, we definef@ g): X ® R by

(f+g) ) =fX) +g(x), forallxT X.
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(i) Subtraction of a real function from anotherLetf: X ® R andg: X ® R be
any two real functions, where IXR. Then, we definef(— g) : X® R by

(f-g) (X) = f(x) —g(x), for all x1 X.

(i) Multiplication by a scalar Letf: X® R be a real valued function aadbe a
scalar Here by scalawe mean a real numb@&ihen the produa fis a function from
X to R defined by & f) x) = a f(x), x1 X.

(iv) Multiplication of two real functions The product (or multiplication) of two real
functions :X® R and g:X® R is a function fg:X® R defined by
(fg) (¥) = f(x) g(x), for allxT X.

This is also calleghointwise multiplication.

(v) Quotient of two real functionsLetf andg be two real functkﬁeﬁﬂed from
f

X® R, where XI R. The quotient of bygd b 1

w quoti yg « ya I\@

-? )_W providedg(x) * :iQ/

Example 16Let f(x) = xzan(% 1 be # aI functions.Find
o -9 (&@x) Gq 00,

)
Solution We have, @ Q
(f+g)(x)—x +@ —g)(X‘x2—2<—1

(fg) ) = X @1)—'3( ¥ g_f)_zxﬂ’ %

Example 17Let \/_ andg(x) = x be two functions defined over the set of non-

defined by,

negative Qbers. Finbl{ g) (x), (f—9) (¥), (fg) (x) and ga; (X).

Solution We have
f+9) 0= Jx*+x -9 ) = Jx —x,

1

3 f 0 1
(9 x = VX(x)=% andgy 49 X a0

X
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| EXERCISE 2.3|

1. Which of the following relations are functions? Give reasons. If it is a function,

determine its domain and range.

() {,1),(51),(8,1),(1,1), (14,1), (17,1)}

@i {(2,2),4,2),(6,3),(8,4),(10,5), (12,6), (14,7)}
@) {(1,3),(1,5), (2,5)}.

2. Find the domain and range of the following real functions:

M 69 =% @) ) =9-x*.

3. A functionf is defined byf(x) = 2x —5.Write down the values of b

@) (), () £(7), (i) f(=3). @
4. The function t' which maps temperature in degree Cels mperature in

degree Fahrenheit is defined tl()@)

Find (i) t(0) (i) t(28) (i) C whet(C) =212.
5. Find the range of each of g func

M f(x) =2-%,xI

(i f) =x*+2x] mber

@ fx) =x, xisar mber

@Mlscel Examples
Example 18 LetR b numbers
Define the real function }{\
f: R® R by fmx +10
and sketch the grap&r function.
(0,10)

Solution Here f@¥ = 10,1(1) = 11, f(2) = 12, ...,

f(10) = 20, et
f(-1) Z @) =8, ...f(-10) = 0 and so on. (—1'0,,0)

The@, shape of the graph of the giver{( ‘/ o

A\

function asstimes the form as shown in Fig 2.16.
RemarkThe functionf defined byf(x) = mx+c, ;{’
x1 R,is calledlinear function wherem andc are fx) =x +10

constantsAbove function is an example ofinear

. Fig 2.16
function g
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Example 19Let R be a relation fron® to Q defined by R = {&,b): abl Q and
a—bl Z}. Show that
() (@a)l Rforallal Q
(i) (ab)T Rimpliesthatlh, a)T R
(i) (ab)T Randb,c)T R implies thaté.c) T R
Solution (i) Since,a—a=01 Z, if follows that g, a)T R.
(i) (ab) T R implies thata—b 1 Z. So,b—al Z. Therefore,
(b, al R
(i) (a, b)and b, c) T Rimplies tham—bl Z.b—cl Z. S
a—c=(@a-bh+®O-91 Z. Therefore,4c)1 R

Example 20 Letf ={(1,1), (2,3), (0, -1), (-1, —3)} be a linear functio@ntoz.

Find f(x).
Solution Sincef is a linear function, (x) = N&Also sim&% > (0- 1)T R,

f(l)=m+c=1andf (0)=c= xX—1.

Example 21Find the domain of X)
-+ 4
Solution Sincex2 —5X+4= , the fu is defined for all real numbers

exceptak=4 andx=1. H e dom {1 4}.

Example 22 The fur@ is defined b
"

l
1
9= \Q
+1, %>0
Draw the graph of (&é

Solution Here, =1 =X, x< 0, this gives X
f—4)=1

f(— 3)
f(— 2) - (- 2)= 3
f(-1) =1-(-1)=2;etc,
and f(1) =2,f(2)=3,f(3)=4
f(4) =5 and so on foff(x) =x+ 1,x> 0. Y’
Thus, the graph dfis as shown in Fig 2.17 Fig 2.17
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10.

. The relationf is defined by f (X) =

MATHEMATICS

Miscellaneous Exercise on Chapter 2

1x LOEXE3
13 X,3£ XxE10

,0E XE 2
3X 2£ XE 10

Show thaf is a function and is not a function.

If f (x) =X, find %:I)(l) @b

The relationg is defined by9( )

+£2x+1

Find the domain of the functidr(x) =

x+ 12 o
Find the domain and the range yf ) =4(x-1).
Find the domain and the ra realf ed byf (x) = |x—1.

e
Let = I 1+ afunc@ into R. Determine the range
Xy

of f.
. Letf, g: R® R@flned ectlvely Hyx) = x + 1, g(x) = 2x — 3. Find

f Q
f +g,f—gandg.

Let f = {(1,1), —-1), (-1, —=3)} be a function fromto Z defined by
f(x) = ax+ b, fo integera, b. Determinea, b.

LetR be a*}ion froN toN defined by R ={§, b) : a, b1 N anda= bz}. Are
the follo tffe? A A A

(@ N2, for allal N (ii)A (ab) | R, impliesb,a)l R

(iit) bM R, ®c)!l R implies4c)l R.
Justify your answer in each case.
LetA={1,2,3,4}, B={1,5,9,1,15,16} andf = {(1,5), (2,9), (3,1), (4,5), (213}
Are the following true?

(i) fis arelation fronA to B @) f is afunction fronA to B.
Justify your answer in each case.
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11. Letf be the subset & x Z defined by f H{(ab, a + b) : a, bl Z}. Isfa
function fromZ to Z? Justify your answer

12. LetA={9,10,11,12,13} and lef : A® N be defined by (n) = the highest prime
factor ofn. Find the range df

Summary

In this Chapterwe studied about relations and functions.The main features of

this Chapter are as follows:
® Ordered pair A pair of elements grouped together in a particular
® Cartesian productA x B of two set and B is given by é

AxB= {@b:al A bl B}
In particularR x R = {(x, ): x, yT R} &\6
- Q\}

andR xR xR =(X,y,2): %Y, z1

® If (a, b) = (x, y), thena = x and Rg.
® If n(A) = p andn(B) = q, th‘nn(A’

®Axf=f

® In generalA x Bt B x A @

® Relation A rel from a seA My a set B is a subset of the cartesian
productA x B o dbyd ing a relationship between the first element
x and the second ele rdered pairs iA x B.

® Theimageof an elemernt r a relation R is given lgywhere ¢, y) T R,

® The domain of R i set of all first elements of the ordered pairs in a

relation R. &

® Therange %relation R is the set of all second elements of the ordered
pairs in Q R.

® Func nctionf from a sefA to a set B is a specific type of relation for
whicM\gvery element of setA has one and only one imagén set B.

We writef: A® B, wheref(x) =y.

® A is the domain and B is the codomairt.of
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® The range of the function is the set of images.

® A real function has the set of real numbers or one of its subsets both as its
domain and as its range.

® Algebra of functims For function: X ® R andg: X ® R, we have
(f+9 6 =F() +9gx), xT X
(f-9) 09 =f (-9, xT X
fg) ¥ =fx .gX,xT X
(kh ®X) =k(f(X)),xT X, wherek is a real nusgber
f(9 6

o ¢
) = — i 1
g&g 9(% X1 X, gx)t 0 @
Historicav&te . QQ
in a Lat'\}muscript “Methodus
i written tivMdthelm Leibnitz

The word FUNCTION first a
tangentium inversa, seu de fucti

(1646-1716) in 1673; Leibnit word i non-analytical sense. He
considered a function in ter athe b” — the “employee” being
just a curve.

On July 5, 1698, J rnouIIi@ ter to Leibnitz, for the first time
deliberately assigned a s cialiseﬁ f the tenctionin the analytical
senseAt the end month, Leibni®™replied showing his approval.

Functionis foQi¥in Eng ip 1779 i€hambers’ Cyclopaedia: “The
term function is used in al n analytical expression any way compounded
of a variable quantityand mbers, or constant quantities”.



Chapter

V A mathematician knows how to solve a problem,
he can not solve it—= MILNE V

3.1 Introduction
The word ‘trigonometry’ is derived from the Greek wor
‘trigon’ and metion’ and it means ‘measuringghe sides
a triangle’. The subject was originally dev&d to sc
geometric problems involving triangles tudied
sea captains for navigation, survey

lands, by engineers and others. C nom
used in many areas such as ce of

designing electric circuits, d he st a1
predicting the heights of the oc lysir
musical tone and in many oiNgr areasKQ /

In earlier class@ have studieqthe trigonometric  Arya Bhatt

ratios of acute ang the ratgenspf the sides of a right (476-550)

angled triangleWe h 0S he trigonometric identities and application of
trigonometric ratios in son% problems related to heights and distances. In this
Chapterwe will generallse he cOWcept of trigonometric ratios to trigonometric functions

and study their prop{
3.2 Angles
Angleis a meif rotation of a given ray about its initial point. The original ray is

B Vertex Initial side

Vertex Initial side
(i)Positive angle Fig 3.1 (ii) Negative angle
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called theinitial side and the final position of the ray after rotation is called the
terminal sideof the angle. The point of rotation is called Wleetex If the direction of
rotation is anticlockwise, the angle is said to be poséngeif the direction of rotation

is clockwise, then the anglerisgativg[Fig 3.1).

The measure of an angle is the amoun Initial side \A
rotation performed to get the terminal side fr . . -
Terminal Side B

the initial side. There are several units for
measuring angles. The definition of an angle Fig 3.2
suggests a unit, vinne completeavolutionfrom the position of the initial side as
indicated in Fig 3.2.

This is often convenient for large angles. For example, we can s t a rapidly
spinning wheel is making an angle of say 15 revolution per se\dm cribe
two other units of measurement of an angle which are most g%wly used, viz.
degree measure and radian measure.

. th
1
3.2.1 Degree measurdf a rotation fron@l side t N | sid%’i,ﬁ0 EOOf

a revolution, the angle is said to hav

divided into 60 minutes, and a minflte is edint
called aminute written as & an% sixgleth of

exure af itten as 1° A degree is

Is callese@ondwritten as 4.
Thus, 1° =60, 1¢

Some of the angles wihge meas s
shown in Fig 3.3. @

0°,180°, 270°, 420°, — 30°, — 420° are

(e]

360 g 18@ A
O |
X
W\

(\fO

270°
A
B
(o)
420 A o _ . A
—30 — 420
Fig 3.3 B
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3.2.2 Radian measureThere is another unit for measurement of an angle, called
the radian measureAngle subtended at the centre by an arc of length 1 unit in a
unit circle (circle of radius 1 unit) is said to have a measure of 1 radian. In the Fig
3.4(i) to (iv), OA is the initial side and OB is the terminal side. The figures show the

1 1
angles whose measures are 1 radian, -1 radi?rlaﬂiian and—lE radian.

Fig 3.4 (i) to (iv)

We know that the mferea of a circle of radiug unit is 2. Thus, one
complete revolution&g itial side subteraaisangle of @ radian.
in

More gen yin a'circle of radius, an arc of lengthwill subtend an angle of
1radian. Itis e%Fﬁ)wn that equal arcs of a circle subtend equal angle at the centre.
Since in {fciNe of radius an arc of length subtends an angle whose measure is 1
radian, an arc of lengttwill subtend an angle whose measurtlr%isadian. Thus, ifin

a circle of radius, an arc of lengthsubtends an angtgeradian at the centre, we have

|
=— | = .
q p or rq
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3.2.3 Relation between radian and real numbers N
Consider the unit circle with centre O. laebe any point 1
on the circle. Consider OA as initial side of an angle.
Then the length of an arc of the circle will give the radian
measure of the angle which the arc will subtend at tfe
centre of the circle. Consider the linA@® which is
tangent to the circle #&. Let the pointA represent theg
real number zer@P represents positive real number and
AQ represents negative real numbers (Fig 3.5). If

rope the liné\P in the anticlockwise direction along the %
circle, andAQ in the clockwise direction, then every real

number will correspond to a radian measure and Q -2
converselyThus, radian measures and re mbers caQ Q

be considered as one and the same q

3.2.4 Relation between degree@ aSmc e subtends at the centre
an angle whose radian measur, degr re is 3a0follows that

2p radian = 360 adlan
The dove relation e us to e@ radian measure in terms of degree
measure and a deg@sure terms& raian measure. Using approximate value
of p as— we have

_ 180 :
1 radian = 6570 16¢approximately

Also 1° = radian = 0.01746 radian approximately

The relat% en degree measures and radian measure of some common angles

are given INhe followingable:
Degree| 30° 45° 60° 90° 180° 270° 360°
radian| = | - | = | = El
adan | g 4 3 2 2 2
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Notational Convention
Since angles are measured either in degrees or in radians, we adopt the convention
that whenever we write angig, we mean the angle whose degree measuyarnsl
whenever we write angle, we mean the angle whose radian measue is

Note that when an angle is expressed in radians, the word ‘radian’ is frequently

omitted. Thus, =180° andZ = 45 are written with the understanding tpaatndz

are radian measures. Thus, we can say that

Radian measure ?LQ) Degree measure 6

180
Degree measure =— Radian measure

Example 1 Convert 40° 2@ into radian \6
Solution We know that 180° =p radign: \
21

Hence 40°20¢ =9 - degr e= — radian.

540
Therefore 40° Zm—%radla
Example 2 Conver'mns int measure
Solution We know thatp r

di
% 108C" 7
Hence 6 radlanszO 6 degree= Tdegree
&3431d 343°+7' o0 t r =6
o egree = minute |as =
& 11°°9 17 mindte | o

2
QO =343°+ 38 + 1—1 minute [as 6= 6(7]

=343° + 38+ 10.9 = 343°3&112 approximately
Hence 6 radians = 343° 8812 approximately

Example 3 Find the radius of the circle in which a central angle of 60° intercepts an

22
arc of length 37.4 cm (use=7).
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60 ,
Solution Herel = 37.4 cm and| = 60° =~ radian =—

[
Hence, byr=—, we have

37.4x3  37.4x3x’
r= = > =35.7cm

Example 4 The minute hand of a watch is 1.5 cm long. How far does its tip move in
40 minutes? (Usp = 3.14).

Solution In 60 minutes, the minute hand of a watch completes one re@herefore,

2
in 40 minutes, the minute hand turns thro? arevolution. Ther — >< 360°

= Ng
or 3 radian. Hence, the required dlst@a elled is |\
g = 4 ;_
l=rq =15 c(%% 20; 6.28 cm.

Example 5 If the arcs of t Iength@ circles subtend angles 63%@hd 1

at the centre, find the ratio of\eir rad&/
Solution Letr, ande radu@e o circles. Given that
q, = 65° =155 W radian

and q, = 1108 @ 110 = % radian
Letl be the Ien%o,f each of the arc. Thenr g, = r,q,, which gives
22 _ i 22
=35 Tl 1€, 13
Hence ,ir,=22:13.
| EXERCISE 3.1

1. Find the radian measures corresponding to the following degree measures:
(i) 25° (i) —47°30¢ (i) 240° (iv) 520°
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2. Find the degree measures corresponding to the following radian measures

vse =22
(Use 7).

11 N 5 7

0 1 @) - (i) = V)

3. A wheel makes 360 revolutions in one minute. Through how many radians does
it turn in one second?

4.  Find the degree measure of the angle subtended at the centre of a circle of

22
radius 100 cm by an arc of length 22 cm (Us& —). b

5. Inacircle of diameter 40 cm, the length of a chord is 20 he length of
minor arc of the chord. %

6. If in two circles, arcs of the same Ie;ﬁsubtend‘an
e

centre, find the ratio of their radii.
ndl% gs ifits length is 75 cm
(i) Q1

7.  Find the angle in radian through
eatlos for acute angles as the ratio of

and the tip describes an arc
In earlier classes, we have trig
sides of a right ang@ng le will r{g end the definition of trigonometric

and 75° at the

() 10cm (ii) 1@
3.3 Trigonometric Function
ratios to any angle in re and study them as trigonometric functions.

of radial

Consider a uni with c@

at origin of the coordinat et /\
P (@, b be any point on themith
angleAOP=xradian, i.e gth of arc ODIB _ p(q b
AP =x (Fig 3.6). @ N

We define ¢o d sik= b . ¥
SinceDOMP is aﬁtnangle, we ha\&q c1,0C X \, (KD
~ A 7

OM? + Poraz+b?=1
Thus, for int on the unit circle,
we have

2+b?=1 or co8x + sirrx=1

Since one complete revolution

subtends an angle opZadian at the

O,~1)|D

pa
~

Yl
centre of the circle, PAOB = X Fig 3.6
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3
DAOC =pand BAOD = P .All angles which are integral multiples 3f are called
guadrantal anglesThe coordinates of the poings B, C and D are, respectively
(1, 0), (0, 1), (-1, O0) and (0, —1). Therefore, for quadrantal angles, we have
cos 0°=1 sin 0°=0,

cos— =0 sin—- =1
2 "3

cop=-1 sinp=0

coss——o s'n3—— 1 b
2 n7>H =- Q
cosd=1 sinp=0

Now, if we take one complete revolutio ) come back to

same point PThus, we also observe thatgfhcMNases (o & s) by any integral
multiple of2p, the values of sine and cosf Qetions do&( yes,

sin (p +X) = sinX, n1, (@p +@ nl z
Furthersinx=0,if X =0, p, + tti »i.e., v@ n integral multiple gb

and cox =0, if X = + E’ + = i.QJsx vanishes whemn is an odd

multiple OfE . Thus &
sinx =0 impl@ np, w is any integer

cosx = 0 impliesx = (2@ EX wheren is any integer
We now define othe@netric functions in terms of sine and cosine functions:

cos = ——, X! np, wheren is any integer
é’smx P y g

1
SeX = , X1 (2n+ 1) —, wheren is any integer
C COSX ( ) 2 y g

sin
tanx = , X1 (2n +1)—, wheren is any integer
COsX ( )2 y 9

-

cosx o _ -
—, X! np, wheren is any integer
sinx P y g

cotx =
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We have shown that for all real sirtx + cogx=1

It follows that
1 + tartx = seéx (why?)

1 + cotx = coseéx (why?)

In earlier classes, we have discussed the values of trigonometric ratdss for
30°, 45°, ®° and 90°. The values of trigopnometric functions for these angles are same
as that of trigonometric ratios studied in earlier classes. Thus, we hav&the following
table:

0° = " > > >
6 4 3 2
' 0 ! - 1 0
Sin > \/E
J3 1
1 — N 1
cos 2 2 0
1 \ not
tan |0 1 3 indd| O | defined| °
The values of cose@ and c %

7z

are the reciprocal of the val /

cosx and tarx, respectively onle
’ P (a, b)

3.3.1 Sign of trigong @mctions ‘\
LetP @, b bea poin%ue unit circle 1
with centre at@arigin such that,(—l,ﬂ) C X rb\i\/(l’ 0)
DAOP =x- If@ = _x, then the® < ) _,g/fA >X
coordinat point Q will ba, ) -
(Fig 3.7). TNgrefa | 7/
cos (—X) = cosx 0,~1) |p Q(a-b)
and sin (=x) = — sinx

v
Since for every point Pa( b) on Y’

the unit circle, — 1£ a £ 1 and Fig 3.7
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—1£ b£ 1, we have — £ cosx£ 1 and —=I£ sinx £ 1 for allx. We have learnt in

previous classes that in the first quadi@nt x < 5 ) a andb are both positive, in the
second quadrantg < X <p) a is negative andb is positive, in the third quadrant

3 3
(p<x< 7) a andb are both negative and in the fourth quadraEf Kx<2p)ais

positive ando is negative. Therefore, siis positive for 0 k< p, and neggtive for

p <x<2p. Similarly, cosxis positive for 0 <x< — , hegative fog < X< 3 also
positive for3—< x < 2p. Likewise, we capdind the S|gns trlgonometrlc
functions in different quadrants. In f et g table
v

sinx + ﬁ _

COSX m — +

tanx M — + —

cosecx + + _ -

secx @ — - +

cot x & - 5 -

3.3.2 DogffoN d range of trigonometric functionErom the definition of sine
and cosin nctions, we observe that they are defined for all real numbers.,Further
we observe that for each real numker

—1£sinx£1land — ¥ cosx£1l

Thus, domain oy = sinx andy = cosx is the set of all real numbers and range
is the interval [-1, 1], i.e., — Ay £ 1.
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1

Since cosex = Sinx’ the domain ofy = cosecx is the set {x : x1 R and

x1np,nl Z}andrangeisthe seyfyl R,y 3 1ory £—1}. Similarly, the domain

of y = secx is the set X : x1 Randx! (2n+ 1) > n1 Zz} and range is the set

{y:y 1T R,y £—1ory3 1}. The domain ofy = tanx is the setX : xT R and

Xt (2n + 1) o n1 Z} and range is the set of all real numbers. The domain of

y = cotxis the setx:x T Randx® np,nl Z}and the range is the sef\§f all real
numbers.

We further observe that in the first quadrantx @screasesgr @,sinx

increases from 0O to 1, asncreases from smx decroa 1to 0. In the
third quadrant, asincreases frorpt , Oto —land finally
- 3
the fourth quadrant, sir increages fr -1 to creases from? to 2p.
Similarly, we can discuss th r of rlgonometrlc functions. In fact, we
have the following table:
| quadrant ((‘ Il quadrant Il quadrant IV quadrant
sin [increases from Oh-rércreases 0 Pdecreases from 0 to tincreases from —1 to 0

cos |decreases from 1 to mecrgom 0 to tificreases from —1 to Pincreases from O to 1

tan |increases from O % @ses from¥to 0| increases fro@ to ¥ |increases from¥to 0

cot |decreases f%?creases from O t¥ decreases froM to0 |decreases from Ot

sec |increase increases from¥to—1| decreases fromito—¥ | decreases froM to 1

cosed decagas fror¥ to 1| increases from 1 t¥ | increases from¥-to—1|decreases from—1t¥-|

Remalk In the above table, the statement xancreases from O t§ (infinity) for

0<x< > simply means that tax increases az increases for 0 x < 5 and
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assumes arbitraily lge positive values asapproaches toz- . Similarly, to say that

cosecx decreases from —1 to¥-(minus infinity) in the fourth quadrant means that

~ 3 o .
cosecx decreases for | (7 , 2p) and assumes arbitrarily large negative values as

x approaches tg2 The symbol¥ and —¥ simply specify certain types of behaviour

of functions and variabse

We have already seen that values ofysand co repeats after an iQterval of
2p. Hence, values of coseccand sex will also repeat after an interval e

Fig 3.10

y=tanx
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L} Y L] L}

et/ :

L] 1 1 L]

e S L XL g

X ~ T =T O LI - l3_n' 1

) ; ;

y=secx y—cosecx @

Fig 3.12 Fig 3.13 Q
shall see in the next section that tpr-(x) = fanN\Hence, %\/ tanwill repeat
after an interval op. Since cok s recip, I, its & ill also repeat after
an interval op. Using this knowled b awour nometic functions, we can
sketch the graph of these functipns. graph se functions are given above:
Example 6 If cosx= — %r the thi rant find the values of other five
trigonometric functio &
Solution Since cox = - — seg= - 5

5

Now SiE X + cog 1, I’siAx =1 — co3x

Qe
or Sirex = % e
Hence 90‘/'

Sincex Iieourd qguadrant, sixis negative. Therefore
4

sinx=-—
5

which also gives

5
COSecx = — —
4
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Further we have

5
Example 7 If cotx = — 1—2, x lies in second quadrant, find the values of other five

trigonometric functions.

: . 5 12
Solution Since cok= — —, we have taxx = - —

12 5
N Ex=1+taix=1+ o = 2
ow seéx = artx = 25 = o8 @
Hence secx =+ — .
Sincex lies in second quadrant %m@mtlve T \re
secx =— —

which also gives % Q
cospa 2 QQ/

Further we have @
e N ) (3= 12
sinx = tanx =(- 5) (- 13" 13

and COSecC Q 13
éﬂnx 12

Example 8 he value of sin? .
Solution know that values of sirepeats after an interval opZTherefore

31 _ s
sin 3 —Sln(1(p+3)—sm3— >
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Example 9 Find the value of cos (—-1710°).

Solution We know that values of caosrepeats after an interval op2r 360°.
Therefore, cos (-1710°) = cos (-1710° + 5360°)
= cos (—1710° + 1800°) = cos 90° = 0.

|EXERCISE 3.2|

Find the values of other five trigonometric functions in Exercises 1 to 5.

1
1. cosx= —E, x lies in third quadrant. t

3
2. smx—g,xlles in second quadrant. @
3. cotx= >, xlies in third quadrant. & .
. cotx= 4,X|esm ird quadran \
13
4. secng,xllesm fourth g 0
5.

5
tanx = —1— x liesin @quadra@Q

Find the values of t)—@mometnc fun®ons in Exercises 6 to 10.
6. sin765° cosec (— 1410°)

8. tan? Q : sm(——)
10. cot(—%) @

3.4 Trigono@?unctions of Sum and Diference ofTwoAngles
shall derive expressions for trigonometric functions of the sum and

In this Se \
diﬁerenc@/o numbers (angles) and related expressions. The basic results in this
connection are callettigonometric identitiesWe have seen that

1. sin (=x) =—sinx
2. €os (=x) = cosx
We shall now prove some more results:
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3. cos fk +y) = cosx cosy — sinx siny

Consider the unit circle with centre at the origin. X dte the angle PPand y be
the angle FOP,. Then  +y) is the angle fOP,. Also let (-y) be the angle PP,.
Therefore, P, P,, P, and P, will have the coordinates gos x, sin x),

P, [cos & +), sin k +Y)], P,[cos (-y), sin (=y)] and B (1, 0) (Fig 3.14).

P, (cos x, sin x)

\O Fig 3.14

Consider the trian P, and BOP,. They are congruent (Why?). Therefore,
PP, and BP, are eq®¢. sing distance formula, we get
P.P2 0SX — €0S (-y)]? + [sinx — sin(~y]?

0SX — COsy)? + (sinx + siny)?
= co$ x + cogy — 2 COSX COSY + Sirtx + sirfy + 2sinx siny
=2 — 2 (cox cosy — sinx siny) (Why?)
Also, P,P2? =[1-cosx+y)]?+][0—sing+Yy)?

=1-2cosX+y) +cod(x+y) +sirF(x+y)
=2—-2cosX+Yy)
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Since PP, =PpP, we have [P? = PP2
Therefore, 2 —2 (coscosy — sinxsiny) = 2 — 2 cosX +Y).

Hence cosX+Yy) = cosx cosy — sinx siny

4,

cos kK —y) =cosx cosy +sin x siny

Replacingy by —y in identity 3, we get

cos(X + (—y)) = cosx cos (-y) — sinx sin Y)
or cos k—Yy) = cosx cosy + sinx siny

5. cos(E—X):sinx E

If we replacex by 5 andy by x in Identity (4), we get @
cos (—- X) = cosz cosx + sin = sm& X. \\QQ

6.

Using the Identity 5, we have

7.

o) o <</ 0
O
e R A

sin (X +y) = si sy + co sin

We know that

sin K +y) = COSEE_Z_O(XQ: cosgia' X)- yE
= ogng) cosy + sin (E- X) siny

COSy + cosx siny

8. sin (X in X cosy — cosx siny
If we rep y -y, in the Identity 7, we get the result.
9. By takihg suitable values of andy in the identities 3, 4, 7 and 8, we get the

following results:

cos (E+ X) = — sinx sin (§+ X) = cosx

COS P —X) = — cosx sin (p —x) = sinx
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Cos p +X) = — cosx sin (p +x) = —sinx
cos (P — x) = cosx sin (Zp —x) = — sinXx

Similar results for taw, cotx, secx and coseg can be obtained from the results of sin
X and co.

10. If none of the anglesx, y and (x +y) is an odd multiple of =, then

2
_ tanx+tany
tan & +y) = 1-tanx tany
Since none of the, y and & + y) is an odd multiple OfE’ it follow X,
cosy and cosX + y) are non-zero. Now Q
sin(x+y) [ DSy + COSXBI
tank+y) =—— .= .
cosXx+y)

Dividing numerator and denominat

fa-;tary
s ?n X—tany
. tan (x & +tanx tany

If we replacey b in ldentity 10, we get
) =tank+ ()]

Q _ tanx+tanfy) tanx- tany

1- tanx tar{ y ) 1+tanx tany

12. If none of the anglesx, y and (x +y) is a multiple of p, then

cotxcoty—1

cot (X +Y) = "oty +cotx
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Since, none of thg, y and & + y) is multiple ofp, we find that sirx siny and
sin (x +y) are non-zero. Now

cos (x + y): COSX €Oy —Six sity
sin(Xx+y) sinxcosy+ cosx siry

cot (x+vy)=

Dividing numerator and denominator by gisiny, we have

cotx coty —1

cot+y) = coty + cotx

t ty+1 . . .
13. cot (x —y)= cotxcoty+ - if none of angleg, yandx-yis a multlplé
coty — cotx

If we replacey by -y in identity 12, we get the result @

n
14. cos X =co§x—sin?x=200§x—1&2$izx.= 0 %
:n

We know that
cos fk +y) =cosx cos Mx Rny 0
Replacingy by x, we get ( 0
X
=co — CO3X) -1

COS X = CcoSX
Again, CcoS X =cog SIrEX
— Siff X — sir?& — 2 SiAX.

Q/ cog x- sirtx
We have CcoS X = cosz@ =

~ co¥ x+ sin® x
Dividing numerator and dewiominator by troswe get

rf X
cos &{4-— Xt n + Py where n is an integer

tarf x’
gx 2tan x .
i — = ———— X'n+— i i
15. sin % COSX = 72 ? « 5 where n is an integer
We have

sin (x +y) = sinx cosy + cosx siny
Replacingy by x, we getsin 2 = 2 sinx cosx.
2sinx cosx

Again sin = o2 x+ St x
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Dividing each term by c8x, we get

2tanx
1+tarf x

sin X =

2tanx

16. tan2x=7_ o2

if 2x1 n + E,where

We know that

tanx + tany
tan g +y) = 1-—tanx tany

2 tanx

Replacingy by x , we gettan 2x=
1- tarf x

nis an integer

O

17. sin 3 = 3 sinx — 4 sirix & . CQJ

IAX)

We have,
sin X =sin (X +X)
=sin X cosSx + cos 2@
Si

N

=2 SiNnX COSX COS sin
=2 sinx (1 — sifi>xq + sipX— 2 si
=2sinXx—2g4i X — 2 si

=3sinx—4 @
18. cos X= 4 coS$XxX =3 CoS &
We have,

cos 8= cos ) %
=Cos X cos inx
=(2cosx—1)cC 2sinx cosx

= (2co§xgcosx —2cosx (1 —
= 200&/3 X — 2C0SX + 2 co8x
s

=4co COSX.
;hl tan® x

sinx
co3X)

tan3x = — i 3x1n + — i i
19. % if > where n is an integer

We have@ =tan (X + X)

2tanx

+tanx

tan 2+ tanx _ 1—tarf x

T 1-tan tanx 1_ 2tanx. tanx

1—tarf x
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_ 2tanx+ tanx — taAx _ 3tarx — tamx

1-tarfx—2tafx  1- 3tahx
X+ X
20. (i) cosx + cosy = 2C0s 2y coSs 2y
Xty . X—
(i) cosx — cosy = — 2sin 2 Y 5in* =Y
2 2
. X+ X—
(i) sinx +siny = ZSInTy cosTy e
X+y . X—
(iv) sinx —siny = 2cos 2y sin 2y @

We know that Q
cos ( +Yy) = cosx cosy — sinx \\ )

and cos k—Y) = cosx cosy + si . (2)
Adding and subtracting (1) and (2 %
cos k +y) + cosk —y)f= cosy . (3)

and cos k+y) — cos K smx e (4
Further sin X +y) = sinX COSX SI .. (5)
and sin (X —y) =.sinx cody — cos& ... (6)

Adding and subtrac ) and (6), we
sin x +y) &k—y) iIx cosy . (7)
sin (x +y) — sin cosx siny ... (8)

Letx +y=qgandx—y=f. TheMflore

o +f @
X=
&2 X7
Substituting th s a@fandy in (3), (4), (7) and (8), we get
6 e+f ¢ af

®+ cosf =2 cosg— - ;:JCOS €o -

e +f ae-f
cosq—cosf =—2 smg > _sm €2
7]

sing + sinf —Zs'naeLf—'gOS o :
narsinf =2sin g 5%g s
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sing — sinf =2 cos il Sin o
ing—sinf = — :
q 8 2 g %2 {

Sinceq andf can take any real values, we can reptabg x andf byy.
Thus, we get

X+y X-y Xty . X-y
COSX + COSy = 2 cOS——CO0S——; coSx — cosy = — 2 sin—=sin—-=,
2 2 2 2
. . Xty Xy _ Xty . X-Yy
sinx + siny = 2 SmTCOST ; SiInX—siny = 2 cosTSIn—2

Remark As a part of identities given in 20, we can prove the followind
21. (i) 2 cosx cosy=cos k +Yy)+cosk-yY)

(i) —2 sinx siny = cos K +Y) — cos Kk — V) Q
(i) 2 sinx cosy = sin K +Y) + sin 6

(iv) 2 cosxsiny=sin (x + y) — Si

Example 10Prove that

SSIHE seé—)- 4sm— cé%—

Solution We have

L.H.S.= 33|n 4s
=3 x 1 x2—4 >< 1=3-4 P
5 @ 63 smg
=3-4 = R.H.S.
Example 11 Fm&va e of sin 15°.
Solution Wm
sin1 (45° - 30°)
3sin 45° cos 30° — cos 45° sin 30°
_1.¥3 1143
"2 2 22 22

13
Example 12Find the value of tanﬁ
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Solution We have

13p IO p a p
= = ——tan —- =
tan 12 tan 8I0 =tan 8 ] 62

p p
tan, - tan
_ 4 \@ \@'1=2_f3

1+tar‘£tar’£ 1+i V3+1
46 J3

Example 13 Prove that b
sin(x+y) _ tanx+ tany

sin (x- y)_ tanx tany- @

Solution We have

L.H.S

Si
Example 14 Show K
tan 3 tanx X — tan 2x — tanx

Solution We know that 8 =
Therefore, tan X = tan (X + X

or tanX=

or ta n X tan X tanx = tan X + tanx
or t tan X — tanx = tan X tan X tanx
or @ X tan X tanx = tan X — tan X — tanx.
Example 13Prove that

c058—+x S)fcosg +9_2 Cco%

2

Solution Using the Identity 20(i), we have
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_ aPp Q‘_ e
= COS,~— + X =+ COS - X .
L.H.S. 84 : g

%)

Pax+Px 0 Bx Py
=2cos§4 24 +cos\;4 24 -

s & |
2 P 2 ! R
= - = X T = =
CoS, COSX 7 COSX= /2 COSX }6

COS X+ COS X _

t
Example 16 Prove that Sin 7% — sin & & .
Solution Using the Identities 20 (i) andQ@, e get \\
X- 5x :0
<X

) — 2 NF"" = cotx = RH.S.
sin@ sinx
@inSx- ’ 3«&%

X

Example 17Prove t
C 0

=tanx

Solution We have

—Sinsx@ sirk _Sin5x+ sinx- 2sinX

L.H.S. =
&;335(- COX COS5- cox

QQBX cosX- 2sin® _  sin3x (cosx- 1)

—-2sinX sinX sin3X sin X

_1- cosX _ 2sif x
sin 2x 2sinX co<

= tanx = R.H.S.
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| EXERCISE 3.3|
Prove that:
. p p 1 P p p_3
—+ —_tat —=—= =4 —~cog ==
1. sir? 6 cog 3 tart 4 > 2. 2sirt 6 coseé 6 375
3. cot? Io+cose5&+ 3tahP = 4. 23in2%+ 2c0éP + 25 =
6 6 6 4 4 3
5. Find the value of:
(i) sin 75° (i) tan 15°
Prove the following: b
ap 0 e 0 . .0
COSe—- X =COS Yy-- Ssin X Si
4 g & a % o
tan & +x.0
. 8 7_ a+tanx o
tang—-x_o él1- tanxgcj
0. cosa§—+x+ocos 2 +X gcot 3e-Q_éot (2 + x)g:l
8 2 1] é 1] ]
10. sin (n + 1)X sin + co 1) cos f + 2)x = cosx
11. cos +x_- cos -V 2six
12. sir? 6x— sirf4x &ln 1 13. cog 2x — co$ 6x = sin & sin &
14. sin2x+ 2 6( 4 codx sin &
15. cot 4 (&Q n 3() = cotx (sin 5% — sin ¥)
cos sin2x sin5x + sin3x
16. - 17. ——— =tan4x
sinl7 S|n3x c0<10x Cc0<5X + cos3x
sinx - smy X-y sinX + sin3x
18. ——____=tan 19, ——— = tan2x
COSX + cogy 2 COSX + C0<3X
sinx - sin3x ] Ccos4x + Ccos3x + cos2X
20. = 2sinx 21. = cot3x

sin® x- cos® X sin4x + sin3x + sin2x
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22. cotxcot X —cot Xcot X—cotXcotx=1

4tanx (1- tadx )

24. cos & =1 — 8sidx cog x
1- 6tarfx+ tarix

23. tan4dx =

25. cos &K= 32 co8x — 48coéx+ 18 codx—1

3.5 Trigonometric Equations

Equations involving trigonometric functions of a variable are cdtiggnometric
equations In this Section, we shall find the solutions of such equatieshave
already learnt that the values of siand cog repeat after an interval op
values of tax repeat after an interval pf The solutions of a trigonometr{
for which O£ x< 2pare callegrincipal solutions The expression invg)

We shall useZ’ to denote the set of integers
The following examples will be helpfu&ving tri GrO\@ic equations:
. - . \ K
Example 18 Find the principal solu% he equ@ PR

. . 0 .
Solution We know that,sin— nd sin ms - ?SE: sin—= —_

Therefore, principal@ons are=— a&?.

1

Example 19 Find the princi@tlons of the equati@fXx = - ﬁ
. & 0 1
Solution We know Q: — .Thus,tang” — = —tan— = —
& \/é 8 6o 6 \/é
o 5 1
3 —;9 - tan-=- ——
and 65 5 5

1

Thus Qﬁ— = tani =-
6 6

5 11
Therefore, principal solutions ar%- and?.

We will now find the general solutions of trigonometric equatidrfeshave already

e
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seen that:

sinx =0 givesx= np, wheren Z

cosx =0 givesx= (2n + 1)5 , wherenl Z.
We shall now prove the following results:

Theorem 1For any real numbepsandy,
six = siny impliesx =np + (-1)'y, wheren1 Z

Proof  If sinx =siny, then
. . Xty . X-Y
sinx—siny=0 or 2cos 2 sin =0 b

2 <

X+y X -

which gives cos =0 or sin Y 0
K @
Xty £ \
Therefore > =(2n+ 1)5 rQ& np,w X 4
i.e. X=(2n+1)p - %mp+y, i Z

Hence X=(2n + 1) WYy orx= (-1¢"y, wherenl Z.
whererz:

Combining these two results,
Theorem 2 For an | numbers a 0SX = cosy, implies x=2np = v,
wheren1 Z @

X=np +
Proof If cosx = cosy, then
9 X+ X -
-2 sin y sin y =0

COSX — cosy d > >
-y

X +
Thus Y Si =
'& i
Therefore wherenl Z
C X=2np —y orx=2np +y, whereni Z
Hence X=2np £y, wherenl Z

Theorem 3Prove that ifx andy are not odd mulitple sz , then

tanx = tany impliesx=np +y, wheren| Z
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Proof  If tanx =tany, then tax—tany=20
SinX Cosy - COsX siny

or COSX COY/

which gives sin(x—-y)=0 (Why?)

Therefore X—y=np,ie,x=np+y, wherenl Z
3

Example 20 Find the solution of six = 5

3 @ o . 4 b
Solution We have six = —£ = -sin—-= smg + - = Sin—
2~ 8 <
4 \Q
Hence sinx = sin—, which gives & . 6
4

rw
other value ok for sinx = - %e solutions obtained will be the same
although these m arent| ifferent.

Example 21 Solve cosx =—

Solution We have,CO E = COS§

Therefore X@ ig,whereni Z.

¢

Example 22 Solve tan 2x = - cog X+ 3%
¢

Solution We have,tan 2 = - co§x+ —
33

®
= tana—+ X +— -
PR

3¢
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5
tan = ta x+—_
or fg 6 5
5 -
Therefore 2X=n + X+€, wherenl Z
5 -
or X=n +€, wherenl Z.
Example 23 Solve sin  — sin & + sin & = 0.
Solution The equation can be written as
Sin6x +sin2x - sindx =0
or 2sin4xcos2x - sindx = @
ie. sindx(2cos2x- 1) =
TN

Therefore sin4&x=0 or COSX \\

ie. sindx=0 or % 00

Hence 4x=n % 2n @Q nl Z
i.e. @or i— wherenl Z.
Example 24 Solve 2 cosx +@<

Solution The equation be written as
2( S x)+ 3sinx= (

or &sipzx- 3sinx 2= C
or QO(Zsir1><+ 1) (sirk- 2F (

1
Hence sinx = - 5 or sinx=2
But sinx = 2 is not possible (Why?)

1 .
Therefore sinx= -— =sin—.
in X > 6
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Hence, the solution is given by

7 o
X=n +(-1)"E, wherenl Z.

| EXERCISE 3.4
Find the principal and general solutions of the following equations:
1. tanx:\/é 2. secx=2
3. cotx=-4/3 4. cosecx=—2
Find the general solution for each of the following equations: b
5. €0Ss 4x = cos X 6. cos X+ cosx—cos =0
7. sin2x+cox=0 8. seé2x=1-tan @

9. sinx+sinX+sin%=0 Q
Miscellaneo i% ples
Example 25 If sinx = —, cosy = - @ ex and I|e in second quadrant,

find the value of sin(+ y)

Solution We know that Q
sin x +y) = sin Sy + co @ . (1)

Now cog x= X = 1
25

4
Therefore cosx =ig Q
Sincex lies in secon nt, coss negative.

Hence cos&
. Q : 4425
0 —-coy=1—-—">-=—7—
v G Y 16¢

16¢€

5
Sincey lies in second quadrant, henceysmpositive. Therefore, sin= 13 Substituting

the values of sii, siny, cosx and cosy in (1), we get
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) 3 ¢ 12¢ & 4¢ 5 36 20 56
sin(x+y) =— € 12g S £y 13 = - — —=- —.
5 132 ¢ 50 13 65 65 65
Example 26 Prove that
COS X cos)z(—- cos® C(%)—(: Sink5 s15+2c)r(

Solution  We have

L.H.S.= 1 §20032< cos)ﬁ- Zcog)—( COS(%
2 2 2

= 1%0§Z(+§+9- cos ai-l( -Toco 9 B- - Oco 9X§
28 2g & 2% 2} 6 u
. , 15x(
2

1é 5Bx 3X
= —écos— + cOS—- COoS—-
2 2 2 2

)
o
c
=
o
>
-
@
@
x
I
I
‘O
I

Z.
Now ta®_—2
1- tan® x

or

Let y= tang. Then 1 =1- y?
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or y+2y-1=0

Therefore y= 2+TZ\/_2 = -1+ 42

Since 3 lies in the firstquadrany,ztang is positve. Hence
tan— J2-1

3

3
Example 28If tanx ‘4 , < X<—2 find the value of sm cos_ andéb

3
Solution Since < X<7, COX is negatlve& . c
Also =<= <3— Q~ \\

2 2 4°

Therefore, S”E is positive a Qj negati

Now seéx = = >

6 4
Therefore cos™= pY or (@: s (Why?)
., X a 4 9
Now 2sin 1- cosx =1+— =—.
X9
Therefore ang =

X
in- = — 2
or Q sin 5 (Why?)

Again 2cog

w Blo

1
Therefore cog — = 1_
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X 1
— =- —/— (Why?
or 0052 m( y?)
s'nx
in—
X ae\/ O
Hence tan— = 2 _ =-3
2 X \/ 0 e 1 2
2

Example 29 Prove that cés + coé%+— .Jco2 & =&.
8 3g g( 3 g2

Solution  We have b
=2 2 0

1+cosg X+—5 - 1+ co a§_
SS Sv%

1+c;)52(+ 2Q'§ﬂ+ \,\

_@+cosz<+@ 2 5‘1 @ - é
E

CZQ

L.H.S.

1¢
28"
& 0
@ o
C
%’3 0 2C0S 2 coSs
3t
3
*lcos?x- cos 8= 5 =RHS.

QO Miscellaneous Exercise on Chapter 3
Prove that:

9 3 5
1. 2C0S— Cc0S— +Cco0S— +cos—=0
13 13 3

2. (sin X + sinx) sinx + (cos & — cosx) cosx =0
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. . Xty
3. (cosx + cosy)? + (sinx — siny)? = 4 co$ Il
. . Lo X -y
4. (cosx— cosy)? + (sinx— siny)? = 4 sirf —
5. sinX+ sin X+ sin 5% + sin & = 4 cosx cos X sin 4
(sin7x +sin5 ¥ «{sin9 x $in3 X — tan6 x
(cos7x +cos5x) +(cos9x +cos3 X)
. . ) . X 3x
7. sin X+ sin X — sinx = 4sinx cosE cos? E
. . X X X .
Find smE, cosE and tang in each of the following : @

4 1
8. tanx = - E X in quadrant Il &cosx = -.—,@drant 1l

1
10. sinx = -, xin quadrant Il %2 0
gwmar

®Ifin acircle of radius, aMmgrc of Ier{ elMds an angle aofradians, then

-
)

(®Radian measure 180

easure

®Degree measure % Radian measure
(R)COS X + SirFx =&

®1 + tarfx :&é}

®1 + cot seeéx

(R)cos P'® X) = cosx

®sin (2np + X) = sinx

®sin (=X) = —sinx

(R)cos (—X) = cosx
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(R)cos k +Yy) = cosx cosy — sinxsiny
(R)COS(X—Yy) = cosx cosy +sinxsiny

®cos(5- X) = sinx

®sin (E_ X) = cosx

®sin (XK +Yy) = sinx cosy + cosx siny

®sin X —Y) = sinx cosy — cosx siny b

®cos §+X = — sinx sin —+X = cosx @
cos p —X) = — cosx sin (p &smx .
CosS p +X) =— cosx —sin \
COS @p —X) = cosx %

®If none of the angles, y + ) Is an |pIe of-, then

2’
tanx + ta @
1- tany Q
& <
®tan K-y) = 1+tanxt©

®If none of the angl@and & + y) is a multiple ofp, then

tan k+y) =

co y-
Cot &=Y) oty + cotx

Ootxcoty 1
®cot @_ coty - cot x

(R)COS X = Cco$X —sirfx=2codx—1=1-2 sifix =

1—tarfx
1+ tarx
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. . 2 tan
®)sin X = 2 sinX cosx = X
1+ tarfx
2tarx
1- tarfx

®tan X =

®sin X = 3sinX — 4sirfX

R)cos X = 4c08X — 3coxX

®tan X =

® @

(i

(i)

(iv)

® (i) 2cosxco S(X+ y 0s k—Y)
(i) — 2sinxsiny = co Qos kK—Y)
(i) 2sinx cosy = sjp(x+ W + sin k—y)
(iv) 2 cosxsi +y) —sin k-Yy).

®sinx =0 gypsx =MD, whereni Z.

®COoSX = (@sxz (2n+ 1) > wherenl Z.
® sinx

(R)cosx = cosy, impliesx = 2np +y, wherenl Z.

(®tanx = tany impliesx=np +y, wherenl Z.

3tanx- tan x
1- 3tarf x

X+ X-

COSX + COSy = Zcos—y COS—y
2 2
. Xty .
COSX — COSy = — Zsm%

X+ Yy

2

sinx + siny = 2 si COS >
_ ) §+§ . X3
sinX — siny = 2cos sin

siny impliesx =np + (- 1)y, wheren1 Z.

N\
O

&\Q’b
.\6
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Historical Note

The study of trigonometry was first started in India. The ancient Indian
MathematiciansAryabhatta (476), Brahmagupta (598), Bhaskara | (600) and
Bhaskara Il (114) got important resultll this knowledge first went from
India to middle-east and from there to Europe. The Greeks had also started the
study of trigonometry but their approach was so clumsy that when the Indian
approach became known, it was immediately adopted throughout the world.

In India, the predecessor of the modern trigonometric functions, known as
the sine of an angle, and the introduction of the sine function represegts the main
contribution of thesiddhantagSanskrit astronomical works) to the ?%y

mathematics.
Bhaskara | (about 600) gave formulae to find the values o@ functions

for angles more than 90A sixteenth century Malayalam hasa
(period) contains a proof for the expansigf of sm (A + B) expressmn for
sines or cosines of 128 36°, given by

Bhaskara |II.
The symbols siit X, cos? : r arc s@)c cosx, etc., were
suggested by the astronomer ersehel he names ofhales
(about 600 B.C.) is invaria I\%?iated W) ght and distance problems. He
is credited with the det

of the of a great pyramid in Egypt by

measuring shadows of t iliary staff (or gnomon) of known

mid a @a
height, and compagkag the ratios: {
@ H i

=E @an (surs altitude)

Thales is also said tn calculated the distance of a ship at sea through
the proportionality of of similar triangles. Problems on height and distance
using the smﬂan% ty are also found in ancient Indian works.

o

< v



Chapter

V Analysis and natural philosophy owe their most important discoyages to
this fruitful means, which is called induction. Newton was i -%
to it for his theorem of the binomial and the principle

universal gravity — XPLACE Y Q
deducting
u :e rea

4.1 Introduction

One key basis for mathematical thi
soning An informal, and example
borrowed from the study of logicflis an

ument &pr
in three statements:
(@) Socrates is a m%
(b) All men are mortal, ¥herefor

(c) Socrates j tal. Q(@

If statements (a) a are tru en the truth of (i
establishedTo make this si ematical examg
we could write:

(i) Eightis divisiblgy two.

()  Any numbggdGis)le by two is an even number G. Peano
therefore (1858-1932)

(i)  Eight meven numher

Thus, d in a nutshellgéven a statement to begwen, often called a
conjectue meoem in mathematics, valid deductive steps derived and a
proof ma@ay not be established,, deduction is the application of a general
case to a particular case.

In contrast to deduction, inductive reasoning depends on working with each case,
and developing a conjecture by observing incidences till we have observed each and
every case. It is frequently used in mathematics and is a key aspect of scientific
reasoning, where collecting and analysing data is the norm. Thus, in simple language,
we can say the word induction means the generalisation from particular cases or facts.
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In algebra or in other discipline of mathematics, there are certain results or state-
ments that are formulated in termsnpfwheren is a positive integeffo prove such
statements the well-suited principle that is used—based on the specific technique, is
known as th@rinciple of mathematical induction

4.2 Motivation

In mathematics, we use a form of complete induction called mathematical induction.
To understand the basic principles of mathematical induction, suppose a set of thin
rectangular tiles are placed as shown in Fig 4.1.

When the first tile is pushe
absolutely sure that all the tile

(a) The firsttile falls,

(b) Intheev t any'tile faII&ts"I ccessor necessarily falls.

Thisis the und@ principl ematical induction.

We know the s natural elkis a special ordered subset of the real
numbers. In facty is the sm@ setRfwith the following property:

A set Sis said to be an in ive seflifg andx+ 11 Swhenevex] S. Since
N is the smallest subsemhich is an inductive set, it follows that any subser of

that is an inductive & contéin

lllustration

Suppose we nd the formula for the sum of positive integers 1, 8, that,is,

a formula ill give the value of 1 + 2 + 3 wher 3, the value 1 + 2 + 3 + 4,
whenn = &so on and suppose that in some manner we are led to believe that the

+1)

formulal+ 2+ 3+.. A= is the correct one.

How can this formula actually be provedfe can, of course, verify the statement
for as many positive integral valuesrodis we like, but this process will not prove the
formula for all values ofi. What is needed is some kind of chain reaction which will
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have the effect that once the formula is proved for a particular positive integer the
formula will automatically follow for the next positive integer and the next indefinitely
Such areaction may be considered as produced by the method of mathematical induction.

4.3 The Principle of Mathematical Induction

Suppose there is a given statemem) Pifivolving the natural number such that

(i) The statement is true for n k i.e., P(1) is true, and
(i) If the statement is we for n = k(whele k is some positive integethen
the statement is also true for n =+k1, i.e.,truth of RK) implies the

truth of P(k + 1).
Then, P(n) is true for all natural numbers n. Q
Property (i) is simply a statement of fact. There may be s when a
statement is true for atl3 4. In this case, step 1 will start fr e shall
verify the result fon = 4, i.e., P(4).
g

Property (ii) is a conditional properﬂy&ot asse;tt iven statement
is true forn =k, but only that if it is true f n it |s fm k+1. So,

to prove that the property holds, o proposmon
If the statement is true for= @ Is also =k+ 1.

This is sometimes referredo as md% . The assumption that the given

statement is true far = k inghi ive ste alled tleductive hypothesis

For example, frequentlyN mula will be discovered that appears

them
to fit a pattern like (
Q:
L2= 1@
Qs
16 = +3+5+7, etc.

It is worth to be nﬂhat the sum of the first two odd natural numbers is the
square of second n& mb&um of the first three odd natural numbers is the
square of third ral Mmber and so on.Thus, from this pattern it appears that

1+3+5+'Ng,.. +(@—1)=n?,i.e,
the sum of th odd natural numbers is the square.of

Let

Pn): 3+5+7+ ... +(-1)=n
We wish to prove that BYis true for alln.
The first step in a proof that uses mathematical induction is to prove that
P (1) is true. This step is called the basic step. Obviously
1=2ie., PQ)istrue.
The next step is called tlimductive stepHere, we suppose thatlg {s true for some
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positive integek and we need to prove that P+ 1) is true. Since PKj is true, we
have

1+3+5+7+ ...+ @-1) =k .. Q)

Consider
1+3+5+7+...+®-1)+{2k+1) -1} .. (2)
=K+ (X+1)=k+1y [Using (1)]

Therefore, PK+ 1) is true and the inductive proof is now completed.
Hence PA) is true for all natural numbers

Example 1For alln® 1, prove that
n(n+1)(2n+1)

14 2+ F+ LB+ +17 = 5 @

Solution Let the given statement benfp(i.e.,

+1
P): B+ 2+ 3+ L+ .+ = ) \\
11+ 12 & ‘3 Q
Forn=1, P(1):1= 5 —1@\ S true.

Assume that R is true for so tive inte.,

12+ 22+ 3+ £+ L Kk .. (1)
We shall now prove@& 1) is true. Noywe have
(12 +2 +3 +& +.. . 4K2 1)2
pleiie Qk*f)@ﬂ)z [Using ()]

6

_ k(k+ﬁgko+1)+ 6 (k + 1f
X, s

a 6

0®+1) (2k? + 7k + 6)

6

_ (k+D)(k+1+D{2(k+1) +1}
- 6

Thus Pk + 1) is true, whenever R)(is true.
Hence, from the principle of mathematical induction, the statemapisRtue
for all natural numbers.
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Example 2Prove that 2> n for all positive integers.

Solution Let PQ): 2">n
Whenn =1, 2t>1. Hence P(1) is true.
Assume that R is true for any positive integér i.e.,
2>k . (1)
We shall now prove that P¢1) is true whenever BYis true.
Multiplying both sides of (1) by 2, we get

2. 2> %
e, 2K1>X=k+k>k+1
Therefore, B{ + 1) is true when R} is true. Hence, by principle o matical
induction, Pg) is true for every positive integar
Example 3For alln3® 1, prove that & . QQ

1 1 1 1
— 4.+
2 23 34 n (@ + 0
Solution We can write 0
1.1 1 :? . n
PO): 75 5t 5 = ,

1.2 23 34 a+ 1)

1 1 : & :
We note that P(li:_z@lTl’ w is trueThus, PN) is true forn = 1.

Assume that FRQ is true for s atural numbBer

e 12" 23 3. (<+ 1) k+ : - (D)
We need to pr that iP¢ 1) is true whenever B(is true.We have
1 1
—+ +...
1.2 4 k k+ 1) k+ Dk+ 2

él+i+—1+ + 1 L:j+ 1
€12 23 34 kk+ 1§ k+ Dk+ 2

k N 1
T k+1 (k+1)(k+2)

[Using (1)]
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_ k(k+2)+1  (K®+2k+1)  (k+1)®  k+1_  k+1
T k+D(k+2) T (k+D)(k+2) T (k+1)(k+2) ~ k+2 (k+D)+1

Thus Pk + 1) is true whenever BY(is true. Hence, by the principle of mathematical
induction, Pq) is true for all natural numbers.

Example 4For every positive integer, prove that 7— 3" is divisible by 4.

Solution We can write
P(n): 7— Jis divisible by 4.

We note that

P(1): #— 3 = 4 which is divisible by 4. Thus ®(is true forn=1 b
Let PK) be true for some natural number @
i.e., PK) : *— 3 is divisible by 4. Q

We can write 7— 3 = 4d, whered 1 N. .

Now, we wish to prove that R¢ 1) is tr ever N&
Now 7(k+l)_ 3k+1) :7(k+1)_7.3+ g +1)
=7m—393?- :nmyg;—aa

= 7(4d) + RIONSA (M +
From the last line, we see — 3D ible by 4. Thus, R 1) is true
when PK) is true. Therefore, princip( thematical induction the statement is

true for every positi gex
Example 5Prove th )" 3 (1@ for all natural numben, wherex > — 1.
Solution Let Pg) be the give ement,

i.e., PQ): (1 +x)"3 (1 +ny forX¥>—1.
We note that B is t @1‘. =1,since (1x3 (L+x) forx>-1
Assume that K/

PK: (1 + +kx), x> —1is true. . (1)
We want tg that R¢ 1) is true forx > —1 whenever Rf is true. ... (2)
Consider@entity

(LT+XT1=1+x (1 +X
Giventhat x> -1, so (1%) > 0.

Therefore , by using (1 ®*3 (1 + kX, we have
L+x**13 (1+k9(1 +x
ie. (1 +x)**13 (1 +x+ kx+ k#). .. (3)
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Herek is a natural number and 3 0 so thakx? 2 0. Therefore
(1 +x+ kx+ kd) 3 (1 +x+ kX,

and so we obtain
(@ +x<t 3 (1 +x+kY
ie. (L+x<t 3 [1+(1+KX

Thus, the statement in (2) is established. Hence, by the principle of mathematical
induction, Pq) is true for all natural numbers.

Example 6 Prove that
2.7+ 3.8 -5 is divisible by 24, for aiT N. e

Solution Let the statement RY be defined as @

*

Assume that Kj is true Q\ \\

ie. 2.7+ 35_5= 24, whean% \o (D)
is

Now, we wish to prove that R’&<) [
We have

2.1+ 357 5=27* g+ 3.5. @Q
@2.7«+ 3.5—5{3.5+ 5|+35.5-5
—7 [24q = @5] +155-5
=7 xw1.5 +35+15.5-5

= @44 ~6.5+30
&x 24— 6 (5 - 5)
&,z 7 x 240 -6 (%) [(B*— 5) is a multiple of 4 (why?)]
O =7 x 24— 2%
Q =24 (1 -p)
=24 xr;r =79—p, is some natural numher .. (2)

The expression on the R.H.S. of (1) is divisible by 24. Thks Rj is true whenever
PK) is true.

P(n) : 2.7+ 3.9 -5 is divisible by 24. Q
We note that B is true forn = 1, since 2.7 485 - 5= 24 w@ divisible by 24.

wheneNer W y(is true.

Hence, by principle of mathematical inductionp)R$ true for alinT N.
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Example 7 Prove that

n3
12+ 2+ ... +n? >§,ni N

Solution Let Pf) be the given statement.

3
e, PM):12+ 2+ . +m? >%, nl N

: : 7
We note that ) is true forn = 1 since ?>=

3
Assume that Rj is true b

3 Z
ie. PK :12+2+ ... +k& > % (1)
We shall now prove that k¢ 1) is true wh&r B(is tr&@\
We have 1+ 2+ F + ... +k2+ (k + 1)2Q~ \
= (¢ +2 +<J%A + é\gk by

=§[k3%6k+3]
Y
:@«1)3+®2]>§ (k+ 1P

Therefore, A(+ 1) is also true@everky(s true. Hence, by mathematical induction

P(n) is true for alinT N.
Example 8 Prove th UQ exponentabj” = a"b"

by using principle pf m&ematical induction for every natural number

Solution Let P, e given statement
ie. PMn); ab".
We Qhat P is true forn = 1 since &b)'= a'b™.
Let Pk) be Qtue, i.e.,
(ab)x = ab* - (1)

We shall now prove that ¢ 1) is true whenever B(is true.
Now, we have

(@) *= (ab)* (ab)
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= (@ b (ab)

= (@.al) (b<.b!) =akt. bt

[by (1)]

Therefore, F( + 1) is also true wheneverkp(s true. Hence, by principle of math-

ematical induction, I is true for allnT N.

| EXERCISE 4.1

Prove the following by using the principle of mathematical induction forlalN:

n
1. 1+3+3+...+3—1:¥.
an(n+1) %
2. B+2+3F+ ... = .
g 2 o

1 1
+ + +...
(1+2) (1+2+3)

n+1)(n

4. 1.23+234 +.+n(n+tl

(2n-

5.13+23+3§ + n.3=

e Q(Qﬁ% &\

O

BN
O

+3)

+1)(n+2)L
6. 12+23+34++n(

4n°+6n- 1

7 13+35+57@1)(m+1)_”(”—”)
8. 1.2+2.2+K’+ An2n=(n-1) 271+ 2,

11 1 1
9 —+=+ +§:1-§_

1 1 1 n
10. St eataq -t N .

25 538 8.1 (B- DB 2) @B <

1 1 1 1 _ nh+3)
11. + + +...+ .

1.23 234 345 nn+ I+ 2) 4+ I+ .



12.

13.

14.

15.

16.

17.

18.

19.
20.
21.

22.
23.
24.
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a+ar+ar2+...+ar”'1=M.

r-1
a?[+§;o E;"+a§ ;.q%@Hl) = 91
¢ 158 4580 5% 2 A )
ﬁ"'};é 1- ;%‘f‘ji. _q%—k =;(']91‘
€ 158 2383 3 ®en @ -

n(2n- 1)(2rt+ 1)
LP+F +2 + .+ (N-1P = 3 . b
1 1 1 1 n @
e+ 4.+ =
14 47 710 @- 2@ 1) - Q

L

1,1,1, 1 &
35 57 7.9 @+ 1)+ -

1+2+3+..+n<;(2n+</% OQ
n(n+1)(n+5)isam® 3. Q
107-1+ 1 is divisible by &6

XN — Y i divis' X +Y.

P2 _gy_9 isle by 8@

41"—14'is a multiple o

(2n+ 7)<+ 3P

O
&' Summary

®One keyé!ﬁr mathematical thinking is deductive reasoning. In contrast to

dedugii ductive reasoning depends on working with different cases and
dev% a conjecture by observing incidences till we have observed each
and every case. Thus, in simple language we can say the word ‘induction’
means the generalisation from particular cases or facts.

® The principle of mathematical induction is one such tool which can be used to

prove a wide variety of mathematical statements. Each such statement is
assumed as R)associated with positive integerfor which the correctness
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for the casen = 1 is examined. Then assuming the truth & R§r some
positive integek, the truth of PK+1) is established.

Historical Note

Unlike other concepts and methods, proof by mathematical induction is not
the invention of a particular individual at a fixed moment. It is said that the principle

of mathematical induction was known by the Pythagoreans.
The French mathematician Blaise Pascal is credited with the ~@ of the
principle of mathematical induction. %
8.

define and name

on many different subjects. He he Wrst peX
“mathematical induction” and d% d De m to determine the
e
e

The name induction was used by the English mathe
Later the principle was employed to pggvide a proof of indmial theorem.
De Morgan contributed many acco&lments inx of mathematics

convergence of a mathematic
G. Peano undertook theftask ducin roperties of natural numbers

from a set of explicitly sta ption nown as Pear@ms.The
principle of mathematic ionis a ent of one of the Beamams.

O -

o

Q



Chapter

V Mathematics is the Queen of Sciences and Arithmetic is t n of
Mathematics.— GAUSSV

5.1 Introduction & Q
In earlier classes, we have studied Iine@‘h@tl Nns in oM

and two variables and quadratic eq one vaN @ 4

I ¢
%as nQ r
solution as¢ + 1 = 0 givesé =, —Y ang squar

We have seen that the equatiq,

o ‘
real number is non-negatiye. ) need end
real number system to a syste @\ we @

find the solution of thg-eQuatiofi=— 1. INfact the main
objective is to solvuatiem2 X+ C= 0, where
D =b?- 4ac< 0, whit#fS not po in the system of
real numbers.
W. R. Hamilton
5.2 Complex Number (1805-1865)

Let us denote/- 1 b&; Symbol. Then, we haveé” =-1. This means thatis a
solution of the atioxr + 1 = 0.
A numbG forna + ib, wherea andb are real numbers, is defined to be a

el
complex @erFor example, 213, (—1) +i/3, 4+i 81_1 E are complex numbers.

For the complex number=a+ib, ais called theeal pat, denoted by Reand
bis called themaginary partdenoted by Inz of the complex numberFzor example,
if z=2 +i5, then Re=2 and Inz = 5.

Two complex numberg =a +ib andz, = ¢ +id are equal ifa=c andb = d.
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Example 11f 4x +i(3x—y) = 3 +i (- 6), wherex andy are real numbers, then find
the values ok andy.

Solution We have
4x +i (3x—y) = 3 +i (-6) . (1)
Equating the real and the imaginary parts of (1), we get
4x =3, X-y=-6,
33

3
which, on solving simultaneouslgive X= Z andy :Z'

5.3 Algebra of Complex Numbers b
In this Section, we shall develop the algebra of complex numbers.@

5.3.1 Addition of two complex numberketz =a+ib andz, = any two

z +z,=(@+c)+i(b+d), whichis a
For example, (2 +3) + (-6 +5) = (2 — +95) = — 4N

The addition of complex numb% the fo g properties:

(i) The closue law Thgf su two @ex numbers is a complex
number i.e.,z, + A\ mple er for all complex numbers
7, andz, %

(i) The commutativ awFor{eﬁvo complex numbeig and z,
2, +2,=

@) The ass e Iaw@any three complex numbers z,, z,,

(z+2z)*+z,=2
(iv) The existence of ive identitfhere exists the complex number
0+i0 (deno@as ), called ttzlditive identityor thezelo complex

numbers for every complex numlzer + 0= z.

(v) The exis&e of additive invers@o every complex number
z= a&we have the complex numbera—~ i(— b) (denoted as —2),
calﬁu dditive inverseor negative of zZWe observe that+ (-2 = 0

itive identity).

53.2 Diffe:nce of two complex numbeiGiven any two complex numbezsand
z, the differencez1 -z, is defined as follows:

L-5=7+(2)
For example, 6+3)—-(2-)=06+3)+(-2+i)=4+4
and 2-)—-6+3)=2-)+(-6-3=-4-14
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5.3.3 Multiplication of two complex numberketz, =a +ib andz, = c +id be any
two complex numbers. Then, the prodga, is defined as follows:
z,z,= (@c— bd) +i(ad + bc
For example, (315) (2 +i6) =(3x2-5x6) H3x 6 +5x 2) =—24 28
The multiplication of complex numbers possesses the following properties, which
we state without proofs.
() The closure lawThe product of two complex numbers is a complex number
the product, z, is a complex number for all complex numbzgrandz,.
(i) The commutative law For any two complex numbersandz,,
22=22
(i) The associative lawFor any three complex numbe
(z,2)7,=2 (2 2)
(iv) The existence of multiplicative identityThere exists ex number
1 +i 0 (denoted as 1), calledt |p||cat|ve |den thatz.l =z
for every complex numbex %

(v) The existence of multlp ic rseFor non-zero complex
numberz=a+ib ora + e the complex number

2+ b2 b2 Qe y— or d themultiplicative inverse

of zsuch that

_—1(t@|pl|caﬂv j e&).

(vi) The distributive | three complex numbezsz, z,
@ z(z+2)=2 Z,

(b) @ +2) anwzzzs
5.3.4 Division of tw x number&iven any two complex numbezsand z,

Z
wherez, ! 0, @ientz—l is defined by
2
{:\ a_, 1
Z %

1 .
Then 2—2—{36+3) ;Ez(ma) §22+(_1)2 21 (. ])z;
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(6+3)§;_ —ng 3+i(6+ Q= (9+12)

5.3.5 Power of | we know that

T DA B - 1 1
Also, we have |1=i— i—=_—1:-|, [ 2:|_2:_: 1, t

i -1 1 i %
In general, for any integdg i* = 1,i%*1=j & —1,i%+ %= 6
5.3.6 The square roots of a negatiy, Qﬁu
Note thati?= -1 and i)?=i?= —% e@

Therefore, the square roots of £ lia e symbol/-1 , we would
meani only. Q

Now, we can see thagl th ar @o tions of the equatér 1 =0 or
X2 =-1.

Similarly @ J3 @ (-1 =
( \/él ( |2 =-3
Therefore, the squ&g sof -3 afg@i and- /3i.
Again, th \/- 3 is meant to represerf3i only, i.e., /-3 = /3i.
is a positive real numbey-a =+a+-1=+ai,

We alr@ady know tha/a” /b = +/ap for all positive real numberandb. This

resultalso holds true when eithar> 0,b< 0 ora<0, b>0. Whatifa<0,b < 0?
Let us examine.

Note that
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=VJ-1+- & Jb D{ I (by assuming/a’ b = /ab for all real numbers)
=1 = 1, which is a contradiction to the fact thae -1.
Therefore,\/a” /bt +/ab if botha andb are negative real numbers.

Further if any ofaandb is zero, then, clearix/a“ /b= /ab=0
5.3.7ldentities We prove the following identity

(z+ 22)2 = Z + 2 +2 z 3 for all complex numbers andz,.

Proof We have, (z,+z)*=(z +2) (z, +2), b
= (+z)z,+(z + Zz) z, (Distributive law)
= 212 +2,2+ 2 %+ (Dlstrlbutlve Ia

=Z2+z72z+ 23+ % ommu multiplication)
=Z2+2z2+ %j .K\
Similarly, we can prove the ent|t| s
0 (z-32)=4%-2 Q
i) (z+ 22) +§3 Z @
(i) (z- 2)
V) zZ-Z=(z+ %)

In fact, many other
to be true for all co

Example 2Exprﬁm
é@ii)g%ié i (-1)(2) ge%l;c

Solution (i) (- 5i)§%i é: ?iz = ES( 1) = gz gHO

ntiti€s which are true for all real numbers, can be proved

owing in the form ofa + bi:

o©lF
Q" qw
I
N
=
[62]
=
—~
o
N—
o
1
=

0) (-i)(ﬁ)ge
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Example 3Express (5 —i3*in the forma + ib.
Solution We have, (5 -3 =5-3" 5" (3)+3" 5(3)?—(3)°
=125- 226-135+27 =—-10- 198

Example 4Express(- J3+ \/_2)(2\/_3 i)in the form ofa + ib
Solution We have,(- 3+ \/_2) (2\@ i) = ( J3+ \/Ei) (2\f3 i)

= -6+ A+ 2/6- V22 = (-6+ V2 V3(1 2/2)i b
5.4 The Modulus and the Conjugate of a Complex Number @

Letz=a+ib be a complex numbeFhen, the rgedulus af deno @[ is defined
to be the non-negative real numb@2 +Q§z| = /x\g e91d the conjugate
iD,

of z, denoted ag, is the complex nysfib i.e.;

For example, | 3+i | =

and 3+i=3 I= 2+ '%75=3i—5
Observe that the multiPhcative i fthe non-zero complex numiser
given by @ K
1 a Q )b a-ib z

2= arib =% b @+ |2
or 2z =| Z|X«O

Furthermo owing results can easily be derived.
For any two ¢ numbez§andz2 , we have
| A
0) |zz/=|3]37 ‘Z‘ @ provided| z, |1 0

L —— —— , — — & 07 .
(i) zz=12732 (V) z+z =2+ z(V) 9—2;—; providedz,* 0.
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Example 5Find the multiplicative inverse of 2 4.3
Solution Letz=2- 3

Then z=2+3and |z["=2%+(- 3= 13
Therefore, the multiplicative inverse of 3 is given by

Z _2+3i_2 3

Zl_|z|2 13 13 13

The above working can be reproduced in the following manner also,
1 2+3 e }

222372 3)@ 8) @

2+3 2+3 2 3.
= = +

T 22. (32 13 13
Example 6Express the following in [ 0
_5+/7 o
- (HP=

0) 1- V2
Solution (i) We ha@ lz ;E_%t(% :5+i\-/_2(i\;£/)_3 -2
3

_@J(HZ/_E)_“Z@
1+ 3 - '
L xQ

L [ .
O N T

|[EXERCISE 5.1

Express each of the complex number given in the Exercises 1 to 10 in the
forma + ib.

. 3.
1. (5I)§EIE 2. 19 4il® 3. "%
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4. 3(7+i7) +i (7+i7) 5. (L—i)— (-1 +i6)

6. —+— 5 Ch 7. §—+I—gr +|389-%3|

3,

aAa ¢ 1. o

1 —i) 9. o=+3 - 10. Eo —|_
(-1 &3 2] & o

Find the multiplicative inverse of each of the complex numbers given in the
Exercises 1to 13.

1. 4- 3 12. J5+3 13, —i b

14. Express the following expression in the formaofib : @
(3+i\/§)(3-i\/B) Q

(3 v31)- (V2 ﬁ\ &\(9

5.5 Argand Plane and PoIarRepr%
We already know that correspoSdmg Y
each ordered pair of rea

(%, y), we get a unique poi @ —2.3)
[ &b refefence t

plane and vice-vers
set of mutually perp rlines n
as thex-axis and thg-ax1s. Th ’

numberx + iy which correspo the
ordered pairX, y) can presented ® E (-5,-2) ®F(1,-2)
geometrically as th moinkﬂo
in the XY-plane e&ﬁ/ersa.

Some ¢ %numbers such as v
2+4,— 2+0,-5-2and )

Fig 5.1

1-12 whérrespond to the ordered
pairs (2, 4), (-2, 3), (0, 1), (2, 0), (-5, =2), and (1, — 2), respecthale been
represented geometrically by the poitsB, C, D, E, and Frespectively in
the Fig 5.1.

The plane having a complex number assigned to each of its point is called the
complex planeor the Argand plane

®A(2,4)
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Obviously in theArgand plae, the modulus of the complex number

x +1iy = /x? + y? is the distance between the poink,B{ and the origin O (0, 0)

(Fig 5.2). The points on theaxis corresponds to the complex numbers of the form
a +i 0 and the points on theaxis corresponds to the complex numbers of the form

Y
o) P(x,y)
{xs
* O

N
T W@
(0,0) \Q

0 +i b. Thex-axis andy-axis in ()é plan éed respectivéhereal axis

and theimaginary axis

The representation comp e1: X + iy and its conjugate
—iy in theArga ne are, resp&gtivellie points Kx, y) and Q &, — ).
Geometricallyt nt X, — Y)d&ghe mirror image of the point,(y) on thereal

axis (Fig 5.3).

A
N

P(x, y)

X,
Q% L.
)

N

v Q(x,—.}’)

Fig 5.3



106 MAHEMATICS

5.5.1 Polar representation of a complex Y

numberLet the point P represent the non- A P(z)
zero complex numbez = x + iy. Let the b
directed line segment OP be of lengdnd )

q be the angle which OP makes with the 0 <
positive direction ok-axis (Fig 5.4). X< 9) >X

We may note that the point iB
uniquely determined by the ordered pair of
real numbersr( q), called thepolar
coordinates of the poinP. We consider

the origin as the pole and the positive b
direction of thex axis as the initial line. Fig 5.4 q@w

We havex =r cosq, y=r sing and thereforez=r (cosq +i Si latter
is said to be th@olar form of the complex mbefere r— 2 z| is the
modulus ofz andq is called the argumen tude)z | enoted by amy

For any complex number® 0 rreso - y one valueqoin
0 £ g < 2p. However any other mter e pIe $< g£p, canbe
such an interval.\Wshall take th ucht g £ p, calledprincipal
argument of zand is denoted Iess SQ therW|seF|gs 5.5and 5.6)

P P
0
X ) X ) X’ )

Y!
@ @ (i) (iii)

F|955 (0£q<2p)

, Xo y
0
’ X ! X
X O X (0] o 0
P
Y’ Y’ Y’

@) (ii) (iii) (iv)
Fig5.6(—-p<qf£p)
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Example 7Represent the complex numbar 1+ i3 in the polar form.
Solution Let 1 =r cosgq, /3 =r sing
By squaring and adding, we get Y

rz(cos2 +sin® )=4

P(1,43)

X' X

ie., r =4 =2 (conventionallyr >0) 0
1
Therefore, COS =§, sin :g,which giveq) = I

3 Y’
® Fig 5.7E }

Therefore, required polar form isZ= 280035 +i sin—_g;

The complex number =1 +i+/3 is represer&s showan&

Example 8Convert the complex nu 3 into %x\l
i3

h _ i
Solution The given complex g% = SENNE
-16(1(3 16 1

Let —4=r cosqw rsing P(—4,443) X

By squaring and addin get

= —4(1-iV3 =-4+ 4 (Fig 5.8).

‘O 0
16&&:r2 cos® +sin? '
(co# +sin eI
which gives =64, i.e,r=8
1 V3 ,
Hence Q cosq=-—, sinq =— Y
2 2 Fig 5.8
R
3 3

. ok 2 . .2
Thus, the required polar form @8009’?“ Slng—é
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|[EXERCISE 5.2|

Find the modulus and the arguments of each of the complex numbers in
Exercises 1 to 2.

1. z=-1-j3 2. z==3 +i

Convert each of the complex numbers given in Exercises 3 to 8 in the polar form:
3. 1-i 4. =1 +i 5 —1-i

6. -3 7. 3 +i 8. i

5.6 Quadratic Equations
We are already familiar with the quadratic equations and have soIved@ in the set
of real numbers in the cases where discriminant is non-negative, [@

Let us consider the following quadratic equation: Q
axt + bx + ¢ = 0 with real coefficients, J& c anda 10 6

»
Also, let us assume that tH#& — 4ac Xt
Now, we know that we can find e roQt ive real numbers in the
set of complex numbers. Therefore Q tlons ove equation are available in
the set of complex numbers whi€h ar en by
- ac_- B i

roots does an equ have’? I regard, the following theorem known as the
Fundamental the@m ofAl tated below (without proof).

“A polynomial equatjgn ha at least one root.”
As a consequ éhls theorem, the following result, which is of immense
importance, is arriv&

“A polynon&g}uation otlegreen hasnroots.”

Example%@<2 +2=0
Solution havex)*+2 =0

or XX=—2je.X=*+-2 = £4/2i

FANDEIRY At this p time, 502e &Id be interested to know as to how many

Example 10 Solve ¥ +x+ 1=0

Solution Here, P—4dac=212-4x1x1=1-4=-3
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-1x\3 -4 /3

2°1 2

Therefore, the solutions are givenby

Example 11 Solve \/5x% + x++/5 =0

Solution Here, the discriminant of the equation is

2.4 J5 J5=1-20=-19
Therefore, the solutions are

~1 AL 19 - 4 19
2/5 2[5

[EXERCISE 53| \Q
Solve each of the following equations: .
1. x¥+3=0 2. 22 +X+4 0 3.&
4. —=x2+x-2=0 5. x+ = % X+2=0
7. N2x¥+x+J2=0 8.
l —
' 2

2

| Q. 5
Solution We ha\Ql(:L D (2-1)
- 4+ 6 12+5, 4 3
Q i+ d4+2  4+3 4-3

_ 48- 36+ 20+ 15 63 16 63 16

16+9 25 25 25
is

. 3-2)(2+ 3)_ 63, 16
Therefore, conjugate 1+2)(2-1) 25 25°
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Example 13Find the modulus and argument of the complex numbers:

1+|
Ok (i) 757
: : 1+ 1+, 1+ 1-® 2. :
Solution (i) We have,— = —I —|= =1=0+i
-1 1-i Wi k1
Now, let us put O = cosq, 1=rsing

Squaring and adding? = 1i.e.,r =1 so that

cosq=0,sinqg=1 b
Therefore, = @
erefore, 5

1+i
Hence, the modulus oif—I is1and theq~ is
1 1-i i 1 iQQ

(i) We have 1+ a+i)fh)

Let —-rcos%-rs @g

1 -1
Proceeding as in pa@bove \@t - cos = _, sin =—=
J2 J2 J2

Therefore —b

1 -
Hence, the mo%(jif?i is 2 argument is—.

4
O a+ib
Example QITX + iy = a- ip Prove thate +y2 =1

Solution We have,

(atib)(a+ib) a®- b* 2abi  a’- b’ ,_2ab
(a- ib)(ar ib) =  a?+b® T a’+b® a?+b?

X+iy =
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az-bz_ 2abi
a’+b? a+p?

Sothat,x— iy =

Therefore,

2+ L . . ~ (aZ_ b2)2 4a2b2 ~ (a2+b2)2 ~
X +y = (x+iy) (X—ly) = (a2+b2)2 (a2+b2)2 = (a2+b2)2 =

Example 15Find realqg such that

m is purely real
1- 2i sin purely ' b
Solution We have, @

3+2sin (3+2sin)(1+3 s Q
1- Asin @1- 2 sin)(1+Qf$ &
N W 4sirf @45"12 , 8 sin
' 0 +4si’ 1+ 4sir’
We are given the cog erto t@brefore
8sin ] ) @
m =0, i.e.7simg =

Thus g= np,@. @

i-1
Example 16Convert the cownumb@r:— in the polar form.

cos— +i sin—
O s

3+6 sin

C26-1), 1 V3 2(i+V3-#V3) B-1, B

-1
Solution We h _ !
1 /3.
T+
Q 2 2
T 1+4/3 1-43 1+3 -2 2

J3-1 J3+ 1
2

Now, put T:rcosq,

=r sing
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Squaring and adding, we obtain

,_®3-10 &1 zgfs)zﬂfz,df

r T = - =
g [7] % 2 % 4 4 2
V3-1 31
H - hich qi cos =——=, sin
ence,r =./2 which gives NG 2\/_2
Therefore, =—+— :5— (Why?)
4 6 12
Hence, the polar form is

Z

ﬁ%ec:os‘:—zﬂ sm‘i—z_ & QQ
&\
Miscellaneous Q?P

é B0
18 L,‘
1. Evaluate:® <2 = U Q
é ' o
2. For any two compleim%az;an%@ve that
Re(zlzz)-Re - Imz, Imz,
3. Reduce 8n i %@the standard form .

4. If x- Iy—,/—x@thatxzﬂf ::22.

5. Convert thé&llowing in the polar form:

, . 1+3
0 QMY M 15

Solve each of the equation in Exercises 6 to 9.
6. 3% - dx+ 2—:;): 0 7. X - 2%+ gzo

8. 27x%-10x+ E C



9.

10.

11.

12.

13.
14.

15.

16.

17.

18.
19.

20.

COMPLEX NUMBERS AND QUADRATIC EQUATIONS 113

21x% - 28+ 1G C

If 2, =2 —i,2,= 1 +i, find

zl+zz+1‘

2-2+1"

(x+i)? (1)
If a+ib= »

Letz, =2 —i,z =-2 +i. Find t
1 21
(i) Reéaifzz + (ii) Img @

2% ¢ ‘Q
x .
Find the modulus and argument O%g plex nu .
: . ’

+ 5)i0t njugate of -6 — 24

If (x +iy)® = u +@en show that&%‘(x2 -y?).

1+i
Find the modulus of ~

If a andb are different &ex numbers with| =1, then find |1—— ‘

Find the numbe&gon-zero integral solutions of the equ{a&].i@r‘n|X =25
If (a+ib) id) (e +if) (g +ih) =A +iB, then show that

(@ +3 @) (& +f?) (¢° + ) =A% + B

m
a+i O

If gﬁ; =1, then find the least positive integral valuerof
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Summary

®A number of the forma + ib, wherea andb are real numbers, is called a
complex humbem is called theeal pat andb is called themaginarty part
of the complex number

®Letz =a+ib andz, =c +id. Then
() z+2=@+0)+i(b+d
(i) z z, =(@c—bd +i (ad + b
(®For any non-zero complex numteera+ib (a! 0,b? 0), there exiﬁ the
h

a . -b
complex numbera2+b2+' e denoted by— or z%, c@

@

/5

ae a?
multiplicative inversef z such that b) 2 + =1+i0=1
N+ b + g
(® For any integek, i* = 1,j%*! = 1,|4k+
(® The conjugate of the com exn eF a + oted byz , is given by
Z =a-—ib.
(® The polar form of the ex n y isr (cosq +i sing), where
r=x2+y? ( ulus of {q —,sig == (q is known as the

argumentof z

®A polynomial equ of degree has roots.
(® The solutions adratic equated + bx + ¢ = 0, whereg, b, ¢ T R,

argument oz. The val% that -p <g£p,is called theorincipal

-t J4ac i
2a '

alo, WG&'O’ are given by =
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Historical Note

The fact that square root of a negative number does not exist in the real number
system was recognised by the Greeks. But the credit goes to the Indian
mathematiciaMahavira(850) who first stated this fidulty clearly “He mentions

in his work Ganitasara Sangrahas in the nature of things a negative (quantity)

IS not a square (quantity)’, it has, therefore, no square Biwakaraanother

Indian mathematician, also writes in his wBijaganita written in 1L.50. “There

is no square root of a negative quantayit is not a squareCardan(1545)
considered the problem of solving

x+y = 10,xy = 40.

He obtainec =5 +./-15 andy =5—./; 15 as the soIm@( It, which
was discarded by him by saying that th@mbers areﬁ? ed' Girard
(about 1625) accepted square roogta ive nu&%y nd said that this will
enable us to get as many roots g#fth&egree nomial egiudion.
was the first to introduce th %r J-1,.8 "R. Hamilton(about
1830) regarded the com @eﬂb a ered pair of real numbers
(a, b) thus giving it a pur themati ition and avoiding use of the so
called imaginary numbe

©
&
Q.

o

Q



Chapter

V Mathematics is the art of saying many things in many

different ways.— MAXWELLV E
6.1 Introduction

In earlier classes, we have studied equatlons in one varlable rlables and also

solved some statement problems by translagng them in the equatlons Now a

natural question arises: ‘Is it always posss o translat!e ement problem in the
t

form of an equation? For example, th all th S in your class is less

than 160 cmYour classroom can ocgfpyWm st 6 r chairs or both. Here we
get certain statements involving ess th wﬁgreater tHzrfless than
or equal) and (greater than or qual ich ar%nmuahtles
In this Chapterwe will s i S in one and two variabldse
study of inequalities is very [ @ sinthe field of science, mathematics,

statistics, economics, psycho
6.2 Inequalities @
Let us consider the followingg S:

(i) Ravi goes to market with200 uy rice, which is available in packets of 1kg. The
price of one packet of ri 0. Ifx denotes the number of packets of rice, which he

buys, then the total QoM™ spent by him3éx. Since, he has to buy rice in packets
only, he may no%lab to spend the entire amoun20®. (Why?) Hence

30x < 200
. (1) O

Clearly thqstXement (i) is not an equation as it does not involve the sign of equality

(i) Reshma has 120 and wants to buy some registers and pens. The cost of one
register is * 40 and that of a pen is20. In this case, ik denotes the number of
registers angl, the number of pens which Reshma buys, then the total amount spent by
her is® (40x + 20y) and we have

40x + 20y £ 120 .. (2)
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Since in this case the total amount spent may be 0. Note that the statement (2)
consists of two statements

40x + 20y < 120 .. (3)
and 40x + 20y = 120 . ()

Statement (3) is not an equation, i.e., it is an inequality while statement (4) is an equation.
Definition 1 Two real numbers or two algebraic expressions related by the symbol

‘< >0 £ or 87 form aninequality,
Statements such as (1), (2) and (3) above are inequalities. E

3 <5; 7 >5 are the examplesrafmerical inequalitiesvhile

x<5;y>2;x 3 3, y£ 4 are some examples dteral inequalities@

than or equal to 3 and less than 5) and/24 he exampie inequalities

Some more examples of inequalities aQ~ \
ax + b< 0 Q/ 00 .. (5)

ax +b>0 (6)

ax +b£0 (J . (1)
ax+ b3 0 % &@Q .. (8)
ax + by<c @ .. (9)
ax + by>c @ ... (10)
ax + by£f c Q . (1)

3 <5< 7 (read as 5 is greater than 3 and&stharg?)g 35 iS greater

ax + by? c O .. (12)

axX +bx+ckE .. (13)

axX + bx + 0 .. (14)
Inequalities ( , (9), (10) and (14) atdct inequalitieswhile inequalities (7), (8),
(11), (12 3) arslack inequalities Inequalities from (5) to (8) arknear

inequalitiedg one variablex whena 1 0, while inequalities from (9) to (12)e linear
inequalities in two variables x andwhena * 0,b 1 0.

Inequalities (13) and (14) are not linéarfact, these @ quadratic inequalities
in one variable x when & 0).

In this Chapterwe shall confine ourselves to the study of linear inequalities in one
and two variables only
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6.3 Algebraic Solutions of LinearInequalities in OneVariable and their
Graphical Representation

Let us consider the inequality (1) of Section 6.2, viz, 8@00
Note that herex denotes the number of packets of rice.

Obviously x cannot be a negative integer or a fraction. Left hand side (L.H.S.) of this
inequality is 3& and right hand side (RHS) is 200. Therefore, we have

Forx=0, L.H.S. =30 (0) =0 <200 (R.H.S.), which is true.
Forx=1, L.H.S. =30 (1) = 30 < 200 (R.H.S.), which is true.

Forx=2,L.H.S. =30 (2) = 60 < 200, which is true.
Forx=3, L.H.S. =30 (3) = 90 < 200, which is true.
Forx=4,L.H.S. =30 (4) = 120 < 200, which is true. @

Forx =5, L.H.S. = 30 (5) = 150 < 200,
Forx =6, L.H.S. = 30 (6) = 180 < 20
ith is fal \

Forx=7, L.H.S. =30 (7) = 210 <Q@
In the above situation, we flr% |ch makes the above

inequality a true statement ar valuesvbich make above
inequality a true statement, ty and the set {0,1,2,3,4,5,6}

is called itssolution set

Thus, any solution of an | quallty v riable is a value of the variable

which makes it a tr atement.

We have founc@olutlon the above inequalityriay and eror method
which is not very dici Obvig %s method is time consuming and sometimes
not feasibleWe must have soter or systematic techniques for solving inequalities.
Before that we should go throu®fh some more properties of numerical inequalities and
follow them as rules whi@/ving the inequalities.

You will recall th#WM¥e solving linear equations, we followed the following rules:

ich is true. Q

Rule 1Equal nurdQers may be added to (or subtracted from) both sides of an equation.

Rule 2 Both s @ of an equation may be multiplied (or divided) by the same non-zero
number Q
In thegase of solving inequalities, we again follow the same rules except with a
difference that in Rule 2, the sign of inequality is reversed (i.e., ‘<* become >,
becomes?®*’ and so on) whenever we multiply (or divide) both sides of an inequality by
a negative numbelt is evident from the facts that

3> 2 while -3 <-2,

—-8<—-7while(-8)(-2)>(-7)(-2),ie. 16 > 14,
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Thus, we state the following rules for solving an inequality:

Rule 1Equal numbers may be added to (or subtracted from) both sides of an inequality
without afecting the sign of inequality

Rule 2 Both sides of an inequality can be multiplied (or divided) by the same positive
number But when both sides are multiplied or divided by a negative nuyhieerthe
sign of inequality iseversed.

Now, let us consider some examples.
Example 1Solve 30x < 200 when
(i) xis a natural number (ii) xis an integer b
Solution We are given 3@ < 200 @
30x _ 200

or ¥<— (Rule 2), i.e.x< 20/ 3. Q
() Whenxis a natural numbegin t@e follo n\ es ok make the
statement true. \
1,2,3,4,
The solution set of the ineqy@lity 2,3, 4
(i) Whenxis an |nt gylons of n mequallty are

2,3
The solution set ofthe |neq ity1s {..., @ ,1,2,3,4,5, 6}

Example 2Solve X X +1 when
() xisanint xis a real number

Solution We have, % -3 < 3qf
or 5x-3+3<X+1+3 (Rule 1)
or 5x < X +4 :O
or - X< X+ & (Rule 1)
or 2x <4
or x<2 (Rule 2)

(@ Wh@s an mtegerthe solutions of the given inequality are

-1,0,1
(if) enxis a real numbethe solutions of the inequality are givenby 2,

i.e., all real numberswhich are less than 2. Therefore, the solution set of
the inequality isx1 (=¥, 2).
We have considered solutions of inequalities in the set of natural numbers, set of
integers and in the set of real numbers. Henceforth, unless stated otherwise, we shall
solve the inequalities in this Chapter in the set of real numbers.
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Example 3Solve & + 3 < & +7.

Solution We have, IX+3 <K+ 7

or 4 —BX < BX+ 4 — &

or —-X<4 or x>-2

i.e., all the real numbers which are greater than —2, are the solutions of the given
inequality Hence, the solution set is (¥,

2X . X

5-
£—-5.
Example 4 Solve 3 6
Solution We have 6
%2
3 6
or 2(56-% £ x-30.
or 10 — & £ x— 30 X 6
or _ 5 £ — 40, \

Thus, all real numberswhich are g%tn or e 8 are the solutions of the

given inequalityi.e.,x1 [8,¥).

Example 5Solve &k + 3 < X + th @ e solutions on number line.
Solution We have 7( +3< @

QOrx <3
The graphical repre |on of th ns are given in Fig 6.1.

ﬁ =TT T
—4—3—2 0123456
O Fig 6.1
&x+1
Example 6 Sol\&
Solution Wi @
é 3X-4, x1 1

2 4
X-4_ x 3

3

2 4
or 2 (X—-4)3 x-=3)

1. Show the graph of the solutions on number line.

or
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or 6x—83 x—3
or 5x3 5 orx31

The graphical representation of solutions is given in Fig 6.2.

Example 7 The marks obtained by a student of Class Xl in first and se®gnd terminal
examination are 62 and 48, respectivEind the minimum marks he sho in the
annual examination to have an average of at least 60 marks.

Solution Let x be the marks obtained by studgnt in the annua aMination. Then

62+;18+x3 50

or 110 +x2 180 2
or x3 70
Thus, the student must obtai um Q rks to get an average of at least

60 marks
Example 8 Find all pajrsof corfsecutiv &tural numbers, both of which are larger

than 10, such thatt m is Idﬁ;
Solution Letx be the small 0 consecutive odd natural nymsbdhat the
other one ix +2. Then, we sh

x>10 . (1)
and x+ (x+2)<4 O .. (2)
Solving (2), we

2X+ 2 <§’
e, x<1 .. (3)

From (1) aNl (3), we get

10 <x< 19
Sincex is an odd numbek can take the valued 113, 15, and 17. So, the required
possible pairs vilibe

(11, 13), (13, 15), (15, 17), (17, 19)



122 MATHEMATICS

| EXERCISE 6.1

1. Solve 24 < 100, when

() xis a natural number (i) xis an integer
2. Solve — 12 > 30, when

() xis a natural number (i) xis an integer
3. Solve X—-3 <7, when

() xis an integer (i) xis areal number
4. Solve X+ 8 >2, when

() xis an integer (i) xis areal number

Solve the inequalities in Exercises 5 to 16 for real b

5. 4x+3<5+7 6. X—7>%-1 @
7. 3x—=1)£2(x—-3) 8. 3(2—-x)3 2(1_X)Q
9. x+ 242X <11 10 &ﬂ . 6

2 3 o 3 \
3(x- 2) 5(2 X) <E ae’a’X_+ \

5

11.
13. 2(X%+3)— 10<6>( E(JM 37 5)>9x 8 &k —3)

X (5x 2) (7x 3) ), 3 2) (2 X)

15.

ol

4 4 5
Solve the inequaliti ermse@to 20 and show the graph of the solution in each
case on number line
17. 3x=-2<X+1 Q 18. Bx—-3>3 -5
O x. 5x=2) (7x—3)
— —3
19. 3(1 x)<2(x% 20. > 3 5

21. Raviobtai 70 and 75 marks in first two unit test. Find the minimum marks he
should ' third test to have an average of at least 60 marks.

22. Tore gQrade °‘Ain a course, one must obtain an average of 90 marks or
mor@e examinations (each of 100 marks). If Susitaarks in first four
examirtations are 87, 92, 94 and 95, find minimum marks that Sunita must obtain
in fifth examination to get grade "An the course.

23. Find all pairs of consecutive odd positive integers both of which are smaller than
10 such that their sum is more thdn 1

24. Find all pairs of consecutive even positive integers, both of which are larger than
5 such that their sum is less than 23.
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25. The longest side of a triangle is 3 times the shortest side and the third side is 2 cm
shorter than the longest side. If the perimeter of the triangle is at least 61 cm, find
the minimum length of the shortest side.

26. A man wants to cut three lengths from a single piece of board of length 91cm.
The second length is to be 3cm longer than the shortest and the third length is to
be twice as long as the shortest. What are the possible lengths of the shortest
board if the third piece is to be at least 5cm longer than the second?

[Hint: If x is the length of the shortest board, tlxen(x + 3) and 2 are the
lengths of the second and third piece, respectiValys x + (x+ 3) + X£ 91 and

2x3 (x+ 3) + 5]
6.4 Graphical Solution of LinearInequalities in Two Variables b

In earlier section, we have seen that a graph of an inequality j able is a visual
representation and is a convenient way to present the s ons of the inequality
Now, we will discuss graph of a linear ine in two vana%

We know that a line divides the plan 0 parts. Each patrt is
known as a half plané vertical line j@e‘fﬁ ft and right half planes
and a non-vertical line will d|V|f ane |n r and upper half planes
(Figs. 6.3 and 6.4).

N

\
Y Upper half
N\ A plane
I
Left half half
plane plan

O X' € 0/ ; >X
QY
& A

ig 6.3 Fig 6.4

Lower half
plane

pd

A point in the Cartesian plane will either lie on a line or will lie in either of the half
planes | or [IWe shall now examine the relationship, if aofjthe points in the plane
and the inequalitieax + by < c orax+ by > c.

Let us consider the line

ax+by=c, at0 bt!oO . (1)
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There are three possibilities namely:
() ax+by=c (i) ax+hby>c (i) ax+hby<ec.
In case (i), clearlyall points &, y) satisfying (i) lie on the line it represents and
converselyConsider case (ii), let us first assume that0. Consider a point &,b)
on the lineax + by = ¢, b >0, so that

aa + bb = c.Take an arbitrary point ,Y\

Q (a, g in the half plane Il (Fig 6.5). e Q(ay)
Now, from Fig 6.5, we interpret, \ .
g>b  (Why?)

oo bg>bb or aat+bg>aa+bb
(Why?)

or aa+hbg>c X' € X
i.e., Q(a, 9) satisfies the inequality o
ax + by >c. 6 N

arbitrary point Q4, g satisfying

Thus, all the points lying in the h y/ \\
plane Il above the linax + by = ¢ satisfj sa%\ ig 6.5
the inequalityax + by > c. Convers a o) be a@ linex +by=cand an
ax+by>c
so that aa +bg>c %
o) aa +bg>aa+bh Why?)&@

[} g>b b > 0)
This means that the , 9) lie e half plane Il.

Thus, any pointin the m Il satisfeest by >c, and conversely any point
satisfying the inequalitgx + b es in half plane 1.

In caseb < 0, we cﬁmlarly prove that any point satisfyéixgr by > c lies in
the half plane I, and ely

Hence, we, dgdu at all points satisfydrxgt by > c lies in one of the half
planes Il or | ac@g ds> 0 orb < 0, and conversely
'@ of the inequaligx + by > ¢ will be one of the half plane (called
wfid represented by shading in the corresponding half plane.

The region containing all the solutions of an inequality is called the
solution egion.

2. Inorder to identify the half plane represented byaquality it is just suficient
to take any pointg, b) (not online) and check whether it satisfies the inequality or
not. If it satisfies, then the inequality represents the half plane and shade the region
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which contains the point, otherwise, the inequality represents that half plane|(which
does not contain the point within it. For convenience, the point (0, 0) is prefefred.
3. If aninequality is of the typex + by c orax+ by£ c, then the points on th
line ax + by = c are also included in the solution region. So draw a dark line in the
solution region.

4. If an inequality is of the formax +by> c orax +by<c, then the points on th
line ax + by=c are not to be included in the solution region. So draw a broken or
dotted line in the solution region.

[97]

(9]

In Section 6.2, we obtained the following linear inequalities in tyo variables
x and y: 40x+ 20y £ 120 . (2
while translating the word problem of purchasing of registers and p eshma.

Let us now solve this inequality keeping in mind thanhdy can b@y whole
numberssince the number of articles cannot be a fraction o@ ive ndmber
this case, we find the pairs of valuexaindy Jghich make the ent (1) true. In
fact, the set of such pairs will be thelutiggSet®the in *%)

To start with, let&x = 0. Then L. H ' e\

40K + 20y = 40 (0)+2§) Q
Thus, we have 0
20y£120 0 (2

Forx =0, the correspondl an be , 3,4, 5, 6 onlg this case, the
solutions of (1) are (0, 0), (O, 2), (O
(0, 5) and (O, 6).

Similarly, othe tions o )ié
x=1,2and 3 are: O) (1 @Z) a =
3, 14, (20,21,
This is shown in Fig 6.6.

Let us now extend domainxéandy
from whole numberﬁ'r numbers, and see
what will be th lutioMs of (1) in this case.

You will see th aphical method of solution
will be very nient in this case. For this
purpose,@ consider the (corresponding)
equation aNgl draw its graph.
40x + 20y = 120 .3 X

In order to draw the graph of the inequality
(1), we take one point say (0, 0), in half plane |
and check whether values)éndy satisfy the Y’
inequality or not. Fig 6.6

- N W A Py
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We observe thak = 0,y = 0 satisfy the’%
inequality Thus, we say that the half plane | is ther,
graph (Fig 6.7) of the inequalitgince the points on 3\\
the line also satisfy the inequality (1) above, the line <3
is also a part of the graph.

Thus, the graph of the given inequality is half
plane I including the line itself. Clearly half plane Il
is not the part of the graph. Henaalutionsof
inequality (1) will consist of all the points of its graph
(half plane I including the line).

We shall now consider some examples to
explain the above procedure for solving a lineay
inequality involving two variables.

Example 9 Solve & + 2y > 6 graphically Y’ Qj
.
Solution Graph of & + 2y = 6 is given as &ne int @
This line divides they-plane in

planes | and IIWe select a point (n t 0

line), say (0, 0), which lies in o of af, "

planes (Fig 6.8) and deternygeqf thfs poin ot

satisfies the given inequalj e that 3 I
5 1
1

3(0)+2(0)>6 @ &6

or 0>6,whichis
. . ¥ X' € —

Hence, half plane | i esolut@aglon of ol 1 2°3 4 5 6 7
the given inequalityClearly, n the R
line does not satisfy the givé% inequality A Y
d Malf plane I Fig6.8

In other words, the shade
excluding the points e is the solution

region of the inequal Y
Example 10 SM — 63 0 graphically in | 1

.
.
- I‘\
.

S
7

<€

two dimensio ane.

Solution @ph of X— 6 = 0 is given in the
Fig 6.9.

We select a point, say (0, 0) and substituting it in
given inequalitywe see that: X' €
~

- N W A

3(0) -6 0 or—6 0 which is false. Ol 12/ 345
Thus, the solution region is the shaded region on v
the right hand side of the line= 2. Y' Fig6.9

X

—_— >X
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Example 11 Solvey < 2 graphically Y
Solution Graph ofy = 2 is given in the Fig 6.10.
Let us select a point, (0, 0) in lower half 4 -
plane | and puttingy = 0 in the given inequality 3 _,
we see that PR . >
1x0<2or 0<2 which is true. 1 I
Thus, the solution region is the shaded regjpie — > X
below the liney = 2. Hence, every point below Of 12345
the line (excluding all the points on the line) v’
determines the solution of the given inequality Fig 6.10 b

|[EXERCISE 6.2| @
Solve the following inequalities graphically Kdlmensmn Q

1. x+y<5 2 2x+y
4. y+83 2 y >\?&6

7. —XN+Y3 -6

10. x>-3.

6.5 Solution of System of ¢ qualltl Varlables

In previous Section, you ha t howt ear inequality in one or two variables
graphicallyWe will now illustra¥g the m s vmg a system of linear inequalities

in two variables grap through some
examples.

Example 12Solve the followi %
of linear inequalities graphical
Xx+y35 )

X—y£3 & . (2)
Solution The gr f linear equation

is drawn in . X'

We @at solution of inequality
(1) is repredented by the shaded region
above the linx + y = 5, including the
points on the line.

On the same set of axes, we draw
the graph of the equation—y = 3 as

Y’ Fig 6.11
shown in Fig 6.1. Then we note that inequality (2) represents the shaded region above
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the linex—y = 3, including the points on the line.
Clearly, the double shaded region, common to the above two shaded regions is
the required solution region of the given system of inequalities.

Example 13 Solve the following system

of inequalities graphically A A
5x + 4y £ 40 . (1)
x3 2 .. (2) 10 ~
y3 3 .. (3) =

Solution We first draw the graph of
the line
bx+4y=40,x=2andy=3

Then we note that the inequality (1)
represents shaded region below the ling
5x + 4y = 40 and inequality (2) represents
the shaded region right of line= 2 but
inequality (3) represents the shaded re

A U9 ® O

above the ling = 3. Hence, shaded . X
(Fig 6.12) including all the point o
are also the solution of the 'v@ .
of the linear inequalities. Q
In many practical situat olvin @
system of inequalitiegthg vari andyi
often representquahat canngt ha '\
negative values, for'\eXaple, n of 35\
units produced, numbe les 30 -
purchased, number of hours ed, etc.
Clearly in such cases? Oandthe 51}
solution region lies onﬂr irst quadrant.
Example 14Solegrthe i8flowing system  2° |
of inequalities K/ s IR%
8x + E@ .. (1) Pt
L
X3 % - (2) wt
y3 0 .. (3) 2
Solution We draw the graph of the line . . . . . R
8+ 3y = 100 REAREEA RS
The inequality 8+ 3y £ 100 represents the v
shaded region below the line, including the Y Fig 6.13

points on the linex8+3y =100 (Fig 6.13).
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Sincex? 0,y 2 0, every point in the Y
shaded region in the first quadrant,
including the points on the line and

the axes, represents the solution of

the given system of inequalities. 8
7

Example 15 Solve the following 6
system of inequalities graphically 5
X+2y£8 . (1) 4
2Xx+y£8 .. (2) 3
x>0 .. (3) 2
y>0 . (4 1

Solution We draw the graphs o)f'

1 2 3 4\ 5 647,
the linesx+ 2y =8 and 2 +y = 8. Y, Q
The inequality (1) and (2) represent

the region below the two lines, Fig \
including the point on the respective |j Q\
Sincex?® 0,y3 0, every point i h&ded

a solution of the given system offfheq les (Fi
Solve the following system of | qualiti ghically:

1. x3 3,y%2 @ 2. X+2y£12,x3 1,ys 2
3. 2X+y3 6, X+4y< 12 @ 4. X+y3 4, X-y<0

5 2X-y>1,x-— 2y<— Q 6. X+y£6, x+y3 4

7. 2X+ y3 8, x+ 8
9. BX+4y£2 %

10. 3x+4y 3y£30 x30,y30

11. g\g +yE£3, X-YE6
12 x—2y 83, X+4y 312, x30,y3 1

13. 4x+3y £60,y3 2¢, x2 3, x,¥y3 0
14. 3x+2y£150,x+ 4y £ 80, x£ 15, y3 0,x30
15 x+2y£10,x+y3 1,x-y£0,x3 0,y2 0

. X+y£9,y>x x20
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Miscellaneous Examples
Example 16Solve — 8 5x — 3 < 7.

Solution In this case, we have two inequalities, &% — 3 and ¥— 3 < 7, which we
will solve simultaneouslyWe have — & 5x-3 <7
or -5£5x< 10 or -1£x<2

5-3x

Example 17Solve — 5 £ 8.

. 5-3x
Solution We have—5 £ 5 £8 b
or -10£5-%£16 or —-1¥-Xf1l1l @
or 5 3 X 3 E_ Q

3 & TS
| o \.9

which can be written as? £ XES5
Example 18Solve the system oft @s: 0

3X—7<5+x
11 -5x£1

- (1)
- (2
and represent the solution numb Y

Solution From inequafiyN1), we have K
X—-7<5+ e

or X< 6

- (3 \Q
Also, from inequality (2)6ha

11 -5x£1
or —5XE£—-10 N, X3 2 . (4)
If we draw the @ of inequalities (3) and (4) on the number line, we see that the
values ofx, wk@ common to both, are shown by bold line in Fig 6.15.
° S

7z
< o]

-1 0123 456 789

Fig 6.15

Thus, solution oftte system are real numbeiying between 2 and 6 including 2, i.e.,
2E£x<6




LINEAR INEQUALITIES 131

Example 19In an experiment, a solution of hydrochloric acid is to be kept between
30° and 35° Celsius. What is the range of temperature in degree Fahrenheit if conversion

5
formula is given by C =§ (F — 32), where C and F represent temperature in degree

Celsius and degree Fahrenheit, respectively
Solution It is given that 30 < C < 35.

5
Putting C= 9 (F — 32), we get

30<§(F—32)<35, @b

or g><(30)<(F—32)<g x(SK . QQ
5 5

or 54 < (F-32) <63 \\

or 86 <F <95.

Thus, the required range of te raqrgfts betwe F and 95° F

Example 20A manufacturer O res of oolution of acid. How many litres
of a 30% acid solution mu ded to :@ acid content in the resulting mixture
th

will be more than 15% but I€ an 1(
Solution Letx litres "1@. acid solution'¥ required to be added. Then

Total miNQIB/~= K + GO@es
Therefore 30%x + 12% o«? % ofx(+ 600)
and 30%x + 12% of 60%’< 18% of(+ 600)
or 3 ’&70 (600) S22 (x + 600)
100
and .2 (600) B (x + 600)
0 100 100
or Qsox + 7200 > 1% + 9000
and 30x + 7200 < 18 + 10800
or 15x > 1800 and 12< 3600
or x> 120 andk < 300,

ie. 120 <x < 300
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Thus, the number of litres of the 30% solution of acid will have to be more than
120 litres but less than 300 litres.

Miscellaneous Exercise on Chapter 6

Solve the inequalities in Exercises 1 to 6.

1. 2E3x—4£5 2. 6E-3 (X-4)<12
3. —3£4- 7—2X£ 18 4 -15<3(X42)£o

+
5. -1243—;5 2 6. 7£(3X Wea b
Solve the inequalities in Exercises@ 10 and represent the s @p hically on
numbe line.

7. 5x+1>-24, §-1<24 & \6

8. 2(x—1)<x+5, 3(+2)>2 Q\ \

9. 3x—7>2(-6), 6—x>l1%
£6x+®

10. 5(X—-7) =3 (R+3)£0

11. Asolutionisto be kep 8° F a IPFat is the range in temperature
in degree Clsius (C) if the / F ) conversion formula is given by

F= 2 C+ 32
o %
12. A solution of 8% boric e diluted by adding a 2% boric acid solution to

it. The resulting mixture igto be¥nore than 4% but less than 6% boric acid. If we have
Qﬁow many litres a&f %6 solution will have to be added?

640 litres of the 8% %
13. How many ter will have to be added 121 litres of the 45% solution
of acid so tha@ Iting mixture will contain more than 25% but less than 30% acid

content?
14.1Q o@rson is given by the formula

IQ =

CA x 100,

where MA is mental age and CA is chronological age. & 8) £ 140 for a group of
12 years old children, find the range of their mental age.
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Summary

(R Two real numbers or two algebraic expressions related by the symbo& <, >,
or? form an inequality

(R)Equal numbers may be added to (or subtracted from ) both sides of an inequality

(R)Both sides of an inequality can be multiplied (or divided ) by the same positive
numberBut when both sides are multiplied (or divided) by a negative number
then the inequality is reversed.

(R)The values of, which make an inequality a true statement, are csdiedions

of the inequality

(R)To represent <a (orx >a) on a number line, put a circle on the nun@
dark line to the left (or right) of the number

(R)To represemt £ a (orx3 a) on a number line, put a dark circle o@
a and dark the line to the left (or right) of the numker

number

®If an inequality is having or3 symbol fen the poiQts line are also
included in the solutions of the ineq the gr inequality lies left
(below) or right (above) of the g e equall esented by dark line
that satisfies an arbitrary poin anpart.

points on the line are not
graph of the inequality lies to

®If an inequality is having <t > ol, t
included in the solutions of e inpquality
the left (below) or ri of the corresponding equality

represented by dotte rbitrary point in that part.
(R The solution regjerof a sYstem oNpeYfalities is the region which satisfies all

the given ineq @ in the s@m ultaneously
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Chapter

V Mathematics is a most exact science and its conclusions are capable of
absolute proofs— C.R  STEINMETZV

8.1 Introduction

In earlier classes, we have learnt how to figd the sq
and cubes of binomials like+ banda—b. U;%ﬂem w
could evaluate the numerical value

(987 = (100 — 2, (999F = (1000 — B)pe

higher powers like (98)(101}, etc., t tlons
difficult by using repeated multlp atlo is diffi

overcome by a theorem kno mlal t

an easier way to expand eren is }Q’er or
rational numbetn this Chapt e study( eore

for positive integral |@ only
8.2 Binomial TheoMerffor Pos@lntegral Indices B('laészes_zgzg?'

Let us have a look at the foll identities done earlier:
(@+b°=1 arbt o0
(a+ b)l=a+q: EQ
(a+ b2 =a%+ +
(a+ by = 3 + 3ap*+ b?
(a+ b)* ) (a+ b) =a* + 4a°b + Ga?h? + 4ab® + b*

In these e s, we observe that
(@ The%number of terms in the expansion is one more than the index. For

exampP¥e, in the expansion af £ b)?, number of terms is 3 whereas the index of
(a+b)?is 2.

(i) Powers of the first quantity® go on decreasing by 1 whereas the powers of the
second quantityly’ increase by 1, in the successive terms.

(i) In each term of the expansion, the sum of the indicasaafib is the same and
is equal to the index @+ b.
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We now arrange the cdigfients in these expansions as follows (Fig 8.1):

Index Coefficients

0 1

1 1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

Fig 8.1

Do we observe any pattern in this table that will help us to write the e
do. It can be seen that the addition afifi’the row for index 1 gives ris in the row
for index 2. The addition of 1, 2 and 2, 1 in the row for index Zﬁnse to3and 3in
the row for index 3 and so ohlso, 1 is prese t the end of each
row. This can be continued till any index '

We can extend the pattern give

Index

0

@few more rows.
1 % 1

2 1 v 1
3 @ 1 @ 3 v 3 v 1
4 %O 4 6 4
Fig 8.2
PascalsTriangle O
The structure gi in 8.2 looks like a triangle with 1 at the top vertex and running

down the two sideghis array of numbers is known Bascals triangle
after the na French mathematician Blaise Pascal. It is also knowtaras

Prastara@ a.
Exparsjons for the higher powers of a binomial are also possible by using$ascal’
triangle. Let us expand X2 3y)° by using Pasca'triangle.The row for index 5 is
1 5 10 10 5 1
Using this row and our observations (i), (ii) and (iii), we get
(2x+3y)° = (29° + 5(29* (3y) + 10(X)* (3y)* +10 (X)* (3y)* + 5(2)(3y)" +(3y)°
= 32¢ + 240¢y + 720¢y? + 1080¢y® + 81y + 2435
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Now, if we want to find the expansion of{2 3y)'? we are first required to get
the row for index 12This can be done by writing all the rows of the Pasdatingle
tillindex 12. This is a slightly lengthy process. The process, as you observe, will become
more difficult, if we need the expansions involving still larger powers.

We thus try to find a rule that will help us to find the expansion of the binomial for
any power without writing all the rows of the Passatiangle, that come before the
row of the desired index.

For this, we make use of the concept of combinations studied earlier to rewrite

nl
the numbers in the Pasaattiangle We know that Cr = r'(n )l ,0F rEn and

nis a non-negative integélso, "C,=1="C_
The Pascat triangle can now be rewritten as (Fig 8.3)

Index Coefficignts Q
0 & ’\6

1
(_
2
N @
3 0
@ (=1) = &S

4 C, @ ‘c, ‘¢ c,

=1 (=6) =) =D
5 C, e CY ¢, ¢, ¢, c

(<l =) =100 (=100 (=5 =1)
<,O Fig 8.3 Pascal's triangle

Observing this p@n, we can now write the row of the Pagdalhgle for any index
without Writin® rlier rows. For example, for the index 7 the row would be

Q ’c, 'C, 'C, 'C, 'C, 'C, 'C, C,

Thus, usingthis row and the observations (i), (ii) and (iii), we have

(a+ b7’ ="C ja’+ 7Ca’h + 'Ca’h? + 'Ca'h’ + 7Ca%* + 'Ca?® + 'Calf + 'C b’
An expansion of a binomial to any positive integral indexmsegn now be visualised

using these observatioWge are now in a position to write the expansion of a binomial
to any positive integral index.
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8.2.1 Binomial theorem for any positive integer n
(@a+br=rCa +"Ca'b+"Ca?b*+ ..+"C _ab™ +"CDb"
Proof The proof is obtained by applying principle of mathematical induction.
Let the given statement be
PM):@+br="Ca"+"Ca'b+"Ca~%*+ ..+"C_ab"~*+"Ch
Forn =1, we have
P):a+bt="Ca +'Cb'=a+b

Thus, P (1) is true. b

Suppose Pkj is true for some positive integiri.e. @
(a+ b= kCOak + kClak— 1+ kCZak—ZbZ +,..+ kabk Q . (1)
We shall prove that R 1) is also true, i.e 4 ¢ 6

(a+ b)k+1:k+1COak+1+k+1Clak %k—l 2+\+ k+1bk+1
Now, (@ + b)*** = (a+ b) (a + b)* :
= (@+b) (C, k@j—lbﬂ +.+C__ a1+ C b

[from (1)]

=C art + 1Y %+@2@..+ _, &0+ G ab ++C db
+ b2+ Calo+. ¥ ‘C ab + ‘Cht
@ [by actual multiplication]

=Cat+ ) db+ (C,+Cla b+ ...
+ (‘Co_l) ab +*C b+t [grouping like terms]
— k+ % + k+ 1Clakb + k+ 1C2ak_1b2+...+ k + 1CkaU<+ k+ 1Ck+ 1bk+l
(by using %1, kC +C_ = *iC and ‘C =1=K"'C

Thus, it has proved thatkPH 1) is true whenever B(is true. Therefore, by
principle thematical induction,® (s true for every positive integer

k + 1)

We illuStrate this theorem by expandimxgH2):
(X+ 2P =°CxX +°Cx.2 +°Cx'22 + °C X228 +°C 3.2 + *Cx.2° + °C.2°.
=x8 + 12¢ + 60¢ + 160¢ +240¢ + 19X + 64
Thus &+ 2 =x®+ 12¢ + 60¢* + 160¢+240¢ + 19X + 64.



164 MAHEMATICS

Observations

n
] ki k

1. The notationd "Cx @" 0" stands for
k=0

"C,am’ +"Carbt + .. +"Ca~b" + ..+'C a~b", whereb’= 1 =a™"
Hence the theorem can also be stated as

(a+b)" = nC a™*p*
k 0
2. The coefficientdC occuring in the binomial theorem are known &g binomial
coefficients. 6
3. There arerftl) terms in the expansion ap)", i.e., one more t index.
4. In the successive terms of the expansion the indexgoie (@éasing by

unity. Itisnin the first term,1t-1) in the segond term, and s ding with zero
in the last termAt the same time the |@ncreases tarting with
zero in the first term, 1 in the secq on € he last term.

5. In the expansion ofafrb)", the su dic bisn+ 0 =ninthe
firstterm, f—1)+ 1 =nin the rm an @ =nin the last term.
Thus, it can be seen thatt he indi isnin every term of the

expansion
8.2.2 Some special casde%pansmr@Q
(i) Takinga =xan y, we obtal

x=yy = *@

= "Cx" + "C, x@ T C X )2 + "Xy + ... +7C ()"
= NC X" — "o~ ¥+ IC X 32 —IC X0 HB + L + (=1) °C Y

y
Thus &-y)" = "Cx" lby +'CX' 2y + L+ (1) C oy
Using this, we hf.’&&—Zy)5 = CX® —5Cx* (2y) +5C ¢ (2y)? —5C 2 (2y)® +

O °C, X(2y)*~ *C,(2y)°

=x° —10¢%y + 40¢y? — 80¢y® + 8ky* — 325,

(i) Takinga=1,b=x, we obtain
(L+x)"="Cy(1)" +"C (1)~ X +"C(1)"~2x* + ... +"C X"
="C, +"Cx +"Cx +"Cx;+ ... +"C X"

Thus (L+X)"="C,+"Cx+"Cx*+"Cx3+ ..+"CX"
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In particular for x=1, we have
20=1C,+"C, +"C, + ... +"C_.
(i)  Takinga=1,b=-x,we obtain
(1I-x)" ="C,-"Cx+"Cx— ..+ (-1)"Cx
In particular forx = 1, we get
0="C,-"C, +"C,— ... + (-1)"C,

4,
&, 30
Xe +— 1

Example 1Expand8 X.ﬂ,x 0 b

Solution By using binomial theorem, we have @

2 4

3 4 e
32 +; = 4C,(%®)* + 4C,(®)? (;;—— + 4 Z(X@ +4C ()‘2 4C éﬁig
€Xg

=X+ 4X° —+6x4 k 4
—x8+12(5+54x$;

H

4 -

Example 2Comput
Solution We expres sthe s ehénce of two numbers whose powers are
easier to calculate, and the wOmial Theorem.

Write 98 = 100 — 2

Therefore, (98)= (1(@
=3C,M0J) —°C, (100}y.2 +5C, (100¥22

%@ (1007¥ (2)* + °C, (100) (2} —°C, (2
00000000 — 5 x 100000000 x 2 + 10 x 1000000 x 4 — 10 x10000

06;<8+5x100x16—32
=10040008000 — 1000800032 = 9039207968.
Example 3Which is larger (1.01)°%®gor 10,0007

Solution Splitting 1.01 and using binomial theorem to write the first few terms we
have
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(1.013°00000= (1 + 0.0713°00000
= 100000 ' 4 100000¢C (0.01) + other positive terms
=1+ 1000000 x 0.01 + other positive terms
=1+ 10000 + other positive terms
> 10000
Hence (1.01y0000%0 > 70000

Example 4 Using binomial theorem, prove that-6n always leaves éinder
1 when divded by 25.

Solution For two numbers andb if we cap find number such that
a=bqg+r, then we say thd{tleldesawnh q uotlent anda indefhus, in
order to show that "6- bn leaves rem hen di 25, we prove that
6"— 51 =2% + 1, wherek is some n mber

We have

(1 +a) =1C g/nc a2 an a
Fora =5, we get

(1+ n(:5+ﬂ(:52 +ﬂ(:5n
ie. ©) =1+
ie. 8 — 5= 1+5 (°C, + 52)

or & ,+5."C, + ... + 57

or XZ +1 wherek="C,+5."C, + ... + 52

This shows tI@ n divided by 25,-65nleaves remainder 1.
Q | EXERCISE 8.1

Expand each of the expressions in Exercises 1 to 5.

3,
(1-20° 2 gﬁ_} ¢ 3. (2x— 3p
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ax, 1t e 10
C
4. cxt—= 5. ¢X+— =+
€3 xp E X g
Using binomial theorem, evaluate each of the following:
6. (96) 7. (102y 8. (101y
9. (99y

10. Using Binomial Theorem, indicate which number is larger {£%9r 1000.

11. Find @+ b)* - (a—b)*. Hence, evaluate(;/3 ++2)"~ (/3 —+/2)*.

12. Find k + 1) + (x— 1f. Hence or otherwise evaluatg'g + 1f + ( ¥.
13. Show that 9*— &1 — 9 is divisible by 64, whenevaiis a positiv er
g \Q
14. Prove thata 3' "C. =4", & . 6
r=0 \
8.3 General and MiddleTerms \
In the binomial expanS|o o+ M)", we e that the first term is

"C,a", the second term e third aHb2 and so on. Looking
at the pattern of the%sswe t@ can say that thd){ term is
"Ca™b’. The ¢ + 1)"terM is als thgeneral termof the expansion
@+ by Itis d 4 byT Thus ="C_ ab.
2. Regarding the nweelle term |@ expansmﬁ ©)", we have
() If nis even, then t@nber of terms in the expansion wilhb&. Since

_ +1+1o
nis even & odd. Therefore, the middle termgh

@ term.
\

For example, in the expansion gf{2y)8, the middle term |§—+1— ie.,
e

5h term.

@) If nis odd, them +1 is even, so there will be two middle terms in the
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th
+1 o +1 th

_ o an 0 . .
expansion, name,IyQT term and87+l+g term. So in the expansion
€

R -0

£+1'0'th th

N7 H = i h £—+1+19 i h
(2x—vy)’, the middle terms arQT ,lL.e., drand¢ 5 ,l.e., 3 term.
€ [ € [

,.2Nn .th
_ *® o) _ a2n+1+1p
3. Inthe expansion ofX+—=+ | wherex ! 0, the middle term i§ +

[4 €

€ X 2N ¢
i.e.,, O+ 1)"term, as A is even.
o oo @
It is given by>"C x* ¢—+ =2'C_(constant). Q
€Xg
This term is called theerm indepen or the ﬁ\@erm.
Example 5Find a if the 17" and 18‘% f the ex@ (28)*° are equal.
|

Solution The ¢ + 1)" term of thg/®x o ¢+ y)\ i en byT ,, = "CxX"y.
For the 17 term, we have, + R=NZJe.I = LQ

Therefore, T,=T,,,~"REOX2)y° 1@

Similarly, T,= (4 3 gl @

Giventhat T, =T, Q
SO 50C16 (2)34 a16 = 50C 33 a

7. 33,

500 , 1
0 = 2= 1
C, 16134 50!

ie., a= 3

Example 6 Show that the middle term in the expansion of X% is

1.3.5..(2n- 1)

ol 2n x", wheren is a positive integer
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. . . . _agn .6
Solution As 2n is even, the middle term of the expansion (% is 87+1+g ,

i.e., (0 + 1)Y" term which is given by

:ZnCn(l)Zn—n(X)n — ZnCan — T

n+l

2n(2n-1) (v 2) ..4321,
n n
1234...2n- 2)(2n- 1)(2n) " b

nn
[L.35...(2n -1)][24.6...(2n) . QQ

nnl

[L35...2n- 1)]2"
Anl

_ 1.3.5!”3! D , @

Example 7Find the coeffici&y“ in the expansion ofk(+ 2y)°.

Solution Supposedy: in ther(+ 1)" term of the expansiox  2y)°.
Now T.5°C "2y =°C 2". ¥ .y".
Comparing the jiMNggs ofas well ag/in x*y®and in T, ,, we getr = 3.
Thus, the& nt aféy3 is
9 5 987 ;3
9C. 23=—-2" = —-2° =
Cs2 36! 3.2 o72.

Example 8 The second, third and fourth terms in the binomial expangiea)" are
240, 720 and 1080, respectivadiyndx, a andn.

Solution Given that second term, ¥ 240



170 MAHEMATICS

We have T,="Cx'"'. a
So "Cxt. a= 240 -
Similarly "Cx2a? = 720 .. (2)
and "Cx*a® = 1080 .. (3
Dividing (2) by (1), we get

"C,x"%a? 720 (n-1! a_

"Cx"la 240 "€ (n- 2)!';_

a_ 6
or x (n-1)
Dividing (3) by (2), we have

a _ 9

X 2(n-2)

From (4) and (5),
6 __o Q/
n-1 2 2)°
Hence, from (1), §'a = 240, aNg from (

Solving these equa@randx, g :
Example 9The coeffiCfents of réwnsecutive terms in the expansion of)1 +

are in the ratiol: 7 : 42. Fi

Solution Suppose the e consecutive terms in the expansion ofalare
(r=1y" r"and ¢ + :

The ¢ — 1y term ig"C N2 and its codicient is"C__,. Similarly, the codficients
ofr'and ¢ + 1 %s areC _, and"C_, respectively

Since th fficients are in the ratio 1 : 7 : 42, so we have,
QS _
C, 7,|.e.,n—8r+9—0 . (1)
nCr—l — 7 .
and C 1 ,le.n=-7r+1=0 .. (2)

Solving equations(1) and (2), we get; 55.
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EXERCISE 8.2
Find the coefficient of
1. x3in(x+ 3y 2.a%b" in (a— )2,
Write the general term in the expansion of
3. (@—-y)° 4. (—yx* x1 0.
5. Find the #4 term in the expansion ofx £ 2y)*2
1 8 E:>
6. Find the 18 term in the expansion @f2X - mé , X1 0. @

Find the middle terms in the expansionsof Q
, & . 6
3
B %2 LA\
9. In the expansion of (1 &), pr hat co@n s @™ anda" are equal.

10. The coefficients of thg \ nd ¢ + @ms in the expansion of £ 1)

areintheratio1: 3: ndr. Q
11. Prove that the cgefficient &f in the %a sion of (1> is twice the coefficient
of X" in the ex of (1

—1
12. Find a positive value%jzich the coefficient ok? in the expansion

(1 +X)"is 6.

@scellaneous Examples

g,
1l ¢
Example 10F@erm independentofn the expansion chz - &B
Q a8, 6 el

Solution Webhave T, = °C, ¢=X*

2" 5 B

=

G- 1 oy .
=oc, 0 () (-9
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- (-1 °C ((?;);6__2: 12 3

The term will be independent »ff the index ofx is zero, i.e., 12 —r3= 0. Thusy =4

(3)68 B 5
Hence 8'term is independent ofand is given by (- 1fC, W—l—z

Example 11 If the coeficients ofa’ ~% a" anda ** in the expansion of (1 &" are in
arithmetic progression, prove th&t-—n(4r + 1) + 42— 2 = 0.

Solution The ¢ + 1)" term in the expansion i€ a'. Thus it can be seen t%@urs
in the ¢ + 1f" term, and its coétient is "C.. Hence the coétients of w/and
a *tare"C _,"C and"C , , respectively Since these cdefients eﬂthmetic
progression, so we havi, _ +"C = 2"C.Ths gives @

nl

(r-l)!(n-r+1)!+(r+1! . ! , ! !
1 0 1

Le. (r-i(n- r +1) nW- r-1 )(r)(r - DY(n- r - 1)!

1 u
or (-1 (- F e+ D¢ D6l
=27 1
(r gl % - Dr(n—r)]
_ L1 2
I.€. +D)(n-r) r(r+1) r(n-r)’
Qﬂ)ﬂn -r)g-r +) 2
or M-r)-r+ D+ 1) ref-r)
or r+)+h-r(n—-r+1)=2¢+1)n-r+1)

or P+r+n—nr+n—nr+ri—r=20r—-r2+r+n-r+1)
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or NP—4r—-n+4%-2=0
i.e., nP—n(+1)+42-2=0

Example 12Show that the coefficient of the middle term in the expansion ok(@ is
equal to the sum of the coefficients of two middle terms in the expansion a1+

Solution As 2n is even so the expansion (X has only one middle term which is

2N th

_+]__ h

€5 : i.e., o+ 1)" term.

The (1 + 1)" term is*C x". The coefficient ok" is >°C_

Similarly, (2n— 1) being odd, the other expansion has two middle term
@n-# 18  an-w1 §

pu—— u— th th i

S 2 5 andg 5 p i.e.,nMand (+ 1)" terms. cients of
these terms arg-'C _ and*~'C, respec« TN 6
Now \

N-1C _+ M-I =2C % n+1C] as required.
Example 13Find the coeff|C|ent e pro 224 (2 —a)° using binomial
theorem.

Solution We first expand e the the given product using Binomial
TheoremWe have
(1+ 29)* =“C ‘2:) + 4 4C (2a)*+ “C, (2a)*

=1+4 (A +@ 833) + 16a%
=1+ 8+ 24°+82°+ 16"

and (2 -a)° =°C, % L 2) (@) +°C, (2F (a)* - °C, (2F (a)°
5 (@)*-°C, (a)°
8@ + 8(w?— 40+ 10a* — a°

Thus (1 w@ £ a)s
= (1 + 8+ 248% + 3%+ 16a°) (32 -8 + 80— 403 + 10— &)

The complete multiplication of the two brackets need not be carried/ewtrite only
those terms which involva. This can be done if we note tleitat -"= & The terms
containinga*are

1 (1% + (8a) (—4(°) + (24a%) (80a?) + (322° (— 8(w) + (1% (32) = — 43&*
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Thus, the coefficient ad* in the given product is — 438.
Example 14Find ther term from the end in the expansion »f+a)".

Solution There arer(+ 1) terms in the expansion of{ a)". Observing the terms we
can say that the first term from the end is the last term, me:, 1" term of the
expansion and + 1 = (@ + 1) — (1 — 1). The secoridrm from the end is tha&" term
of the expansion, and= (n+ 1) — (2 — 1). The thirderm from the end is the ¢ 1"
term of the expansion amd- 1 = (i + 1) — (3 — 1) and so on. Tha&term from the
end will be term numbem(+ 1) — ¢ — 1) = (n—r + 2) ofthe expansiorAnd the

(n—r+2)"termis"C__ x-ta"*%
18 e }
1

Example 15Find the term independentoin the expansion %%\/; + 32 ;(®0
18 ' .
Solution We haveT , | = *°C, (3/;) r g@ \9
18-r
=*c x . =**C
X3
18-

Since we have to find@m in pendeu( wf2rm not having so takeT =0,

We getr = 9. The required tgr >0 -

Example 16The sum ofccoefficients of the first three terms in the expansion of

3%
?- 75 , X1 @ga natural numhes 559. Find the term of the expansion

containingé. O

Solution 'IQoeﬁicients of the first three terms ?{ -

o3

3
X2

are™C, (-=3)"C,

Q

and 9mC,. Therefore, by the given condition, we have

OIm(m- 1
mC,—3"C+ 9mC,= 559, e, 1-/+ %=559



BINOMIAL THEOREM 175

which givesm= 12 nbeing a natural number).
® 3 ¢
Now T = 12Crxlz-fg X g 2C (- 3y xt2-3

r+1

Since we need the term containiigso put 12 - 8= 3 i.e.,r = 3.
Thus, the required term 1 (- 3f X, i.e., — 5940¢.

Example 17If the coefficients of (— 5f" and (2 — 1} terms in the expansion of

(1 +x)34are equal, find.
Solution The coefficients ofr(— 5" and (2 — 1" terms of the expansi@«)’4

are®C _,  and3C, _,, respectivelySince they are equal 8 __= 3@
Therefore erther—6 2—-2o0orr—6=34-(2-2)

[Using the fact that ifC ="C,, then either zprr =n—
So, we getr = -4 orr = 14.r berng a numb |s not possible.
So,r = 14,
Miscellane@us rcise @\pter 8
1. Finda, bandninthe e n oia(+ b); rst three terms of the expansion
are 729, 7290 and 303 respect

2. Findaif the co nts ok? andx the expansion of (3 &x)° are equal.

3. Findthe coeffr Sinthe uct (1 +3° (1 —x)” using binomial theorem.

4. If aandb are distinct i =prove that b is a factor of" —b", whenever

nis a positive integer

[Hint write a» = (a® b)" and expand]

5. Evaluate \E’r ﬁ)

a+a-)( I

Find an approximation of (0.99)sing the first three terms of its expansion.
8. Findn, if the ratio of the fifth term from the beginning to the fifth term from the

1 ¢
end in the expansion ?ﬁ + P Bis J61.

-~
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X 20
9. Expand using Binomial Theoregﬁz - ;E Xt 0,

10. Find the expansion of 83— 2ax + 3a%)% using binomial theorem.

Summary

(® The expansion of a binomial for any positive integred given by Binomial
Theorem, which isg + b)" ="Ca" + "Ca"~'b + "C,a"~*h* +
"C,_,ab'-t+"Ch

® The coeficients of the expansions are arranged in an affais arfy is
called Pascal$ triangle 6

(®The general term of an expansi@(b)"isT, , ="Ca" - " b.

®In the expansiona(+ b)", if nis even, t he middlg t&‘%ﬁﬂ—
2 agn+
term.f nis odd, then the mi r +1— terms.

istori I%Q

The ancien@n math ticians knew about the coefficients in the
expansions ofx(+ y)5 O£ n .@arrangement of these coefficients was in
the form of a diagram C%U-Prastara provided by Pingla in his book
Chhanda shastrg200B,C.). Mis triangular arrangement is also found in the

work of Chinese mat jcian Chu-shi-kie in 1303. The term binomial coefficients
was first introduce German mathematician, Michael $1i4&6-156) in
approximatelywlb44. Bombelli (1572) also gave the coefficients in the expansion of
(a+ b), for pey ...,7 and Oughtred (163dave them fon=1, 2,..., 10. The

Prastaggo™gingla was constructed by the French mathematician Blaise Pascal
(1623-16%2) in 1665.

The present form of tH@nomial theorem for integral valuesmappeared in
Trate du triange arithmetjcwritten by Pascal and published posthumously in
1665

arithmeti:t le, popularly known Bascals triangleand similar to théleru-



Chapter

V Natural numbers are the product of human spirit. BEDEKIND Vv

9.1 Introduction

In mathematics, the wordséquenceis used in much the
same way as it is in ordinary English. When we say tf
collection of objects is listed in a sequence,
that the collection is ordered in such a
identified first membersecond memb
so on. For example, population of
at different times form a seque e.

deposited in a bank, over a r ofgears fo
Depreciated values of commao ur [
sequence. Sequences have ortant ioMs in several Fibonacci

spheres of human (1175-1250)
Sequences, fo spemf tterns are cgdledressionsin previous class,

we have studied aboatithmegic ion(A.P). In this Chaptebesides discussing
more aboutA.P.; arithmetic , geometric mearglationship betwee@.M.

and GM., special seriesgforms of sum to n terms of consecutive natural numbers,
sum to n terms of L@f natural numbers and sum to n terms of cubes of
natural numberswill &ﬁe studied

9.2 Sequen
Letus congs gfollowing examples:

AssUWge that there is a generation gap of 30 years, we are asked to find the
number of ancestors, i.e., parents, grandparents, great grandparents, etc. that a person
might have over 300ears.

Here, the total number of generatio_n@ =10
30
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The number of persomancestors for the first, second, third, ..., tenth generations are
2,4,8,16, 32, ..., 1024. These numbers form what we salfjaence
Consider the successive quotients that we obtain in the division of 10 by 3 at
different steps of division. In this process we get 3,3.3,3.33,3.333, ... and so on. These
guotients also form a sequence. The various numbers occurring in a sequence are
called itsterms We denote the terms of a sequencepw,, a,, .., a, ..., etc., the
subscripts denote the position of the term. hi@rm is the number atein™ position
of the sequence and is denotedp¥hen™ term is also called trgeneratermof the
sequence.
Thus, the terms of the sequence of persantestors mentioned above age:
a=2a=42a=8, ..,38,= 1024 6
Similarly, in the example of successive quotients
a =3,a,=33,a=3.33, ...,a,= 3.33333, etc.
A sequence containing finite numbe%rms is calldi

uenceFor
example, sequence of ancestors is a finite gguence singe § ins 10 terms (a fixed
number). \

A sequence is callenhfinite, if it 's%finit \1 e. For example, the
sequence of successive quotients ioded abo%e sequencéanfinite in
the sense that it never ends.

Often, itis possible to exeSs thghrule, why s the various terms of a sequence
in terms of algebraic for onsider f nce, the sequence of even natural
numbers 2, 4, 6, ... z

2 % a, =2x%x2

Here Q72N
x 3 @:8:2x4

A, AQ x 23a,,= 48 = 2 x 24and so on.
In fact, w e that the" term of this sequence can be writtenagas= 2n,
wherenis an beBimilarly, in the sequence of odd natural numbers 1,3,5, ...,
by the formula, = 2n— 1, wheren is a natural number

then" term
In s%ses, an arrangement of numbers suchas 1, 1, 2, 3, 5, 8,.. has no visible
pattern, but®he sequence is generated by the recurrence relation given by

a, 2

a1:32:1
a=a ta
a=a . +a n>2

n n—2 n—1'

This sequence is calldgéibonaccisequence
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In the sequence of primes 2,3,5,7,..., we find that there is no formula fidt the
prime. Such sequence can only be described by verbal description.

In every sequence, we should not expect that its terms will necessarily be given
by a specific formula. Howevewre expect a theoretical scheme or a rule for generating
the termsa,, &, a,,...,a,... in succession.

In view of the abovea sequence can begaded as a function whose domain
is the set of natural numbers or some subset 8binetimes, we use the functional
notation a(n) for @.

9.3 Series
Leta, a,a,...,a, be a given sequence. Then, the expression b

a+ata, +,..+ta+..
is called theseries associated with the given sequeiibe seriegigN Qr infinite
according as the given sequence is finite gginfinite. Serie often represented in
: . . .

compact form, calledigma notationusingeghe §eek | a@a) as means of
indicating the summation involved. Th |esa, 4 _¥a  isabbreviated

g
as a

k=1
RemarkWhen the series is P it refer@ indicated sum not to the sum itself.

For example, 1 + 3 + 3¢ 7 is & finite s& ith four terms. When we use the phrase
“sum of a seriesw ean the numDer that results from adding the terms, the

sum of the series is

We now consider som@wp es.
Example 1Write the firstilgee terms in each of the following sequences defined by
the following:

n-3
() a,;n+5, W a=—7""
Solution a,=2n+5
SubsiWtingh=1, 2, 3, we get

a=21)+5=7a,=9,a,=1
Therefore, the required terms are 7, 9 ahd 1

i H —LS Th —5—__1 —__1 =0
(i) Herea, = 2 us, & ) 2,612 4,83—
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Hence, the first three terms a_ré _} and 0.

2 4

Example 2What is the 20 term of the sequence defined by
an=M-1)2-n@+n)?

Solution Puttingn = 20 , we obtain
=(20-1) (2-20) (3 + 20)

= 19 x (- 18) x (23) = — 7866.
Example 3Let the sequenca, be defined as follows: b
a=1a=a ,+2forn3 2, @
Find first five terms and write correspondlxenes QQ

Solution We have \
a=la=a+2=1+2=3a pa \
a,=a,+2=5+2=7a,= %»2—9 %

Hence, the first five terms of ngﬁnce a Qand 9. The corresponding series

is1+3+5+7+9+..

Write the first five @of eac@the sequences in Exercises 1 to 6 whose
terms are:

1. a=n(n+2) 3. a=2

&G 4= n+1

n°+5
4. a = % ca =1t et 6. a=n 1
Find the%@i terms in each of the sequences in Exercises 7 to 10nfthose

terms ar
n?
7. a‘n:4n_3;a‘17’ a24 8 anZE;a7
n(n—2)

9. a = (-1 '’ a, 10. a,= 19y .

n+3
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Write the first five terms of each of the sequences in Exercises13 and obtain the
corresponding series:

11. a,=3,a,=3, _,+2foralln>1 12. a=-1a-= %,nsz

13. aa=a,=2,a=a,_~1n>2
14. The Fibonacci sequence is defined by
l=a =aanda =a _,+a _,n>2

1 n—2'

Flndan ,forn=1,2,3,4,5
a, ’
9.4 Arithmetic Pr ogression (A.P Q@

Let us recall some formulae and propertle udied earller ce

ce or arithmetic

A sequence, &, a,..., @,... metlc\\
progressionif a ., =a +d, nI N w : IIed@ rmand the constant

termd is caIIed tha:ommon diffes A.P.

Let us consider aA.P. (i s ard f
differenced, i.e.,a, a+d, a

Then then™ term @eneral teryof theA. = +(n-1)d.
We can verify owing perties of AR, :
() If a constaxFadded @h term ofAaR, the resulting sequence is

also amA.P.
(i) If a constant is sub d from each term oAdh, the resulting

first terrm and common

sequence is #P.

(i) If each ter @P. is multiplied by a constant, then the resulting
sequence&ko anP.

(iv) If eac¥grm of ai\.P. is divided by a non-zero constant then the

resm equence is also ArP.
Here@ Il use the following notations for an arithmetic progression:
a = tha&¥first term] = the last termg = common difference,

n = the number of terms.
S = the sum ta terms ofA.P.

Leta,a+d,a+2d, ..., a +(n —1) d be anA.P. Then
I =a+(M-1)d
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S :g[2a+(n- 1)d]

n
We can also write,S, = E[a +1]

Let us consider some examples.

Example 4In anA.P. if mh term isn and thenth term ism, wherem 1 n, find thepth
term.

Solution We have a_=a+ (m-1)d =n, @

and a=a+(n-1)d=m
Solving (1) and (2), we get Q

(m-nd=n-mor d=-1, & 6..(3)
and a=n+m-1 \ . (4
Therefore a=at (P-1d

=n+m-1+(p5 n + m
Hence, thep" term isn + m — p.
Example 5If the sum ofn t% am P.g %n(n 1)Q, where Pand Q
are constants, find mon dlffere e,
Solution Leta,, a,, ..\ the gi@F’. Then
1
S = a1+a2 +...+an_l+an=nP+En(n—1)Q

Therefore S=a+a=2P+Q
So that sq, §=P+0Q
Hence, the com&n,dlfference is givendoya, —a, = (P + Q) - P =Q.

Example 6T m ofn terms of two arithmetic progressions are in the ratio
(3n+8): ).Find the ratio of their 12terms.

Solution Le a, a, anddl, d2 be the first terms and common difference of the first

and second arithmetic progression, respecti¥elgording to the given condition, we
have
Sumtan termsof firstA.P. _ 3n+8

Sumtm termsof second A.P.7n+15
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g[zai"'(n' 1)d] _3n+8

or g[2a2+(n- 1)d)] 7n+15
2a,+(n-1)d _ 3n+8
or 2a,+(n-1d, 7r+ 15 - (@)

12" termof firstA.P. _ a,+11d

- 1

Now 12" termof second A.P a, +11d, b
2a,+22d, 3 23 8 _ &

2a,+22d, 7 23 1 [By p“tt'% (]

Hence, the required ratiois 7 : 1

a+11d, _ 12" term of fj 6
Therefore % “11d, 12" term % AP, 16\\

Example7 The income of a PR ISPRS- 3, O the first year and he receives an
increase of Rs.10,000 to per r the next 19 years. Find the total
amount, he received in 20

Solution Here, we h .P. with a= O OOOd 10,000, anah = 20.
Using the sum form get,

20
Sy Y [600000+ 19 : 10 (790000) = 79,00,000.

Hence, the person receg Rs. 79,00,000 as the total amount at the end of 20 years.

9.4.1 Arithmetic m Iven two numbergs andb. We can insert a numbér
between them hatA, bis anA.P. Such a numbeék is called thearithmetic mean
(A.M.) of the 6 s andb. Note that, in this case, we have

_ a+b
A—-a=b-A, ie. A :T

We may also interpret th& .M. between two numbera and b as their

a+b

averagaT. For example, tha.M. of two numbers 4 and 16 is e have, thus

constructed aA.P. 4, 10, 16 by inserting a number 10 between 4 and@Hiénatural
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guestion now arises : Can we insert two or more numbers between given two numbers
so that the resulting sequence comes out to BeRar? Observe that two numbers 8
and 12 can be inserted between 4 and 16 so that the resulting sequence 4, 8, 12, 16
becomes ai\.P.

More generallygiven any two numbegsandb, we can insert as many numbers
as we like between them such that the resulting sequenc@iB.an

LetA, A, A, ..., A ben numbers betweea andb such thata, ALALA, ...,
A, b is anA.P.

Here,bis the o+ 2)"term, i.e.,b=a+[(n+2)-1d =a+ (n+ 1)d.

This gives d :E ) b
" <
Thus,n numbersetweena andb are as follows: Q

bA— N
Al=a+d=a+ 1 \\

\Q n(b- a)
—a®nd=a-+ .

A n+1
Example 8Insert 6 % between 3 and 24 such that the resulting sequence is

3

o ALALALA 24 are iIPALP. Herea=3,b=24,n=8.
Therefore R4 = 3 + (8 —1) so thatd = 3.

Thus A =a+d=3+3=6; A,=a+2d=3+2x3=09;
A,=a+3d=3+3x3=12; A,=a+4d=3+4x3=15
A ,=a+5d=3+5x3=18; A,=a+6d=3+6x3=21

Hence, six numbers between 3 and 24 age 62, 15, 18 and 21.

anA.P.
Solution LetA@&!, A, A, andA be six numbers between 3 and 24 such that
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11

12.

13.

14.

15.
16.
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| EXERCISE 9.2

Find the sum of odd integers from 1 to 2001.

Find the sum of all natural numbers lying between 100 and 1000, which are
multiples of 5.

In anA.P, the first term is 2 and the sum of the first five terms is one-fourth of
the next five terms. Show that®2term is —12.

How many terms of th&.P. — 6, - 1_1 — 5, ... are needed to give the sum -25?

2

In anA.P, if p" term isi andg®” term isl, prove that the s&éﬁq

q p
terms isl(pq +1), wherep * q. &‘ Q

If the sur721 of a certain number of t B 25, \ . is16. Find the
last term. Q
Find the sum tm terms of the ekhter,

. If the sum ofn terms of a + gre), h andq are constants,
find the common differe
ari

. The sums of ter %rogressmns are in the ratio
5n+4: <+ 6. Find th of th r@r

10.

If the sum of fir ms of anl\ P | to the sum of the figterms, then
find the sum o!stpﬁ Q)

Sum of the fir 0 andr of amA.P. area, b andc, respectively

Prove that—(CI' r)+ —(p @ O

The ratio of th @ﬁ andn terms of aA.P. isn?: n?2. Show that the ratio
of m" andn{ (In-1): (h -1).

If the SUVQ ms of ar\.P. is 31?2 + 5n and itsm" term is 164, find the value
of m.

Inse@g

a"+b" . ,
If ————— is theA.M. betweena andb, then find the value af.
a.n—l + bn 1
Between 1 and 3Ipnumbers have been inserted in such a way that the resulting
sequence is af\. P. and the ratio of'Tand (— 1" numbers is 5 : 9. Find the

value ofm.

mbers between 8 and 26 such that the resulting sequendeds an
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17. A man starts repaying a loan as first instalment of Rs. 100. If he increases the
instalment by Rs 5 every month, what amount he will pay in then3@alment?

18. The difference between any two consecutive interior angles of a polygon is 5°.
If the smallest angle is 120find thenumber of the sides of the polygon.

9.5 Geometric Pogression (GP)

Let us consider the foIIowing sequences:

1
(")9 27' 81 247,

In each of these sequences, how their terms progi¢ssdte that each te@xcept
the first progresses in a definite order @

(i) 2,4,8,16... (iii) .01,.0001.00000,...

In (i), we havea, =2, i:Za3 2a4_ andsoon CQ

In (ii), we observegy ==, —= so on.
Similarly, state har do the term in (|| rogres observed that in each case,
every term except tHest ter onsta he term immediately preceding
it. In (i), this constant ratio i (||) it (|ii) the constant ratio is 0.01.
Suchsequences ar ometrlc se & geometric pogressionabbreviated
as &GP

A sequencey a2 a3 ::@dgeometnc pogression if each term is

non-zero and——r (constan¥gok 3 1.

By Iettlng a = ’ln a geometric progressianar, ar?, ard,...., wherea
is called thdir st ter alled thecommon raticof the GP Common ratio in

1
geometric pro &pn)(l(u) and (iii) above are 2,—3 and 0.01, respectively
As in case fémetlc progression, the problem of findingnttterm or sum oh
terms of %etric progression containing a large number of terms would be difficult
without the Wse of the formulae which we shall develop in the next Sedteshall
use the following notations with these formulae:

a = the first termr = the common ratid,= the last term,

n = the numbers of terms,
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n = the numbers of terms,
S, = the sum of firsh terms.

9.5.1 General term of a (. Let us consider a.8 with first non-zero termd’ and
common ratior’. Write a few terms of ifThe second term is obtained by multiplying
a byr, thusa, = ar. Similarly, third term is obtained by multiplying, by r. Thus,
a, =ay =ar’ and so on.

We write below these and few more terms.
Iterm =a, =a=ar", 2%term =a, = ar = ar**, 3° term =a, = ar* = ar**

4" term =a, = ar®* = ar**, 5" term =a_ = ar* = ar*!
Do you see a pattern? Whaillvee 16" ternf? b
a,=ar®! = ar®® o
Therefore, the pattern suggests thatrthierm of a G2 is given
a, =ar.

Thus,a, GP can be written as, ar, ar?, ar?, &1; a, ar, ar{.& ;according
as GPR isfinite or infinite, respectively \\
The seriesa + ar + ar’> + ... +a* oNg + ar + Sar! +, arecalled
finite or infinite geometric seriesr, tigely @
9.5.2.Sum to n terms of a @ Irst te Q(Ee bea and the common
ratio ber. Let us denote b to firsh@ of QR Then

S =a+aN +...+ )

Case 1 If r=1 hav nza&... +a (nterms) = na
Case 2 If rt? 1@mying (@r,we have

rS =ar +ap .. +ar" .. (2
Subtracting (2) from (1), we% s =a-ar=a(l-r"
ail, ) a(r"-1)
Thisgives S, = or = "7
J 1- S r-1
Example 9Find&)@ andn® terms of the ® 5, 25,125,... .
Solution Her andr = 5. Thusa,, = 5(5}°* = 5(5) = 5"

and a ?— 5(5)1=5 .

Example10Which term of the ®, 2,8,32, ... up to terms is 1310727
Solution Let 131072 be the™ term of the given ® Herea = 2 andr = 4.
Therefore 131072 =a = 2(4)-* or 65536 = 4-1

This gives 48 = g-1

So thalh—1 =8, i.e.n=9.Hence, 131072 is theé"3erm of the &
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Examplell In a GP, the Fterm is 24 and the"&erm is 192.Find the ¥Qerm.
Solution Here, a, = ar® =24 .. (1)

and a,=ar° =192 .. (2)
Dividing (2) by (1), we get = 2. Substituting =2 in (1), we ged = 6.
Hence a,, = 6 (2f = 3072.

Examplel2Find the sum of firsh terms and the sum of first 5 terms of the geometric

i 1+E+f+
seriesl+Z+o+..

: O
Solution Herea =1 andr = = . Therefore @

3

&m
B
SO

(=)

é
I t I :3A1' = U .
n particular S g f ="l 5 3& ]

33
Example 13 How many t%zﬁe a 3,5 ar are needed to give the
& 3069

Solution Letnb e number of terms needed. Given#waB,r = —andS,=——

2 512
n
Since Q S, :%
-
1

)
3069 " ) _cam L
512, 1 & 2%
2

3069
sum 512 ?

3(1-
Therefore
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3069 1- i

or 3072”7 2

1 3069 3 1
or — =1

2 3072 3072 1024
or 2" = 1024 = 2° which givesn = 10.

. 13
Example 14The sum of first three terms of aRGs — 12 and their product is — 1.
Find the common ratio and the terms.
a i >

Solution Let ?, a, ar be the first three terms of theRGThen @

%+ar+a:g’ & . QQ (1)
N

and g% B?a) (ar)=-1 %& 0 . (2)
From (2), we ge&®*=-1, i.e. @onside@)real roots)

Substitutinga=-1in (1),
——1-r=— +25+12—£
r 12

1 13
< . .
This is a quadratic in solvme'r =— Z or 3

4 3 -3 3 4 A
@r —, —1,— forr =— and— - 1— for =
Thus, the three ter e 3 4 2 3 3

ExamplelSFln e sum of the sequence 7, 77, 777, 7777 n.teoms.

Solution This @ a @, howeverwe can relate it to a.B by writing the terms as
Sn 7T+ 777+ 7777 + ... oterms

= —[9+99+ 999+ 999% ... tan tern

N ©

= —[10- 1+ 1G- B @16 1) (16 +)..n term

©
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= g[(10+102 +10 +..n terms)- (1+1+1+n term:

_7 €10(10 - 1) N u_ 7€10 (10 1)

98 1001 ¥ ef o
Example 16A person has 2 parents, 4 grandparents, 8 great grandparents, and so on.
Find the number of his ancestors during the ten generations preceding his own.

Solution Herea = 2,r =2 andn = 10

We have =2(20 — 1) = 2046 Q@
9.5.3 Geometric Mean (GV.) The geo i % ve numbars

andb is the numbe(/%. Therefore, and 8 \a/d.
observe that the three numbers rmsR)ﬂ'alssleads toa
generalisation of the concept offgeo [ WO numbers.

[ iti n insert as many numbers as

we like between them to enceiRaG

resul
Let G, G,,. he nn ersb ‘ﬁ)ositive numbarandb such that
a,G,,G,,G,,.. G b |s f hus b belng i + 2)"term,we have

Hence G;=a ", B oL -
&8ag G2=af2= 85+ , G3=ar3=a§3+®1,
a

Q:ar —aga B

Examplel7Insertthree numbers between 1 and 256 so that the resulting sequence
isa GP,
Solution Let G, G,,G, be three numbers between 1 and &€ that

1, G,G,G,,256 is a &
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Therefore 256 =r* giving r = + 4(Taking real roots only)
Forr =4, we haves =ar=4,G=ar*=16, G=ar*= 64
Similarly, forr = — 4, numbers are — 4,16 and — 64.

Hence, we can insert 4, 16, 64 between 1 and 256 so that the resulting sequences are
in GP.

9.6 Relationship Betwee.M. and G.M.
Let Aand G bé.M. and GM. of two given positive real numbexsndb, respectively

Then
Az%b andG =+ab b
Thus, we have @

A—G=%b-¢a—b:% &\‘Q

2
oo (R \S®
=—)3 0 - (1)
2
From (1), we obtain the relati G
Example 181f A.M. and two c@ umbers andb are 10 and 8,
respectivelyfind the @ers. {
a+
Solution Given that .M.:A@) . (1)
and G.M.=Nfh =8 - (2)
From (1) and (2), Wt&eto
a+b=20 - (3
K/ ab= 64 . (4)
Putting th&@ﬁ andb from (3), (4) in the identitya — b)? = (a + b)?— 4ab,

we get
(a—b)2 =400 — 256 = 144
or a-b=x12
... (5)
Solving (3) and (5), we obtain
a=4b=16o0ora=16,b=4
Thus, the numbems andb are 4, 16 or 16, 4 respectively
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| EXERCISE 9.3

55

5
th —_
1. Find the 2@ andn™ terms of the ® 22’8’

Find the 12 term of a P whose 8 term is 192 and the common ratio is 2.

3. The 8" 8" and 1" terms of a G arep, q ands, respectively Show
thatg? = ps

4. The 4"term of a @ is square of its second term, and the first term is — 3.

Determine its 7 term.

™

5. Which term of the following sequences:
(@) 2,2/2,4...is128" (b) /3,33/3...is729
111 1 @

©) 37927 Toess’ 6
,g \\

6. For what values af, the numbe
Find the sum to indicated numbcg er sin eac ontfie geometric progressions in

Exercises 7 to 10:
7. 0.15, 0.015, 0.0015, Q
8. J7. 21, 3\/_ .nte &Q

9. 1, —a & — rms (|fa1
10. X3, %8, X, ...nte X1 + J@

§ \O
11. Evaluateq (2+3)

k=1

12. The sum

'rst&ﬂae terms of aRGis % and their product is 1. Find the

d the terms.

rms of ® 3, 3, 3, ... are needed to give the sum 120?

14. The@) first three terms of afds 16 and the sum of the next three terms is
128. DRtermine the first term, the common ratio and the sartetms of the &

15. Given a @GP witha =729 and 7 term 64, determing,.

16. Find a GP. for which sum of the first two terms is — 4 and the fifth term is
4 times the third term.

17. If the 4", 10" and 16 terms of a @ arex, yandz, respectivelyProve thak,
y, zare in GP.

13. How ma



18.
19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.
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Find the sum tm terms of the sequence, 8, 88, 888, 8888... .
Find the sum of the products of the corresponding terms of the sequences 2, 4, 8,

16, 32 and 128, 32, 8, %,

Show that the products of the corresponding terms of the sequeraear?,
...ar-landA, AR, AR? ... AR~ form a GP, and find the common ratio.

Find four numbers forming a geometric progression in which the third term is
greater than the first term by 9, and the second term is greater th&rbgh281

If the p, g" andr terms of a @ area, b andc, respectively Proveghat

al-rph-pcP-a=1,

If the first and then™ term of a @2 area andb, respectivelya IS the

product ofn terms, prove thaP = (ab)".

Show that the ratio of the sum of fimt&of a@to th% of terms from
.

(n+ 1" to (2n)*" term IS—

If &, b, candd are in GP. sh
(@+b+c) (P+c+ @b{ c+c 2
Insert two numbers and t the resulting sequerie is G

Find the value that may be the geometric mean between
a andb.
The sum of two numb es their geometric mean, show that numbers

are in the rati 3+@ 3 Mg
If A and G beA GM., respectively between two positive numbers,
prove thﬁ&wmbers ape+ \/(A +G)(A-G) -

The of bacteria in a certain culture doubles every tidhere were 30
bacteWNa present in the culture origingllpw many bacteria will be present at the
end of2"@ hour, 4" hour andch™ hour ?

What will Rs 500 amounts to in 10 years after its deposit in a bank which pays
annual interest rate of #compounded annually?

If A.M. and GM. of roots of a quadratic equation are 8 and 5, respectihely
obtain the quadratic equation.
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9.7 Sum ton Terms of Special Series

We shall now find the sum of firatterms of some special series, namely;
() 1+2+3+... +n(sum of firstn natural numbers)
(i) 212+ 22+ 3?+... + n’(sum of squares of the firstnatural numbers)
@iy 13+ 22+ 3F+... + n*(sum of cubes of the first natural numbers).
Let us take them one by one.

_ n(n+1) _
() S=1+2+3+..4,thens = 5 (See Section 9.4)
(i) Here S=1+2+F+ . +17 b
We consider the identityk® — (k — 1f = 3 - X + 1

2
SR
33—2%:3(3y—3(3Q~ \

Puttingk=1, 2...,n  successivelywve obtain

Adding both sides, weget g
n S(BP+E&EF?...+n")-3(1L+2+3+...H)+n
‘@ ( Q )—3( )
n
n3:3él@ K+ n

(i) HereS =13+ 2+ .43

We consider the identity (k + 1f —k* = 4 + 6k + 4k + 1
Puttingk =1, 2, 3...n, we get
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24— 1= A(1F + 6(1F + 4(1) + 1
3 -2 =4Q2F+6(2F + 4(2) + 1
4 -3 =4(3F+ 637+ 4(3) + 1

n=-1f-n-2f=4n-2f+6(—-2Y+4n—-2)+ 1
n“—-n-1¢=4n-1f+6(h—-1f+4n-1)+1
(n+1f-n*=d+6n*+4n+1

Adding both sides, we get

(N+1f -2 =48+ 2+ F+...+m) + 6(P+ 243 Q?) +
41 +2+3+.4) +n & Q
* 6

. (1)

i é
%
Y,

k=1 2 k=1 &b
Putting these valueuation (1), weNbtain

n
45_ K3 = 4 AR N 6n(n+1) (2n+ 1) 4n(n+1)_r
k=1

6 2
or 4Sn=n4+4m2+4n—n(2n2+3n+1)—21(n+1)—n
2

= n4§
_& n + 1)2
Qn (n+1)2:[n(n+1)]2

Hence,
4 4

Example 19" Find the sum tm terms of the serie$ + 11 + 19 + 29 + 41...
Solution Let us write
S=5+1+19+29+..48  +a

or S = 5+1+19 +..4 ,+ta +a
On subtraction, we get
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0=5+[6+8+10+ 12+ .n(- 1) terms] a,

(n=D[12+(n- 2y 2]
2
=5+n-1)+4)=r+3n+1

or an=5+

Hence S = a a, _a (k2+3k+1):a K2 +§ Kt
k=1
_ n(n+)(2n+1) 3n(n+ 1) :w-
6 2 3 b

Example 20Find the sum tm terms of the series whosé ter @
Solution Giventhat a =n(n+3) =m +&
Thus, the sum taterms is given by \

g " 2

= aa=a k +é K

k=1

n(n+1) (ZnQ'sn n+ 1) )(n+5)

Ej@EISE 9.4

Find the sum tm terms of ewhe series in Exercises 1 to 7.
1. 1><2+2><3+3><©4><5+... 2. 1x2%x3+2x3x4+3x4x5+ ..
1 1 1
+ + +
12 23734

5 B+ ..+ 20 6. 3x8+6x1+9x14+ ..
7. 12+ 22)+(12+22+32)+

Find the sum tm terms of the series in Exercises 8 to 10 whiiseerms is given by

3. 3xPk+5 +7x3+ ... 4.

8. n (n+l) (n+4). 9. n+ 20
10. (2n -1
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Miscellaneous Examples

Example21 If pt, g, rt" ands® terms of anA.P. are in GP, then show that
(P-9,@-r), r—9 are also in ®

Solution Here

a=at P-1d . (1)

aq=a+(q—1)d . (2)

a=a+(-1)d . (3)

a=a+(s-1)d )
Given thatap, a,a andasare inGP_’

A & q(vv&) . 6
Similarly A-%_%"& \\ - (6)

8

Q—r_% Q ndr — sare in GP

1
Example 22If a, b, ‘ GR ar@ by - Cz, prove thak, y, zare inA.P.
Solution Let aX— bY —CZQ\

a = kX ,Qky and ¢ =kZ . (1)
Sincea, b, care in C&hl fore,

L= ac .. (2
t
¥ = k<*2, which gives 2 =x + z.

Using (1) in (

Hence x ?z are inA.P

Example 231f a, b, ¢, dandp are different real numbers such that

(@ + b +c)p? - 2@b + bc+ cd) p+ (b*+ 2+ P) £ 0, then show tha, b, candd
are in GP

Solution Given that
@+pPP+cApP-2@+bc+cdp+ P+c+dP)EO .. (1)
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But L.H.S.
= (a°p? — 22bp + ?) + ’P* — Docp+ &) + (P — Zdp + ),

which gives(ap—-b)? + (bp—c)> + (cp—d)®> 3 0
)

Since the sum of squares of real numbers is hon negative, therefore, from (1) and (2),
we have, (ap —b)?2+ (bp —c)?+(cp —d)y*=0

or ap—b=0,bp-—c=0,cp-d=0

This implies th tE‘E‘E‘p

is implies tha 2 b ¢
Hencea, b, ¢ andd are in GP @
Example 241If p,q,rare in GR and the etuQQX2 + 20X + r@
dx2 + 2ex+f =0 have a common r(@?ow Xare inA.P.

- Q/Q
Sincep ,q, rare in G@pr. Th@% but —9 is also root of
p

dx + 2ex+f =0 (Why ?).The e

d%@eéﬂ iq‘:0,
(]

eP g

or 0&— 2eqp+fp?2=0 . (1)
Dividing @qu and usingp = pr, we get

g_ 2_e+£):07 or 2_e:2+_:

P g pr
f
.

Hence are inA.P.

o la
olo
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Miscellaneous Exercise On Chapter 9

1. Show that the sum ofr( + n)» and (m — " terms of arA.P. is equal to twice
the m" term.
2. If the sum of three numbers AP, is 24 and their product is 440, find the
numbers.
3. Letthe sum oh, 2n, 3nterms of ar\.P. beS, S and S, respectivelyshow that
5,=3(5-9)
4. Find the sum of all numbers between 200 and 400 wheHigisible by 7.
5. Find the sum of integers from 1 to 100 that are divisible by 2 or 5.
6. Find the sum of all two digit numbers which when divided by 4, yi@ as
remainder
7. If fis a function satisfying (x +y) = f(x) f(y) for all x, yT N suc@
f(1) =3 anda f(x) =120, find the vaI
x=1
8. The sum of some terms off&is 3 % firs te he common ratio are
5 and 2, respectivel¥ind the I nd th er of terms.
9. The firstterm of a ® is 1.7, the t and fifth term is 90.
Find the common ratio Q.
10. The sum of three nu \ 56. If %ractl 7, 21 from these numbers
in that orderwe obtain armhmeti % ion. Find the numbers.
11. A GP consists g eve numbeg ms. If the sum of all the terms is 5 times
the sum of terupymg gad plates, then find its common ratio.
12. The sum of the our ter oArP is 56.The sum of the last four terms is
112. If its first term is 1N @ Ind the number of terms.
a+bx b+cx
13. If bx:m (xl 0), then show thaa, b, candd are in GP
14. Let S be thggum, e product and R the sum of reciprocals t#rms in a &
Prove thgf FN\
15. Theph, c@ drt terms of arA.P. area, b, c,respectively Show that
(q—r)a+ t-p)b+(@-q)c=0
16 |f<31—+—ob ola+e_1 A.P., that, b, A.P.
. 8 - %;_; a5 % are in prove tha care in
17. If a, b, c, dare in GP, prove thate@” +Db"), (b"+ "), (c" +d") are in GR
18. If aandb are the roots of? — x + p = 0 andc, dare roots ok’ — 1% + q= 0,

wherea, b, ¢, dform a GR. Prove thatq + p) : (Q—p) = 17:15.
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19.

20.

21.

22.
23.
24.

25.

26.

27.

28.

29.

30.

31.

32.

MAHEMATICS

The ratio of theéd.M. and GM. of two positive numbera andb, is m : n Show
thata:b:(m+\/ nt —ﬁ) ( m=/ rh —'?1) .

If a, b, care inA.P; b, c, dare in GP andl,E ,—1are inA.P. prove thag, c, e
. cde

are in G

Find the sum of the following series uprtterms:

(i) 5+ 55 +555 + ... (i) .6 +. 66 +. 666+...

Find the 2@ term of the serie2 x 4 + 4 x 6 + 6 x 8 + ... prterms.

Find the sum of the first terms of the series: 3+ 7 +13 +21 +31 +

If S, S, Sare the sum of firgh natural numbers, their squares ir

cubes, respectivelghow thagsg =S, (1 +89).
Find the sum of the following series Wms: Q

Show that

A farmer buys a used t e pays Rs 6000 cash and agrees to
pay the balanceA nual instalm®gts of Rs 500 plusidnrest on the unpaid
amount. How r@/ill the or cost him?

Shamshadli bu scooter s 22000. He pays Rs 4000 cash and agrees to
pay the balance in ann@talment of Rs 1000 pl4sidterest on the unpaid
amount. How much will th®Scooter cost him?

A person writes a | to four of his friends. He asks each one of them to copy
the letter and I ur different persons with instruction that they move the
chain similggyAsslning that the chain is not broken and that it costs 50 paise to

ind the amount spent on the postage wiegseB of letter is

A m@goosited Rs 10000 in a bank at the rat@wdiBple interest annually

Find N amount in 5year since he deposited the amount and also calculate the
total amount after 20 years.

A manufacturer reckons that the value of a machine, which costs him Rs. 15625,
will depreciate each year by @0 Find the estimated value at the end of 5 years.
150 workers were engaged to finish a job in a certain number of days. 4 workers
dropped out on second daymore workers dropped out on third day and so on.
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It took 8 more days to finish the work. Find the number of days in which the work
was completed.

Summary

(R By asequencewe mean an arrangement of number in definite order according
to some ruleAlso, we define a sequence as a function whose domain is the
set of natural numbers or some subsets of the type {1, 2k]3,A.sequence
containing a finite number of terms is callefinite sequence sequegce is
calledinfinite if it is not a finite sequence. pb

®Leta, a, a, ... be the sequence, then the sum expressad+
is calledseries A series is calledinite seriesif it has got &j er of

terms
®An arithmetic progression (APS eqignce in %ms increase or

decrease regularly by the sa t. Th| nt is caftadon
difference of theA.P. Usually gegtler®te the rm &.P. by a, the
common difference by angfthe term general termor then™

term of theA.P. is given
The sum $of the first of anA enby
@,,z - n—-1dg=— a+|
2@2@ d = 5(a+1).

atb
® Thearithmetic r@ any two numbera andb is given byT i.e., the

sequenc &ds inA.P.

®A se @ said to be geometric pogressionor GP, if the ratio of any
term% preceding term is same throughout. This constant factor is called
the common ratio Usually we denote the first term of aRsby a and its
common ratio by. The general or the" term of GP. is given bya = ar"~*.
The sum Sof the firstn terms of G is given by
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e

S= o a(ll::n),if rii

(® The geometric mean (K.) of any two positive numbeesandb is given by

Jab i.e., the sequenag G bis GP.

Historical Note b

Evidence is found that Babylonians, some 4000 years ago, Qwithmetic and
geometric sequencelccording to Boethiys (510), arith and geometric
sequences were known to early Greek ﬁong thedn athematician,

Aryabhatta (476) was the first to glve la for f squares and cubes
of natural numbers in his f , written around

499. He also gave the formul rms of an arithmetic
sequence starting with™ ter Indla hematicians Brahmgupta
(598), Mahavira (850) and 4— onS|dered the sum of squares
and cubes.Another spe of se avmg important applications in
mathematics, calleﬁlbonac equen cvered by Italian mathematician
Leonardo Fibonac -1250). Seve enth century witnessed the classification
of series into spec s.In ames Gregory used the term infinite series in
connection with infinite seg u - as only through the rigorous development of
algebraic and set theoret that the concepts related to sequence and series

could beformulated sui@



Chapter

V Geometry as a logical system, is a means and even the most powerful
means to make children feel the strength of the human spirit tiegt is
of their own spirit. —H. FREUDENTHALV

10.1 Introduction
We are familiar with two- dimensionabordina&(jmeyr

from earlier classes. Mainlit is a combinati gebra
andgeomety. A systematic study of ge
of algebra was first carried out rated
philosopher and mathematician e artes i
‘La Géométrypublished in 1637@ mtrodu
notion of the equation of d rela nalyt
methods into the study met Itlng
combination of analysis and ometr rred nov
analytical geomeiy. earlier cIa , we initiate
the study of coordin omew%we studled about René Descartes
coordinate axes, coordinat otting of points in a (1596 -1650)
plane, distance between twws, section formulaeAkthese concepts are the
basics of coordinate ge try

Let us have ayi all of coordinate geometry done in earlier cldsses.
recapitulate, the Ioc%of the points (6, — 4) and 3,0)

(3,0) inthe XYpﬂs shown in Fig 10.1. +
We may t the point (6, —4) is at 6 unis .
distance fr, @-ms measured along the positive '
X-axis ar@4 units distance from tkexis '
measured a&ong the negatiy@xis. Similarly the 1 ---=----- $(6,-4)
point (3, 0) is at 3 units distance from th@xis
measured along the positixeaxis and has zero |,
distance from the-axis. Y

We also studied there following important Fig 10.1
formulae:
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| Distance between the points® §,) and Q X,, Y,) is

2
PQ=(x =% )" +(% - ¥
For example, distance between the points (6, — 4) and i, 0)

\/(3- 6)*+ (o+ 4°=/ 9+ 16= Eunits.

Il. The coordinates of a point dividing the line segment joining the painys)(

aamx, + Ny, my2+ny1

and internally in the ratiom: nare ,
€ Y) ¥ E +n m+n 5
For example, the coordinates of the point which divides the Iine@i t joining

5 1
A (1, -3) and B (-3, 9) internallin the ratlo 1: 3 are given wy% =0

1.9+3(3 _
d =
<<~
lIl. In particulayif m=n, the co he mi of the line segment
joining the pointsX, . - 2) ar

I\VV.  Area of the tria@who e vert| Y() s y2) and &, Y, is
1
E| Xl(yz' y3)+ 3 y1)|- @ y2)| .

For examplethe area of the tr , Wwhose vertices are (4, 4), (3, — 2) and ({8, 16)

-5
Zla¢ 2 16y -( K4 ) % 2

Remarklf the ar&oéthe triangBC is zero, then three poinds B and C lie on
aline, i.e th@ ollinear

In thgpy apterve shall continue the study of coordinate geometry to study
propertie%e simplest geometric figurstraight line.Despite its simplicitythe
line is a vital concept of geometry and enters into our daily experiences in numerous
interesting and useful ways. Main focus is on representing the line algebrdarally
which slopeis most essential.

10.2 Slope of a Line
Aline in a coordinate plane forms two angles withtagis, which are supplementary
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The angle (sayg made by the linewith positive
direction ofx-axis and measured anti clockwise
is called theinclination of the line Obviously
0° £ g £180° (Fig 10.2).

We observe that lines parallelxaxis, or
coinciding withx-axis, have inclination of 0°. The
inclination of a vertical line (parallel to or
coinciding withy-axis) is 90°.

Definition 1 If q is the inclination of a line @ d
[, then tang is called theslopeor gradient of

the linel. ¥ Fig 10.2 6
The slope of a line whose inclination is 90° is not @

defined. Q
The slope of a line is denoted foy 6

Thus,m=tanqg,q?! 90°

It may be observed that the slopex: is is not defined.
10.2.1Slope of a line when coot % any ts on the line are given
We know that a line is completgly d mlned e are given two points on it.
Hence, we proceed to find of a
line in terms of the coordin 0 p0|
on the line. & l/’

Let P, y,) & o Y,) be tw Q(x y,)

points on non-vertical ose m%
is g. Obviously x, * x,, othe ine

will become perpendicular wnd its P (x, y) /)0 M
slope will not be defined &Qe inClination of

the linel may be a btuse. Let us

take these two case

Draw perpﬁicﬂglar QR to-axis and 0
PM perpendy o0 RQ as shown_n Z [ >X
Figs. 10.3 & i). 0 R
Case 1Wh¥& angleq is acute: Fig 10.3 (i)
In Fig 10.3 (i),DPMPQ = q. - (1)
Therefore, slope of line=m = tang.
But in DMPQ, we havetan =@ =Yz~ % - (2

MP X, - xl
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From equations (1) and (2), we have Y\
_Yoo ¥ N

m= . Q(xzayz)

X % ™

Case || When angle is obtuse: !
In Fig 10.3 (ii), we have R
PMPQ = 180° —q. ML 180= 0\ P(x,y,)

Therefore, q = 180° -DMPQ. 0

|| X
Now, slope of the liné (0]
Fig 10. 3 (ii)

me tanq @
=tan ( 180° -DMPQ) = — tan DMPQ Q
.
:_@:- Y2'y1_y2'y1$ \\6

MP X- X% %2
Consequentlywe see that in bot ages the s line through the points

(x, y,) and &, y,) is given t&
10.2.2 Conditions fq m llelism and pendlcularlty of lines in terms of their
slopesin a coordinak\pighe, supﬁ that non-verticeb | andl, have slopesn
and m, respectivelyLet their (Jncl sbaand vy
b, respectively A
If the line | is parallel tﬁig 0.4), then their ™
inclinations are eunﬂ’I

ce, taa = tanb ‘\

Therefore m _z M\ je., their slopes are equal.

Convers lope of two linek andl,

iS same,

m =m.
L =M, Fig 10. 4
Then tana = tanb.

By the property of tangent function (between 0° and 1209b.
Therefore, the lines are parallel.
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Hence, two non vécal lines | and | are parallel if and only if their slopes
are equal.

If the lines |, and |, are perpendicular (Fig 10.5), therb =a + 90°.
Therefore,tan b = tan @ + 90°) v

1 /

\
=-cota=-— — \}
_ 1
ie., m=-""-°~0o mm =-1
m y o
Converselyifm m, = -1, i.e., tam tanb = - 1. 70

Then tana = — cotb = tan p + 90°) or tanly — 90°)

II
X
ri 1)
Therefore, a andb differ by 90°. %
Thus, lined, andl, are perpendicular to ea@jr . %
Hence,two non-vetical lines ae p% lar to‘& er if and only if

n
their slopes a& negative eciprocals gf the

ie m= - Lo mm,f~1 0
e, o o .
Let us consider the f@ examp@Q

Example 1Find the of the lines: &
(a) Passing t)@ the p 3,—2)and (-1, 4),
(b) Passing through n (3, —2)and (7, - 2),
(c) Passing throug the Points (3, — 2) and (3, 4),

(d) Making inQj of 60%with the positive direction of-axis.

Solution (a) Tl@pe of the line through (3, - 2) and (- 1, 4) is
Q" s¢a.6_3

-3 - 4 2
(b) The slope of the line through the points{2) and (7~ 2) is

m:——Z—(—Z):_O: 0
7-3 4

(c) The slope of the line through the points (3, — 2) and (& 4)
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m=22C2) 2 ich is not defined
3-3 0’ '
(d) Here inclination of the lina = 60°. Therefore, slope of the line is
m = tan 60° =/3.

10.2.3Angle between two line&hen we think about more than one line in a plane,
then we find that these lines are either intersecting or parallel. Here we will discuss the

angle between two lines in terms of their slopes.

Let L, and L, be two non-vertical lines with slopeg andm,, respectiv@al
anda, are the inclinations of lines, land L,, respectivelyThen @

m, =tan ; andm, = tan ,.

We know that when two lines intersg€t each qtk@ey@wc pairs of
vertically opposite angles such that su anyNwo ady\NF glesis éB8pand
f be the adjacent angles between ' I7(. hen

g=a,- @ , 907
ngy, - tara m
Therefore tam =tan @, — 2 asl+mm? 0
" €,  tana, @ ¥ mm, ( im,* 0)
and f =180° —qso't &k
_ _ _Mm-m
tanf = tan (18 =-—ta rrk,asl+mlmzl 0

L,

L,

©

v \/

Now, there arise two cases:

Fig 10. 6
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m—m i . i : .
Case | If 1+ mm, Is positive, then tag will be positive and tah will be negative,

which meang) will be acute and will be obtuse.
m—m.
1+ mm,
which means thai will be obtuse andl will be acute.

Thus, the acute angle (sgy between lines Land L, with slopesm, Endmz,

respectivelyis given by
,as H+mm,t C @
1+mm,

The obtuse angle (sdy can be found by us;j =180’—q.’ Q

1
Example 2 If the angle between twolQ%d sIer g:&\f the Iines?, find

the slope of the other line.

Caselll If is negative, then taqwill be negative and tanwill be positive,

my- m

tan

Solution We know that the a etwe nes with slopes andm,
is given by tan = % .. (1)
Letmlzé,mzzma =—.

Now, putting these values i&e get

1
m- = m =
@—Z 12 or 1= s
4 1+=m 1+-m
O 2
Q 1 1
m- = m =
which gives 2-=1 or 2o=-1
9 1+ m 1+= m

Therefore m= 3 or mz-%
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Hence, slope of the other line is

1
3or- 3 Fig 10.7 explains the , .;=_1

\

V- 0) J 3 gx
Fig 10. 7 @

Example 3Line through the points (-2, 6) ang (4, 8) is perper@r to the line
through the points (8, 12) anxi 4). Find th lue of

reason of two answers.

.

Solution Slope of the line through the %&2,6 \\) is
4- (- 2) 3 0

Slope of the line through t \ ,12) is
_24- 12N 12

M 8 x 8 K
Since two lines are dicular@
m, m, = -1, which gives Q

1’ ﬁ— orx = 4_

O
10.2.4 Collinearity o&ee poins We

know that slopeS¥{ tyvo parallel lines are
equal. If two | aving the same slope
pass thro{%hm common point, then two
lines will cocide. Hence, ik, B and C
are three points in the XMane, then they. >X
will lie on a line, i.e., three points are A

collinear (Fig 10.8) if and only if slope of ‘Z
AB = slope of BC. Fig 10. 8

7z

Slope of AB = slope of BC
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Example 4Three points Ph, K, Q ,, y,) and R K, y,) lie on a line. Show that

hex) (v, —Y) =k=y) (X —X).

Solution Since points RQ and R are collineawe have

or

or

Example 51In Fig 10.9, time and
distance graph of a linear motion is given. ~
Two positions of time and distance are <
recorded as, when T =0, D=2 and when

T =3, D=8. Using the concept of slope,
find law of motion, i.e., how dlsta e
depends upon time.

Solution Let (T, D) be any p

line, where Ddenotes the di tt|

T. Therefore, points (0, 2), ) and

(T, D) are collinear t K
8-2_D W

or

- k — yz' y1
Slope of PQ = Slope of QR, %(1_’ -
k- Yi_ Yo W
h-x % %’

(h=x) (4, -y, = K=y) (% —x). b
Y

Time (T)
Fig 10.9

or 3(D 8)
3-0 T- 3
D =2(T + 1), \6

which is the requwed reI

e

|EXERCISE 10.1]

Draw a eral in the Cartesian plane, whose vertices are (— 4, 5), (0, 7),
— 4, —2MlIso, find its area.

The f an equilateral triangle with siddi@s along thg-axis such that the
mid-p of the base is at the origin. Find vertices of the triangle.

Find the distance between®, ) and Q ,, y,) when : (i) PQ is parallel to the
y-axis, (ii) PQ is parallel to theaxis.

Find a point on th&-axis, which is equidistant from the points (7, 6) and (3, 4).
Find the slope of a line, which passes through the origin, and the mid-point of the
line segment joining the points P {84) and B (8, 0).
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6. Without using the Pythagoras theorem, show that the points (4, 4), (3, 5) and
(-1,-1) are the vertices of a right angled triangle.
7. Find the slope of the line, which makes an angle of&@ the positive direction
of y-axis measured anticlockwise.
8. Find the value ok for which the pointsx, —1), (21) and (4, 5) are collinear
9. Without using distance formula, show that poirt&, 1), (4, 0), (3, 3) and-8, 2
are the vertices of a parallelogram.
10. Find the angle between thexis and the line joining the points{3) and (4+2).
11. The slope of a line is double of the slope of another line. If tangent of the angle

1
between them i§, find the slopes of the lines. b
12. Aline passes througtx y,) and 6, K. If slope of the line i, that

14. Consider the following populati ear gra 10), find the slope of the
line AB and using it, find wh he po;@ n the year 20107

:©$ B@Q

(1995, 97)

k—y=m(h-x) Q
13. If three pointsif, 0), @, b and (Q k)Q\&“”e SI\'\%+_ =1L

> <

o
BN |

o
[\

Population in Crores

/,k;w
S/ I
Q 1985 1990 1995 2000 2005 2010

Years

Fig 10.10

10.3 Various Formsof the Equation of a Line

We know that every line in a plane contains infinitely many points ©hig relationship
between line and points leads us to find the solution of the following problem:
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How can we say that a given point lies on the given line? Its answer may be that
for a given line we should have a definite condition on the points lying on the line.
Suppose R, y) is an arbitrary point in the Xlane and Lis the given line. For the
equation of L, we wish to constructstatemenbr condition for the point P that is
true, when P is on L, otherwise false. Of course the statement is merely an algebraic
equation involving the variablesandy. Now, we will discuss the equation of a line
under different conditions.

10.3.1Horizontal and vertical linedf a horizontal line L is at a distanedrom the
x-axis then ordinate of every point lying on the line is either —a [Fig 10.11 (a)}
Therefore, equation of the line L is eitlyer aory = —a. Choice of sign wilgepend
upon the position of the line according as the line is above or belgvaiie rly
the equation of a vertical line at a distadcé&om they-axis is eit =D or

= —b [Fig 10.1(b)].
A

X & L 9®L
QN I
f AR
a:

N U 2. N\ SRR >
X' € 5 X X@Q 5 >X

a: &
: a
<«
v v
v A\ 4
Y’ Fig 10.1

N

) vy
Example 6 Fin ations of the lines A 0N
parallel to Kand passing through -
(=2,3). -2,3) y=3 "~
Solution l@)n of the lines is shown in the
Fig 10.12. ®™hey-coordinate of every point on
the line parallel ta-axis is 3, therefore, equatiog,< >X
of the line parallel w-axis and passing through v o
(— 2, 3) isy = 3. Similarly equation of the line ;{’

parallel toy-axis and passing through (- 2, 3)
iSX=—2. Fig 10.12
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10.3.2 Point-slope form Suppose that Y
P, (X, ¥,) is a fixed point on a non-vertical
line L, whose slope is. Let P(x, y) be an L
arbitrary point on L (Fig 10.13).
Then, by the definition, the slope of L is P (x, y)
given by

m= Y- yO, Le., y-y,= m(X- XO) Py(xp 30) Slope m

X- X,
Q) hd
Since the point A, y,) along with 0 X
all points &, y) on L satisfies (1) ando Fig 10.13 @

other point in the plane satisfies (1). Equation
(1) is indeed the equation for the given line

* %Q
Thus,the point &, y) lies on the line thro h%a ed poini(, y,),

if and only if, its coordinates satisfy th N '\

@ N

Example 7Find the equation of ghe li rough @) with slope — 4.

Solution Herem=—4 and g ) 3).

By slope-intercept form form

(1) above, equation given \

lineis L
y—-3=-4¢K ) or

4x +y + 5 = 0,which is th P, (x5 )
required equation. P, )

10.3.3Two-point for ™
line L passes through given Q&
points P (x, y,) P (X, Y,).

LetP &, y) b eral point=> ) >X

on L (Fig
The three pNints PP,and P are Fig 10.14

172
collinear, therefore, we have

slope of PP = slope of P,
y- y1 yz yl _ y§ yl( - )

e, — or y-y-=
X- X1 Xo- Xl X>
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Thus, equation of the line passing through the pointy,j and &, y,) is given by

y- yfu(X- X)) . (2
X2~ X1

Example 8Write the equation of the line through the points (1, —1) and (3, 5).

Solution Herex, = 1,y, = - 1,X, = 3 andy, = 5. Using two-point form (2) above
for the equation of the line, we have

_5-(-)
y-(-3 =22 (x-3
or >3+y + 4 =0, which is the required equation.

10.3.4Slope-intercept forrSometimes a line is known to us wit pe and an
intercept on one of the ax&¥e will now find equations of such
r& m

e
Case |Suppose a line L with slopa cuts t Xis at a dis@

(Fig10.15). The distanceis called they
intercept of the line L. Obvio
coordinates of the point where the li

OP

they-axis are (0¢). Thus, L ha sI

and passes through a fixe
Therefore, by point-slope f equatl Qev\‘
of Lis @ N

the origin

N

y- = m(x 0 ¥ mx ) >X
Thus, the pointx y) line wi
m andy-interceptc lies on t% nd Fig 10.15
only if

y = mx +C ..(3)
Note that the value %@positive or negativaccording ashe intercept is made
on the positive or neg side of thaxis, respectively

Case |l SupposeNae, L with slopm makesx-interceptd. Then equation of L is

y m(x@ (@)
Students@ ive this equation themselves by the same method as in Case I.

1
Example 9 Write the equation of the lines for which tgn= o whereq is the

3
inclination of the line and (ij-intercept iS_E (ii) x-intercept is 4.
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3
Solution (i) Here, slope of the line m=tanq = Eandy- interceptc = — 5

Therefore, by slope-intercept form (3) above, the equation of the line is
1 3
=—X-—or2y-x+3=0
y 2 2 y )

which is the required equation.
(i) Here, we haven =tanq = Eandd =4.
Therefore, by slope-intercept form (4) above, the equation of the line |6

y——(x 4)or2y X+4=0,
X

which is the required equation. .

10.3.5Intercept - formSuppose a line %‘snter e X} interceptb on the
axes. Obviously L meetsaxis at th

(a, 0) andy-axis at the point (@) (|:

By two-point form of the equa I|ne
we have
: ¥ - bx a&

+

-0
-0=——(x & ay -
T (P
1

ie.,

o | %
T <

v (a,0) > x

ok------- a -------- 3»\ i
Thus, equation of th@king intercepts _
; . . Fig 10.16
a andb on x-andy-axis, pectivelyis
X
=1 ... (5)

Exampleﬁqd the equation of the line, which makes intercepts —3 and 2 on the
X- andy-axes resgctively

Solution Herea = =3 andb = 2. By intercept form (5) above, equation of the line is

X, Y
—+==1 or ZX-3y+ 6= C,
-3 2 »
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10.3.6Normal form Suppose a non-vertical line is known to us with following data:

() Lengthof the perpendicular (normal) from origin to the line.

(i)  Angle which normal makes with the positive directiox-@iis.

Let L be the line, whose perpendicular distance from origin O be Pdnd the
angle between the positixeaxis and OAebD XOA =w. The possible positions of line
L in the Cartesian plane are shown in the Fig 10.17.,ldanpurpose is to find slope
of L and a point on it. Draywerp@dicularAM on thex-axis in each case.

(iii) O Fig 10.17 (iv)
In each case, we haMreosw and MA= p sinw, so that the coordinates of the

pointA are p COINP.SinW).
Further | is perpendicular to OATherefore
1 1 cos

slope of OA tan sin

The sMype of the line L =

Thus, the line Lhas slope- cos and poimA(pcos , psin )on it. Therefore, by

sin
point-slope form, the equation of the line L is
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: cos
y- psin =-
sin

or X COSW +y sinw = .

X 0S or Xxcos+ in =
(x peos ) 6

ffsin®+ co¢ )

Hence the equation of the line having normal distapéem the origin and angle/
which the normal makes with the positive directiom-akisis given by

X COSW +y sinw=p

.. (6)

Example 11 Find the equation of the line whose perpendicular distance from the
origin is 4 units and the angle which the normal makes with positive directieamas

is 15°.

N

Solution Here, we are givep = 4 and
w =15 (Fig10.18).

Now cos 15° —V3+1
2\/5
(o]
and sin 15° = 2\/5

(WC%

P

4
15'

By the normal form (6) a e equ hé)
lineis

>X
Fig 10.18 \l

xcos15°+ysin15’:@2\/E %y 4 or (\f3+ )1x+(f3 )1y- 8

This is the required equation®

Example 12The Fahre m( emperature F and absolute temperature K satisfy a

linear equation. Giv
Express K in terms o

Solution Assu

and (22, 3
-273=§Z§;EZ§(F-33 or K-
212- 32
5
or K =§(F - 32)+ 273

which is the required relation.

273 when F = 32 and that K = 373 when F = 212.
d find the value pfWhen K= 0.

along-axis and K along-axis, we have two points (32, 273)
Y-plane. By two-point form, the point,(K) satisfies the equation

100
278 —(F
3 180( 3

. (1)
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When K = 0, Equation (1) gives

:g(F- 32+ 273 or F 32- 27§ 2. 4914 or F= 45¢,

Alternate methodMe know that simplest form of the equation of a ling #Ismx+ c.
Again assuming F alongaxisand Kalong y-axis we can take equation in the form

K=mF +c - (1)
Equation (1) is satisfied by (32, 273) and (212, 373). Therefore

273=3M+cC - (2)
and 373=21M+c .. (3
Solving (2) and (3), we get @

9 de = 2297
m= 9an c= 9 - . Q
Putting the values ah andc in (1), we ge 6
(4)

which is the required relation.

« =5, 2297 \\

9 9

FANERS \We know that

m andc. For finding these
equation of line. In examples ab
the equation of the

tiop= m ntains two constants, namely
consta& need two conditions satisfied by the

we are given two conditions to determine

ook~ W N

%RCISE 10.2

In Exercises 1 to 8, K‘@quaﬂon of the line which satisfy the given conditions:
1. at

Write the equ or theandy-axes.

1
Passing@; the point (- 4, 3) with slope
Pass&pgWrough (0, 0) with slope
Passing througlﬁg 2\/§)and inclined with the-axis at an angle of 75

Intersecting the-axis at a distance of 3 units to the left of origin with slope -2.
Intersecting the-axis at a distance of 2 units above the origin and making an
angle of 30with positive direction of the-axis.

Passing through the points (-1, 1) and (2, — 4).
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8. Perpendicular distance from the origin is 5 units and the angle made by the
perpendicular with the positiveaxis is 30.
9. The vertices oD PQR are P (2, 1), Q (-2, 3) and R (4, 5). Find equation of the
median through the vertex R.
10. Find the equation of the line passing through (-3, 5) and perpendicular to the line
through the points (2, 5) and (-3, 6).
11. Aline perpendicular to the line segment joining the points (1, 0) and (2, 3) divides
it in the ratio 1n. Find the equation of the line.
12. Find the equation of a line that cuts off equal intercepts on the coordinate axes

and passes through the point (2, 3).
13. Find equation of the line passing through the point (2, 2) and cuttin yntercepts

on the axes whose sum is 9.

14. Find equation of the line through the pgint (0, 2) maki levith the
.
positivex-axis.Also, find the equati%i&:parall&& crossing/thgis
at a distance of 2 units below t '
15. The perpendicular from the o% line m @t the point (-2, 9), find the
equation of the line.
16. The length L (in centim% copp a linear function of its Celsius

temperature C. In a ent, if .942 when C =20 and L= 125.134
when C = 10, express INterms of

17. The owner of tore finds thag he can sell 980 litres of milk each week at
Rs 14/litre and litres ojfplk each week at Rs 16/likgsuming a linear
relationship between geljj e and demand, how many litres could he sell
weekly at Rs 17/litre?

18. P (@ b)isthe mid-p@ t of
X
of the line is— T°\Z

line segment between axes. Show that equation

» .
19. Point R( wides a line segment between the axes in the ratio 1: 2. Find
equatio e line.

20. By uwgindNthe concept of equation of a line, prove that the three points (3, 0),
(- 2,-*2) and (8, 2) are collinear

10.4General Equation of a Line

In earlier classes, we have studied general equation of first degree in two variables,
Ax + By + C= 0, whereA, B and C are real constants such thand B are not zero
simultaneouslyGraph of the equatioAx + By + C = 0 is always a straight line.
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Therefore, any equation of the fox + By + C = 0, whereA and B are not zero
simultaneously is calledeneral linear equatiomr general equation of a line

10.4.1Different forms ofAx + By + C =0 The general equation of a line can be
reduced into various forms of the equation of a line, by the following procedures:

(a) Slope-intercept formf B 0, thenAx + By + C = 0 can be written as

—-éx-goryt mx 1
5X B - (1)

here m—-éand C=-E
w B 5 -

We know that Equation (1) is the slope-intercept form of the of a line
A . . C
whose slope is B andy-intercept is- B & Q
X2

If B=0,thenx=-— WhICh is Qﬂ line w \)pe is undefined and
eentic. C Q/ 0

-intercept is- —

X-i pti A

(b) Intercept form If C 1 0 + By @ can be written as

X, y_
—_ or —+-==
E @ a . (2)
A ‘Qc
where a=-— == —

A B’
We know that equ&g ) is intercept form of the equation of a line whose

C
x-intercept is- %y—intercept is” —.

B
If C \ NAX + By + C = 0 can be written a8x + By = 0, which is a line
passing thiugh the origin and, therefore, has zero intercepts on the axes.

(c) Normal form Letxcosw +y dnw =p be the normal form of the line represented
by the equatiox + By + C = 0 orAx + By = — C. Thus, both the equations are

A _ B _C
cos  sin p

same and therefore,



222 MATHEMATICS

o __Ap __Bp
cos = and sin =- —
which gives C c-
inZ + = _p _p =1
Now sin® + cog ( c ) ( c )
c’ C
or p2: or p =+

A’+B? JAZ+B?

A . B
Therefore C0S =+t———andsin =+t———
VA% +B? JA?+B? b
Thus, the normal form of the equatidr + By +C=0is Q@

X COSW +Yy dnw =p,

where c0S =+——— nd p
[A + B 2+B 2
Proper choice of signs is made db
Example 13 Equation of a li +1 |nd its (i) slope, (ix - and
y-intercepts. @

Solution(i) Given e tion an be written as

5
= . (1)
@ :
Comparing (1) Wltl’y we have slope of the given lineras Z
(i) Equat| 4y + 10 = 0 can be written as
X, X . (2
3x&010 or —Lo+ 5 1 (2)
Q 3 2
y 10
Comparing (2) with— +B_1 we havex-intercept asa = - — and

y-intercept ad = g
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Example 14Reduce the equati0d§x+ y - 8 = 0into normal form. Find the values
of p andw.

Solution Given equation is

Jax+y-820 -
Dividing (1) by ,/(\@)2+(1)2 =2, we get
§x+—;y:4 or cos30x+ sin30y= (Zb

Examplel5Find the angle between the lin Jéx- 5=0a @
.

Solution Given lines are \\
y- +/3x- 5=00 —%x+5 0 ,
1
and J3y- x+ :@y—ﬁ@ .. (2)
% -
Slope of line (1) iml@jnd lope olﬁa g, = Nk

The acute angle (sa is gi

o
+
o O m, m,

Putting the valu@la dm, in (3), we get
1

O 1o
3

Q tan = :‘ 1-3 ‘:_1
1+\/§’ i 2\/?3 \/?3
J3

which givesg = 3C. Hence, angle between two lines is eithém8d80°— 30 = 150.

Comparing (2) withk cosw +y sinw =p, we gefp = 4 andw = 30° @
¥ x+ 6= 0.
- (D)

Example 16Show that two lineax + by +c =0 andax + by +c, =0,
wherebl, b2 10 are;
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(i) Parallel if & = 2, and (i) Perpendicular isaz - bib, = 0.

1 2

Solution Given lines can be written as

y=-—X-— . (1
bh b @)
a C2
d =-—X-— . (2
an b: b B
Slopes of the lines (1) and (2) are= - = and m, = - % , respectiv

bl b2
(i) Lines are parallel, ifn, = m,, Whlch& Q
o
é = - g Or‘ é a.2
b b, b b

(i) Lines are perpendicu

ii:-lor
b b, %

Example 17Find th tion of a line pendicular to the ke2y- 3=0 and
passing through the a,- 2)

Solution Given linex- 2y - @:an be written as
<O a
1

Slope of the Ii&ﬁy — . Therefore, slope of the line perpendicular to line (1) is

Equation of the line with slope — 2 and passing through the point (1, — 2) is
y-(- 2F- 2x 1) or y= 2

which is the required equation.
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10.5Distance of a PointFrom a Line

The distance of a point from a line is the length of the perpendicular drawn from the
point to the line. Let L Ax + By + C= 0 be a line, whose distané®m the point

P (x, y,) isd. Draw a perpendicular PM from the point P to the line L (Fig10.19). If

Y

N
L:Ax+By+C=0

-
-
-

-
- -
-~ -
-

0

tlverThen coordinates

the line meets thre-andy-axes at q{
of the points are g A QAS the area of the triangle PQR
is given by
2 area (PQR
area(DPQR)%@P, whic@cesp'\" = (POR) (D)

OR
4 &= 5?%1 Q‘

By EA Q%B

1
Also, area( PQR)==

@06

or 2ar&QQR) ‘—‘ | A+ By, + @, anc
cd(c ‘lc Vs
=,[c0+—=+| = - 0] =|+5| VA*+B?
\/8 Ab (B ) AB‘

Substituting the values of ardaRQR) and QR in (1), we get
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_| Ax+By,+C|
_| Ax+By,+C|

or = ’—A2+BZ
Thus, the perpendicular distanci ¢f a lineAx + By+ C = 0 from a pointX,, y,)
is given by

_| Axi+By, +C|

10.5.1 Distance between two
parallel lines We know that slopes
of two parallel lines are equal.
Therefore, two parallel lines can be

taken in the form
y =mx+c, QJ%
and y=mx+c,
Line (1) will interseck-axis a@imx’ o
& C, ( m
A g' m’ OEas sho@iglo.zo.@ Fig10.20

Distance between twdr@qual to the length of the perpendicular from point
ta

Ato line (2). Therefore nd®etweerthe lines (1) and (2) is
8 mz or d—| G- G |

1+m N 1+mz'

Thus,the @cd between two parallel lineg = mx+ ¢and y = mx+ Gis given by
4=l GG |

N 1+m?

If lines are given in general form, i.eAx + By + C = 0 andAx + By + C, = 0,



STRAIGHT LINES 227

_| C-G |
then above formula will take the forrﬂ - /7A2+Bz

Students can derive it themselves.
Example 18Find the distance of the point (3, — 5) from the line-3y —26 = 0.

Solution Givenlineis 3x—4y-26=0 . @

Comparing (1) with general equation of lidkg + By + C = 0, we get
A=3,B=—4and C=-26.

Given pointisX,, y,) = (3, —5). The distance of the given point from give&a is

o | Ax+By ¥ _[33+(-4(-9-2%_3 @
J AZ+B? J3 (-4 5\<;\

Example 19Find the distance between th&llel linese and

33X — < EE \
Solution HereA=3,B=-4,C=7 .Therhe required distance is

1. Reduce the foll g equati@‘uto slope - intercept form and find their slopes
and the y - intercepts.

() x+7y=0, (i) N+ 3y—5=0, (i) y =0.

2. Reduce the followi uations into intercept form and find their intercepts on

the axes.

(i 3x+ 12 0, (i) 4x— 3y =6, (i) 3y+2=0.
3. Reducethg ing equations into normal form. Find their perpendicular distances

y+8=0, (i) y—-2=0, (i) x-y=4.
distance of the point (-1, 1) from the linex#26) = 5¢ — 2).

5. Find the points on theaxis, whose distances from the Ié&_z =lare 4 units.

4. Find th

6. Find the distance between parallel lines
() 1x+8y—34=0and 15+ 8 +31=0 (i) I(x+y)+p=0and (x+y) —r =0.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

MATHEMATICS

Find equation of the line parallel to the liBe- 4y+ 2= 0 and passing through
the point (-2, 3).

Find equation of the line perpendicular to the lkne A + 5 = 0 and having
X intercept 3.

Find angles between the ling8x + y = landx+ /3y = 1.
The lire through the point$(3) and (4, 1) intersects the lire- 9y- 1¢ O

at right angle. Find the value lof
Prove that the line through the poixt ¢,) and parallel to the lingx + By + C Ois

Ax—x)+B(y-y)=0
Two lines passing through the point (2 3) intersects each other at gle of 60
If slope of one line is 2, find equation of the other line. @

Find the equation of the right blsector of the line segmen e points (3, 4)

and (1, 2).

Find the coordinates of the foot g |cular\% peint3) to the
line & — 4y — 16 = 0. Q’T

The perpendicular from the cmeets it at the point
(-1, 2). Find the values cmhqnd )

If p andq are the le f per ulars from the origin to the
linesxcos - ysin = andx cosecq k, respectivelyprove

that p? + 4g? = K2
Inthe triangle‘\@w vertic
and length of al ro

If pis the length of per@r from the origin to the line whose intercepts on
1

the axes ara a@n show that_ b

S B (4-1) and C (1, 2), find the equation

Q Miscellaneous Examples
Exampl e lines 2x+y-3=0, 5« ky & C and 3x- y- Z Oare

concurrent; d the value &f

Solution Three lines are said to be concurrent, if they pass through a common point,
i.e., point of intersection of any two lines lies on the third line. Here given lines are

2+y—-3=0 . (1)
5« +ky-3=0 - (2)



STRAIGHT LINES 229

X-y-2=0 - (3
Solving (1) and (3) by cross-multiplication method, we get
X y or x=1,y =1

—2-3 —9+4 -—2-3
Therefore, the point of intersection of two lines is (1, 1). Since above three lines are
concurrent, the point (1, 1) will satisfy equation (2) so that

51+k.1-3=00k=-2.

Example 21 Find the distance of the linx4 y =0 from the point #4, 1) mgasured
along the line making an angle of 13&ith the positivex-axis.

Solution Given line is & —y =0 y @

In order to find the distance of the Q
.
R

line (1) from the point P (4, 1) along
another line, we have to find the point
of intersection of both the lines. For
this purpose, we will first find the

equation of the second |j

(Fig 10.21). Slope of second Iil‘le IS )
tan 138 = —1. Equation of theN]

with slope — 1 through Nt
P@4,1)is

Q Fig 10.21

y_lz_l((— +y—5:0 (2)

Sdving (1) and (2), =1 andy = 4 so that point of intersection of the two lines
is Q (1,4). Now, &gtance of line (1) from the point(®, 1) along the line (2)
O = the distance between the points P (4, 1) and Q (1, 4).

Q =@ &% (4 D% 3/2 units

Example 22Assuming that straight lines work as the plane mirror for a point, find
the image of the point (1, 2) in the lire-3y + 4 = 0.

Solution Let Q (, k) is the image of the point P (1, 2) in the line
X—3+4=0 - (1)
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> =

«

XV o) >X b

v
Y' Fig10.22 @

Therefore, the line (1) is the perpendicular bigector of line seOgeMyPQ (Fig 10.22).

N
$°

-1
Hence Slope of line PQ = “Slope of

in
or 3h+k Q

k-2

sothat k-2 _-1 . (2)
h-1 1
: %
adﬂ+1

and the mid-point of. pomt (}— WI|| satisfy the equation (1) so that

h” aéQ@A_Oolrh K =-3 (3
Solving (2) and (3), _E andk = E
H he, f the point (1, 2) in the line (s~

ence, the of the point (1, )mteme(]ggs 5%

Example 23%how that the area of the triangle formed by the lines

(=)
2lm- my

y=mx+c,y=mx+c,andx=01Is
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Solution Given lines are Y
y=m,x+tc, A
y=mx+c, . (1)
y=mX+c, . (2) ‘} ©, ¢, y=mx+c,
x=0 .. (3)

We know that lingy = mx + cmeets
the linex = 0 (y-axis) at the point
(O, ¢). Therefore, two vertices of the
triangle formed by lines (1) to (3) are

P (0,c,) and Q (0c,) (Fig 10. 23). PY0. c)
Third vertex can be obtained by /
solving equations (1) and (2). Solving / o X
(1) and (2), we get

(%6 nay- rncz nzq) Flgloz \Q

(m- m)

mg
Therefore, third vertex of the tri I m - %&%

Now, the area of the trian
2
Sl ame-me Ay o ¢ Cz&, £ s mp%d(cfcl)
eml-mz@n} I P

X=

2

Y

Example 24 A line is su segment
between the lines
5x—y+4 =0and 8+ 4y g O is bisected at the (B
point (1, 5). Obtain i%’ n.
Solution Given ljpgs ar
5x—y+4=0 % . (1)
3X + dy — . (2) (M%'m”
Letther ine intersects the lines (1) and (2)
at the poine, g, b,) and @,, b,), respectively L | (0 By
(Fig10.24). Therefore , /
5al - bl +4=0and ()_(%,0) o .0 X
3a,+4b,-4=0 ’
Sx-y+4=0 Y 3x+4y-4=0

Fig 10.24
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4_3 2
4

We are given that the mid point of the segment of the required line betageén) (
and @,, b,) is (1, 5). Therefore

or b=5%5+4and ,=

2% 227 and
2

or .+ =2 and 4 =5 b
2
or a,+a,=2and2@,-3a,=20 e@)

Solving equations in (3) fa, anda,, we get Q
.
26
=75 and 2——an hce, $=5.— X
23
Equation of the requwed line pas %Jgh (1@ .
-5
(X- 1)
23
or 107x 92=0

which is the equation of req@ne

Example 25Show that t ath’of a moving point such that its distances from two
lines X— 2 =5 and 5 are equal is a straight line.

Solution Given I sar
@ - (D)
and =5 ... (2)
Let(, K i@point, whose distances from the lines (1) and (2) are equal. Therefore
[3n- 2k- 5 _[3h+2k- 5
Jo+a  Jo+4

which gives B—2k-5=h+2&k-50r— (B—X-5) =+ %k-5.

or[3h- 2k- § =[3h+2k- 5
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5
Solving these two relations we det 0 orh = . Thus, the pointl, k) satisfies the

3

5
equationsy = 0 orx = —, which represent straight lines. Hence, path of the point

3

equidistant from the lines (1) and (2) is a straight line.

10.

11.

12.

. Find the equations of the lines, Q‘&M-oﬁ int
and product are 1 and — 6, re@ y %

Miscellaneous Exercise on Chapter 10

Find the values df for which the lineK-3) x— (4 —-k3) y + k2 =7k + Ois
(a) Parallel to thec-axis,

(b) Parallel to the-axis, @
(c) Passing through the origin.
Find the values ofj andp, if the equati%q +ysing = p%ﬁeormal form

of the line J3x+y + 2 = 0. ¢
\%on the axes whose sum

4 units.

Find perpendicular distan®e from tl{%&e line joining the point&og, sinQ)
and (cod, sinfj

Find the equat the Iin@allelycaxis and drawn through the point of
intersection of the line =0and8+y=0.

X
What are the points o t@whose& from the Iin§+% =1lis

X
Find the equation q;e drawn perpendicular to theﬂ”b% =1through the

point, where it axis.
Find the ar%‘ofgthe triangle formed by the lipesx =0,x + y =0 andx — k =0.

. Find the@ p so that the three linex3y—-2=0, px+2y-3=0 and
2X — may intersect at one point.

If thnﬁes whose equations gre mx + C,y =mx+ ¢, andy =mx+ ¢, are
concurrent, then show than(c,— ¢,) + m,(c,—¢) +m, (c, —¢) = 0.

Find the equation of the lines through the point (3, 2) which make an angke of 45
with the linex — 2y = 3.

Find the equation of the line passing through the point of intersection of the lines
4x+ 7y—3 =0and - 3y + 1 = 0 that has equal intercepts on the axes.
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13.

14.
15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

MATHEMATICS

Show that the equation of the line passing through the origin and making an angle

_ .y _ mttan
: ineY=mMx+ cis+ = ——=
g with the line ¥ X  lmmtan

In what ratio, the line joining{l, 1) and (5, 7) is divided by the ling-y = 4?
Find the distance of the linex4 7y + 5 = 0 from the point (1, 2) along the line
2x—-y =0.

Find the direction in which a straight line must be drawn through the pairiz)
so that its point of intersection with the lire- y = 4 may be at a distance of

3 units from this point.

The hypotenuse of a right angled triangle has its ends at the p@(l, 3) and
(=4, 1). Find an equation of the legs (perpendicular sides) of gle.

Find the image of the point (3, 8) with respect to thexifndy = 7 @ming the

line to be a plane mirror

If the linesy = X +1 and ¥ =x+ 3 are eq@Qlly mclmedgo i mx+ 4, find

the value om.

If sum of the perpendicular dist %ﬁ vagia B rom the lines
xty-5=0and 8-2y+7 = 0 10. Sh thustmoveonaIme
Find equation of the line w |d|sta t arallel lines & —-7=0

and X+ 2y +6=0.

Aray of light passing t pomt flects onfnds at poinA and the
reflected ray passes th the p Flnd the coordin&es of

Prove that the ct of'the Ien the perpendiculars drawn from the

pOints( a’ - b’ d -\/@D to the Imeacos +%Sin =1is b®.

A person standing at the tion (crossing) of two straight paths represented by
the equations@— 3y, =0 and 8+ 4y — 5 = 0 wants to reach the path whose
equation is 8 0 in the least time. Find equation of the path that he
should follow

9 Summary
®Slo a non-vertical line passing through the po(®fsy,) and &, y,)

is given bym= You Y1 ¥i yz, X, 1 Xo.
Xo= X X X%

® If a line makesan angle a with the positive directionxedxis, then the slope

of the line is given byn=tana, a * 90°.

(R)Slope of horizontal line is zero and slope of vertical line is undefined.
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(® An acute angle (sag) between lines Land L, with slopesm andm,is

M —m
1+m m,
® Two lines aregarallel if and only if their slopes are equal.

® Two lines argerpendicularif and only if product of their slopes is —1.

([® Three pointé\, B and C are collineaif and only if slope oAB = slope of BC.
(R Equation of the horizontal line having distarecérom thex-axis is either

y=aory=-a.
(R Equation of the vertical line having distanledrom they-axis is a her

given by tan = A+mmt 0

X=borx=-h.
(R The pointk, y) lies on the line with slop@and through the fixed pgt |
if and only if its coordinates satisfy the equatiypnr- y&

(R) Equation of the line passing throughtrr&)m},sﬁ) and &
y- y,= 22 B (x- ). (9

X, - X; Q\
(R The point, y) on the line with % -inte es on the line if and

only ify=mx+c.

®If a line with slopem ercep equatlon of the linis
y=m(x-d).

(®Equation of a line m&ing m(@p db on thex-and y-axis,
respectivelyis @

xo)
iven by

(R) The equation of the I|ne normal distance from opgind angle between
normal and the posifj |s given byxcos - ysin =p.

(®Any equation rm\x + By + C = 0, with A and B are not zero,
S|multaneouslyl ed thegeneral linear equatiolr general equation of
a line.

®The per | ar distance) ©f a lineAx + By+ C = 0 from a pointX,, y,)

is g|®y d= | Ax1+By1+C|.
A2 +B

(R Distance between the parallel lines + By + C, = 0 andAx + By + C, =0,
| G- cd

is given by d =
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Chapter

V Mathematics is both the queen and the hand-maide@b
all sciences- E.T. BELLV Q
12.1 Introduction &

You may recall that to locate the po i@a poigt
plane, we need two intersecting mut% endicyla ‘ -
e I

in the planeThese lines are cgfled rdinatex
and the two numbers are dina
point with lespect to the ctual Iif
have to deal with points lying ™Wa plan xample,
consider the positio ball thrown &ace at diffel
points of time or th tion of %eroplane as itf ,
from one place to another ateq Imes during its fli¢ '

Similarly, if we were tﬁe the position of the  Leonhard Euler
lowest tip of an electric hanging from the ceilingofa  (1707-1783)
room or the positior&ar entral tip of the ceiling fan in a room, we will not only
require the perpgadiculdr distances of the point to be located from two perpendicular
walls of the ro p%Aaalso the height of the point from the floor of the room. Therefore,
we need% wo but three numbers representing the perpendicular distances of

0 NO

the point hree mutually perpendicular planes, namely the floor of the room and
two adjacert walls of the room. The three numbers representing the three distances
are called thecoordinates of the point witheference to the thee coodinate

planes So, a point in space has three coordinates. In this Chaptehall study the

basic concepts of geometry in three dimensional space.*

*  For various activities in three dimensional geometry one may refer to the Bobliarid Book for
designing Mathematics Laboratory in SchoolsNCERT, 2005.
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12.2 Coordinate Axes and Coordinate Planes in Three Dimensional Space
Consider three planes intersecting at a point O

such that these three planes are mutually /Z\ X'
perpendicular to each other (Fig 12.1). These Vi

three planes intersect along the lin@®X, Y ©©OY RELETCEt --,!é -----

and A0Z, called the, y andz-axes respectively ! i} 1 >y
We may note that these lines are mutu ¥I o i -
perpendicular to each oth&hese lines constitute =

the rectangular coadinate systemrhe planes 4

XOY, YOZ and ZOX, called, respectively the X v

XY-plang YZ-plane and the ZXplane are
known as the three coordinate planég take
the XOY plane as the plane of the paper and the

line Z&OZ as perpendicular to the plane X e plane of the
as horizontal, then the line®2Z will be vgN\ aI. The dest measured from

XY-plane upwards in the direction of ken ast” and those measured
nasn NSSimilarthe distance

downwards in the direction of Gt
oYy ar as positive, to the left of

measured to the right of ZX-plag
ZX-plane and along O%as negafive, i ont oft -Pplane along OX as positive
and to the back of it along tive. O is called tirggin of the

coordinate system. Theth
asoctants These octants ¢
XOYZ§XOYZG X

12.3 Coordinates oint |n

Having chosen a fixed co@e system in the

space, consisting of coordin

|V|de the space into eight parts known

dinate
be n OYEYZ, XOYZ, XOYC,
nd XOYZ( a enoted by I, I, 11I, . VIl , respectively

P(x,y,z)
[ )

axes, coordinate

planes and the origin,
given a pointinthe s

CE

pw explain, as to how
e associate with it three

coordinates X,y,and cBnverselygiven a triplet /O C >Y

of three numb ), how we locate a point in Ll ... Voeuonnn v

the space. L M
Giv@point P in space, we dropXa (x, 5, 0)

perpendicOdr PM on the Xj¥lane with M as the Fig12.2

foot of this perpendicular (Fig 12.2). Then, from the point M, we draw a perpendicular
ML to thex-axis, meeting it at L. Let OL be LM bey and MP be. Thenx,y andz

are called the, y andz coodinates respectivelyof the point An the space. In

Fig 12.2, we may note that the poingxPy, 2) lies in the octant XOYZ and so ally,

z are positive. If P was in any other octant, the signs gfandz would change
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accordingly Thus, to each point Id the space there corresponds an ordered triplet
(%, ¥, 2 of real numbers.

Converselygiven any tripletX, y, z), we would first fix the point lon thex-axis
corresponding tg, then locate the point M in the XMane such thatx(y) are the
coordinates of the point M in the XMane. Note that LM is perpendicular to the
x-axis or is parallel to thyaxis. Having reached the point M, we draw a perpendicular
MP to the X¥plane and locate on it the pointBrresponding ta. The point Pso
obtained has then the coordinates/(2). Thus, there is a one to one correspondence
between the points in space and ordered triglat €) of real numbers.

Alternatively through the point i the
space, we draw three planes parallel to the
coordinate planes, meeting tkeaxis, y-axis
andz-axis in the pointé, B and C, respectively
(Fig 12.3). Let OA =, OB =y and OC =z
Then, the point P will have the coordinatey,
andzand we write Bx, Y, z). Converselygi
X, y andz, we locate the three poims %
C on the three coordinate axes. he
pointsA, B and C we draw plangs p
the YZ-plane, ZX-plane Fig 12.3
respectivelyThe point of i ction of Q}ree planes, namBIiyF, BDPE
and CEPF is obviously the pgintddrre ipg Yo the ordered triplety, 2). We
observe that if X, y ZFts.any point in %space theny andz are perpendicular
distances fronYZ, Z@XY pla e

spectively
FANREE The coordinatesmr?@n O are (0,0,0). The coordinates of any|point
)

on thex-axis will be asx,0,0 e coordinates of any point inYZeplane will

be as (0y, 2 e
Remark The sign oMpeNdordinates of a point determine the octant in which the
able shows the signs of the coordinates in eight octants.

point lies. The f%vlin [
Table 12.1

Ny wlm | vV Vi | Vil | Vil
o
X + - - + + - - +
y + + _ _ + + - -
z + + + + - - - -
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Example 1In Fig 12.3, if As (2,4,5), find the coordinates af F

Solution For the point Fthe distance measured along @Yzero.Therefore, the
coordinates of F are (2,0,5).

Example 2Find the octant in which the points (-3,1,2) and (-3,1,— 2) lie.

Solution From theTable 12.1, the point (-3,1, 2) lies in second octant and the point
(-3, 1, —2) lies in octant VI.

EXERCISE 12.1]

A point is on theX-axis. What are itg-coordinate and—coordinatesb
A point is in theXZ-plane. What can you say aboutyitsoordina@

Name the octants in which the following points lie: Q
(11 21 3)1 (41 _21 3)1 (41 _21 _5)1 (41 21 w — 41 21 _5)’(‘6 )1
(=3, -1, 6Y= 2, — 4, —7). \\

4. Fillinthe blanks Q\

() Thex-axis andy- aX|st er deteQ plane known as :

(i) The coordinates e of the form :
(i) Coordinate plan e the s 0 octants.
12.4 Distance bet wo Points

We have studied the d nce
between two pomts in two-di al
coordinate system. Let us no nd this

study to three-dimensiongl syst®@m. Q
Let P&, y,, 2) Xy Yy 2)) \
be two points refer a system of 90
rectangular a®ds OX, OY and OZ. P 9 A
Through the and Q draw planes N
parallel to rdinate planes so as to 0
form a reddgnQeilar parallelopiped with one
diagonal PQ (Fig 12.4).
Now, sincebPAQ is a right X
angle, it follows that, in triangleA®,
PQ = PAZ + AQ? .. (1)
Also, triangleANQ is right angle triangle witB ANQ a right angle.

/

Fig 12.4



272 MATHEMATICS

Therefore AQ? = AN? + N@ .. (2
From (1) and (2), we have

PQ = A2+ AN? + N@®?

Now PA=y,-y,AN =x,—x and NQ =z,—-z
Hence PQ = (X, —x)? + (v, —yl)2 +(z,-2)
Therefore PQ = \/(Xz' %) (Y, V1)°H(2,- 2,)?

This gives us the distance between two poixtsy(, z) and &, y,, Z).

In particular if x, =y, =z =0, i.e., point Rs origin O, then OQ -1/x22+y6;2 ,
which gives the distance between the origin O and any poiry, §,(

Example 3Find the distance between the points P(1, -3, 4) Z@l 1, 2).

Solution The distance PQ between the pY P((1-3,4 —-4,1,2)is
PQ=/(-4- 1%+ (1+3)2+@ \\
= [25+16+4 Q/ 0\0
Example 4Show that the p%& 3, @Q 3)and R (7, 0, —1) are collinear
Solution We know t ints are said&e collinear if they lie on a line.

Now, PQ = /( +(2-3 -5)?2 =9+1+4 =14
QR =/(7- 1)2+ﬁ2+ (-1- 3)% = /36+4+16 = /56 =2414

and PR =/ @(0-3)2+(-1- 5)2 = 4/81+9+36 = 126 = 3J14
Thus,PQ + QR g &‘\‘énce, B and R are collinear
Example 5Ar®§6ints{\ (3, 6,9), B (10, 20, 30) and C (25, — 41, 5), the vertices
of aright iangle?
Solution B%distance formula, we have
AB? =(10-3)+(20-6)+(30—-9
=49+ 196 + 441 =686
BC? =(25-10)+ (- 41-20)+ (5-30)
=225+3721+625=4571
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CA? =(3-25}+(6+41%+ (9 —5%
=484 + 2209 + 16 = 2709
We find that CA? + AB21 BC2
Hence, the trianglaBC is not a right angled triangle.
Example 6 Find the equation of set of points&ch that R? + PB = 22, where
A and B are the points (3, 4, 5) and (-1, 3, —7), respectively
Solution Let the coordinates of pointld® &, y, z).
Here PA? = (x—3Y+ (y—4F + (z—- 5}
PB2 = (x+ 1P+ (y— 3F + (2 + 7P b
By the given condition & + PB = 2k?, we have @
(X=3f+(y—4F+@-5F+ x+ 1+ (y—3f+ (z+ 7?\@

ie.,

1. Find the distance between theSQ#o 'gpa@ts:

() (2,3,5)and (4,3,1) (i) (= and (2, 4, -1)
@iy (-1, 3,—4) and gag (i 1, 3) and (-2, 1, 3).
2. Show that the points (—233, 5), ( nd (7, 0, —1) are collinear
3. Verify the follo
@ (0,7,-10),&%,-6) ar@ 9, — 6) are the vertices of an isosceles triangle.
@ (0,7,10),(-1,6,6 —4,9, 6) are the vertices of a right angled triangle.
@ (1,2,1), @1, ,(4,-7,8)and (2,-3, 4) are the vertices of a parallelogram.

4. Find the equa& e set of points which are equidistant from the points

(1, 2, 3) a&(j, T —1).
5. Find the ¥n of the set of poinfgie sum of whose distances from
A (4, @\d B (- 4,0, 0)is equal to 10.

12.5 Secdgntormula
In two dimensional geometrwe have learnt how to find the coordinates of a point
dividing a line segment in a given ratio internalow; we extend this to three dimensional
geometry as follows:

Let the two given points be¥(y,, z) and QX,, Y,, ). Let the point RX, y, 2)
divide PQ in the given ratim : n internally Draw PL, QM and RN perpendicular to
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the XY-plane.Obviously PL|| RN || ™ and feet Z
of these perpendiculars lie inX& -plane. The () Q
points L, M and N will lie on a line which is the
intersection of the plane containing PL, RN and S
QM with the XY-plane Through the point R draw
a line ST parallel to the line LM.ine ST will
intersect the line LP externally at the point S and
the line MQ afl, as shown in Fig 12.5.

Also note that quadrilaterals LNRS and
NMTR are parallelograms.
The triangles PSR and QTReaimilar Therefore, X

/
E_E_E_SL—PL_NRPL z -z,
n QR QT OQM-TM & c

mz, +nz,

This implies m +n
Similarly, by drawing perpendlct% ames, we get

my, +n
=M T g x% Q
m+n n
Hence, the coordina the point R h ivides the line segment joining two points

P &,y, z)and QX intern @ n the ration : n are

Zm, +nx myﬁﬂm%;
g m+n ' m+n

If the point R Q externally in the ratio: n, then its coordinates are
obtained by replacing n so that coordinates of point R will be

gemxz- - Ny Mz -Nnz0

€ m- n m-n g
Case 1C%ates of the mid-point: In case R is the mid-point of PQ, then

- X 1 - Z
m:n=1:1sothak = X12 Zy= Y12y2 andzzu
These are the coordinates of the mid point of the segment joinxgyp, ¢,)

and Q K, Y,, Z).
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Case ZThe coordinates of the point R which divides PQ in the katibare obtained

m
by taking k :H which are as given below:

aKx,+x ky,+y, kz,+z 0
Wk T kT Ik g

Generallythis result is used in solving problems involving a general point on the line
passing through two given points.

Example 7 Find the coordinates of the point which divides the line se Joining
the points (12, 3) and (3, 4;5) in the ratio 2 : 3 (i) internalyand (ii) €

Solution (i) Let P(x, y, 2) be the point which divides line segm -2,3)
and B (3, 4, -5) internally in the ratio 2 : efore P%

.

_20)+31)_9 3(
2+3 ;% 243 5

Thus, the required point is

(i) Let P (x, y, 2 be the gment joiniAg(1, -2, 3) and
B (3, 4, -5) externally in the

_2()+(3()_ @2(4)+ _2(:5)+(3)(3)_
2 +(=3) 2+(=3)
\Qs ~14, 19).

Therefore, the required pgin
Example 8 Using @srmula, prove that the three points (— 4, 6, 10), (2, 4, 6)
and (14, 0, -2) arcolli

Sdution  LetB—N0, 10), B (2, 4, 6) and C(14, 0, — 2) be the given points. Let the
point Pdivide: @ n the ratiok : 1. Then coordinates of the pointalre
2k- 4 4k+6 6k+10
k+1 " k+1 ' k+1

Let us examine whether for some valuéahe point P coincides with point C.

4
=14 wegetk_-g

2k —
On putting Kt
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3
(- )6
When k=-§ th 4k+6: 2 0
k+1 _§+1
6 3+10
ek+10 O(- 510
and k+1 3 =-2
-—+1

Therefore, C (14, 0, —2) is a point which dividgsexternally in the ratio @nd is
same as.PlenceA, B, C are collinear @é

Example 9 Find the coordinates of the centroid of the tria vertices are

(X Y1 2), (%, Y, Z) @nd(X;, Y, Z).

Solution Let ABC be the triangle. Let th&wdmat cgvertmeﬁs C be
X, Y, 2), X, ¥, Z) and &, v, Z), re elyfLet D m|d -point of BC.
Hence coordinates of D are

ga( 2T X YotYs 2 0
E 2 2 7
Let G be the centroid of the erefore@ S the media\D inthe ratio 2 : 1.

Hence, the coordinates of G

aez 2 3_-+ Zﬁe%tdé
(;8 > X1 bYl <2 g21+
c 2+1 2+1 ’ 2+1 =
& o

or 39(1*"‘2&3/1‘*' Yot Vs 4+ 2+ 4.
g_QQg, 3 7 3
Example the ratio in which the line segment joining the points (4, 8, 10) and

(6, 10, — O\s ®ivided by théZ-plane.
Solution LetYZ-plane divides the line segment joiniAd4, 8, 10) and B (6, 10, — 8)
at P(x, y, 2) in the ratiok : 1. Then the coordinates ofdte

g+ 6k 8+10k 10- 8k

S k+1' k+1 " k+1 ¢




INTRODUCTION TO THREE DIMENSIONAL GEOMETRY 277

4 + 6k
k+1

Since Hies on theYZ-plane, itsx-coordinate is zero, i.e

or 2
3
ThereforeYZ-plane divide#\B externally in the ratio 2 : 3.

| EXERCISE 12.3|
1. Find the coordinates of the point which divides the line segment joining the points

(-2,3,5)and (1, —4, 6) inthe ratio (i) 2 : 3interndily2 : 3 extern%
tio

2. GiventhatR3,2,—-4),Q(5,4,—6)andR (9, 8,-10) are collirféad
in which Q divides PR.

3. Find the ratio in which th€Z-plane divides the line segm by joining
the points (-2, 4, 7) and (3, -5, 8).

4. Using section formula, show thatdde imgz,i\b (-1, 2, 1) and

1
CZ0.-.2+ are collinear 0
&€ '3"°% )
5. Find the coordinates of tige Rointg which tg e line segment joining the points
P (4,2,-6)and Q (1&<

Miseellane g(amples

Example 11 Show | e poin 3) B (-1, -2, -1), C (2, 3, 2) and
D (4, 7, 6) are the vexsets of a IogmBCD but it is notarectangle

Solution To showABCD is a %' elogram we need to show opposite side are equal
Note that.

AB = /(- 1- 22- 2)% (-1- 32 = /4+16+16=6
+(3+2)2+(2+1)? = J9+25+9 = /43
- 2)24+(7- 3)2+(6- 2)2 =4+16+16=6
J@- 2°+2- 7)°+(3- 6)° =/9+25+9=43

Since AB = CD and BC -AD, ABCD is a parallelogram.

Now, it is required to prove th&BCD is not a rectangle. For this, we show that
diagonalsAC and BD are unequalVe have

BC =

C

DA
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AC = ,/(2- )°+@- 2%+(2- 32 =1+1+1=/3

BD = \/(4+1)%+(7+2)%+(6+1)? =+/25+ 81+ 49=,/155.
SinceAC t BD, ABCD is not a rectangle.

AN \Ve can also show thaBCD is a parallelogram, using the property that
diagonalsAC and BD bisect each other

Example 12Find the equation of the set of the points P such that its distances from
the pointsA (3, 4, -5) and B (- 2, 1, 4) are equal.
Solution If P (X, y, 2) be any point such thaAP= PB. @

Now /(x- 3%+ (y- 4>+ (z+5)2 = 4/(x+2)%+ (y- )+ (z-
or  (x-3P+(y- 4)?+(z+5)% = (x:ON\ (Y- DAL

or 10X+ 6y—1&-29=0. Q \

Example 13 The centroid of at |s at he ;t (1,1, 1). If the coordinates
of A and B are (3, -5, 7) an , —-6),r #ielg the coordinates of the
point C.

Solution Let the coordlnates C bg,§ @lhe coordinates of the centroid G be
(1,1,1). Then

Ls-l —1 H _1——1 : _2
3 ,le,y=1, 3 =1 ie.,.z=2.

Hence, coordinate re (1, 1, 2).
h@neous Exercise on Chapter 12

1. Three vert%j)f a parallelograhBCD areA(3, — 1, 2), B (1, 2, — 4) and
Ind the coordinates of the fourth vertex.

C(-1 ]< a
2. Fin g hs of the medians of the triangle with verfig€s 0, 6), B (0,4, 0)
and 0,

3. If the or|g|n is the centroid of the triangle PQR with vertices & & 6),
Q (-4, d,-10) and R(8, 14,c, then find the values @ b andc.

Z2+7-6

=1, |.e.,X =

4. Find the coordinates of a point graxis which are at a distance of/3 from
the point P (3, -2, 5).
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5. A point R with x-coordinate 4 lies on the line segment joining the points
P(2, -3, 4) and Q (8, 0, 10). Find the coordinates of the point R.

[Hint Suppose R divides PQ in the rdtiol. The coordinates of the point R are given
y£k+2 -3 10k+40
S k+1 'k+1 k+1 ¢

6.1f A and B be the points (3, 4, 5) and (-1, 3, —7), respectiuaiythe equation of the
set of points Buch that R2 + PB = k?, wherek is a constant.

Summary

(®In three dimensions, the coordinate axes of a rectangular Cartegj rdinate
system are three mutually perpendicular lines. The axes ar@gdythe

and z-axes.
R The three planes determined by the Ir of axes ar e\goordinate planes,
calledXY, YZ andZX-planes

(R The three coordinate planes divi ce igt arts knoataats

(R The coordinates of a point P menS| ometry is always written
in the form of triplet like X, ff 2). X, y a the distances from the
YZ,ZX andXY -planes.

® (i) Any point onx-a the for
(i) Any point is 1} of the r& 0)
(i) Any point@qs is of form (0, @).

® Distance between t P y,, ) and Q(x,, ¥,, Z) is given by

PQ=y(% - % F+ (b (zz 3}
®The coordlnat point R which divides the line segment joining two
points P X, Q X, ¥,» ) internally and externally in the ratio : n
are given b
am Y+ ny mgt nzt  a@mx —nx my —ny mz —nz
§ ™ mn ' mn ;29 m-n’ m-n’ m-ny

respectively
(R The coordinates of the mid-point of the line segment joining two points

Bt KWty 4+t 3%
P, ¥, z) and Qk, ¥, z) areg™ >~ 5 =
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(®The coordinates of the centroid of the triangle, whose vertices aye, ¢,)

Xt X Wt %ot Y gt 2+ %
(% ¥y 2) and v, 2), areg— 5 5 g

Historical Note

Rene’Descartes (1596—-1650), the father of analytical geonestsentially dealt

with plane geometry only in 1637. The same is true of his co-invegtor Pierre
Fermat (1601-1665) and La Hire (1640-17 ®8hough suggestions for t
dimensional coordinate geometry can be found in their works
Descartes had the idea of coordinates in three dimensions but

€ three coor-

dinate planes which we use ayt was A Parent
(1666-1716), who gave a systematic ment al solid geometry
for the first time in a paper presen r 1700.

L.Euler (1707-1783) took up sys icMly the f[ﬁ%nensional coordinate ge-

ometry in Chapter 5 of the apQ the seco lume of his “Introduction

to Geometry” in 1748.
neteent@lury that geometry was extended

It was not until the midd
to more than three dimeWoMs, the n application of which is in the

Space-Tme Contin of Enstein THgO Relativity
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Chapter

STATISTICS

V “Statistics may be rightly called the science of averages and their
estimates.”— A.L. BOWLEY & A.L. BODDINGTON Vv

15.1 Introduction

We know that statistics deals with data collected for specific
purposesWe can make decisions about the data by
analysing and interpreting it. In earlier classes, we have
studied methods of representing data graphically and in
tabular form. This representation reveals certain salient
features or characteristics of the dal¥e.have also studied
the methods of finding a representative value for the given
data.This value is called the measure of central tendency
Recall mean (arithmetic mean), median and mode are three
measures of central tenden@y measue of central
tendencygives us a rough idea where data points are Karl Pearson
centred. But, in order to make better interpretation from the (1857-1936)
data, we should also have an idea how the data are scattered or how much they are
bunched around a measure of central tendency
Consider now the runs scored by two batsmen in their last ten matchesves follo

Batsmam : 30, 91, 0, 64, 42, 80, 30,3,7, 71
Batsman B 53, 46, 48, 50, 53, 53, 58, 60, 57, 52

Clearly the mean and median of the data are

BatsmanA Batsman B
Mean 53 53
Median 53 53

Recall that, we calculate the mean of a data (denoted Iy dividing the sum
of the observations by the number of observations, i.e.,
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X =

S|
Qo5

)ﬁ
i=1

Also, the median is obtained by first arranging the data in ascending or descending
order and applying the following rule.

th
an+l o
If the number of observations is odd, then the mediagw—iT E observation.

th
. . L an o
If the number of observations is even, then median is the m@ gf and

th

el +1.° observations.
& B

We find that the mean and median of the runs scored by both the bAtsmen
B are same i.e., 53. Can we say that the performance of two players is same? Clearly
No, because the variability in the scores of batsA@from O (minimum) to 17
(maximum). Whereas, the range of the runs scored by batsman B is from 46 to 60.

Let us now plot the above scores as dots on a numbanand the following
diagrams:

For batsmami

pd ~

N 0 10 20 30 40 50 60 70 80 90 100 110 120 -
For batsman B Fig 15.1

P ....: o000 ~

~ 7

0 10 20 30 40 50 60 70 80 90 100 110 120
Fig 15.2

We can see that the dots corresponding to batsman B are close to each other and
are clustering around the measure of central tendency (mean and median), while those
corresponding to batsm#nare scattered or more spread out.

Thus, the measures of central tendency are not sufficient to give complete
information about a given datsariability is another factor which is required to be
studied under statistics. Likeneasues of central tendentye want to have a
single number to describe variabilifjhis single number is called aneasue of
dispersion In this Chapterwe shall learn some of the important measures of dispersion
and their methods of calculation for ungrouped and grouped data.
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15.2 Measures of Dispersion

The dispersion or scatter in a data is measured on the basis of the observations and the
types of the measure of central tendensgd therelhere are following measures of
dispersion:

(i) Range, (ii) Quartile deviation, (iii) Mean deviation, (iv) Standard deviation.

In this Chapterwe shall study all of these measures of dispersion except the
guartile deviation.

15.3 Range

Recall that, in the example of runs scored by two bat#weerd B, we had some idea
of variability in the scores on the basis of minimum and maximum runs in each series.
To obtain a single number for this, we find thdetiénce of maximum and minimum
values of each series. This difference is called the ‘Range’ of the data.

In case of batsamA, Range =17 — 0 = 17 and for batsman B, Range = 60 — 46 = 14.
Clearly, Range oA > Range of BTherefore, the scores are scattered or dispersed in
case ofA while for B these are close to each ather

Thus, Range of a series = Maximum value — Minimum value.

The range of data gives us a rough idea of variability or scatter but does not tell
about the dispersion of the data from a measure of central ten&endlyis purpose,
we need some other measure of variabilgarly such measure must depend upon
the diference (or deviation) of the values from the central tendency

The important measures of dispersion, which depend upon the deviations of the
observations from a central tendency are mean deviation and standard deviation. Let
us discuss them in detail.

15.4 Mean Deviation

Recall that the deviation of an observatiofiom a fixed valuea’ is the difference

x—a. In order to find the dispersion of valuesxdfom a central valu@’ , we find the
deviations abow. An absolute measure of dispersion is the mean of these deviations.
To find the mean, we must obtain the sum of the deviations. But, we know that a
measure of central tendency lies between the maximum and the minimum values of
the set of observations. Therefore, some of the deviations will be negative and some
positive.Thus, the sum of deviations may vanish. Moregwer sum of the deviations

from mean ) is zero.

Sum of deviations _ 0

. . — - :O
Also Mean of deviations™ Number of observations n

Thus, finding the mean of deviations about mean is not of any use for us, as far
as the measure of dispersion is concerned.
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Remember that, in finding a suitable measure of dispersion, we require the distance
of each value from a central tendency or a fixed nuna@eRecall, that the absolute
value of the difference of two numbers gives the distance between the numbers when
represented on a number line. Thus, to find the measure of dispersion from a fixed
number & we may take the mean of the absolute values of the deviations from the
central value. This mean is called theean deviation Thus mean deviation about a
central valued' is the mean of the absolute values of the deviations of the observations
from ‘a’. The mean deviation froma® is denoted as M.D a). Therefore,

Sum of absolute values of deviations from
Number of observations '

M.D.(a) =

Remark Mean deviation may be obtained from any measure of central tendency
However mean deviation from mean and median are commonly used in statistical
studies.

Let us now learn how to calculate mean deviation about mean and mean deviation
about median for various types of data

15.4.1 Mean deviation for ungrouped datd_et n observations bg, X, X,, ....,X .
The following steps are involved in the calculation of mean deviation about mean or
median:

Sep 1Calculate the measure of central tendency about which we are to find the mean
deviation. Let it bed'.

Sep 2 Find the deviation of eaokllfrom a, i.e.,xl— X, —aX—a...,X—a
Sep 3Find the absolute values of the deviations, i.e., drop the minus sign (=), if it is
there, i.e.,|X - &%, - a,[%;- &,....x, - g

Sep 4Find the mean of the absolute values of the deviafidnis.mean is the mean
deviation aboud, i.e.,

alx-4d
M.D.(a) = L
n
19 -
Thus M.D. (%)= a X - X, wherex = Mean

i=1

|% - M|, where M = Median

Qo5

and M.D. (M) =

S|

i=1
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/A NotelIn this Chapterwe shall use the symbol M to denote median unless stated
otherwise.Let us now illustrate the steps of the above method in following examples.

Example 1Find the mean deviation about the mean for the following data:
6,7,10,12,13,4,8,12
Solution We proceed step-wise and get the following:
Step 1 Mean of the given data is
6+7+10+ 12+ 13+ 4+ 8+ 12 2

X = :_7:9
8 8

Sep 2 The deviations of the respective observations from the Reae.,x—X are
6-9,7-9,10-9,12-9,13-9,4-9,8-9,12-9,
or -3,-2,1,3,4,-5,-1,3
Sep 3The absolute values of the deviations, i|.Ig.,— 7(| are
3,2,1,3,4,51,3

Sep 4The required mean deviation about the mean is

& -
alx-x
o\ _ =l
M.D. (X) ==
_ 3+ 2+ 1+ 3+ 4+ 5+ 1+ 3=_22: 275
8 8
Instead of carrying out the steps every time, we can carry on calculation,

step-wise without referring to steps.

Example 2Find the mean deviation about the mean for the following data :
12,3,18,17,4,9,17,19, 20, 15, 8,17, 2,3,16311,0,5

Solution We have to first find the mearx() of the given data

1@ 200
X =— = — =
20%)g 20 10

The respective absolute values of the deviations from meariuxii.e.)_(| are
2,7,8,7,6,1,7,9,10,5,2,7,8,7,6,1,7,9,10,5
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20
o —
Therefore alx-x= 124
i=1
d M.D. (X _%_62
an .D.(X)= 50 = O

Example 3Find themean deviation about the median for the following data:
3,9,5,312,10, 18,4, 7,19, 21.

Solution Here the number of observationsisalhich is oddArranging the data into
ascending ordewe have 3, 3,4,5,7,9, 10,12, 18, 19, 21
dl+ 16

Now Median :S 2 - or 6"observation =9
@

The absolute values of the respective deviations from the media|m i.d\4| are
6,6,5,4,2,0,1,3,9,10, 12

11
Therefore a |% - M|=58
i=1
and M.D.(M):igbq - M|= L 5g 527
119 11

15.4.2 Mean deviation for grouped datWe know that data can be grouped into
two ways :

(a) Discrete frequency distribution,
(b) Continuous frequency distribution.
Let us discuss the method of finding mean deviation for both types of the data.

(a) Discrete frequency distribution Let the given data consist nfdistinct values
X, X, ..., X occurring with frequencie§, f,, ..., f respectivelyThis data can be
represented in the tabular form as given belamd is calledliscrete fequency
distribution

XZXl X2 X3...Xn
frf, £ f . f

() Mean deviation about mean
First of all we find the meag of the given data by using the formula
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. Q.JO:
x
—h

I
NN

I
I
I

Qoo
h
I

1
iy

n
whereé X f. denotes the sum of the products of observatamish their respective
i=1

n
frequencies, and N :é f, is the sum of the frequencies.
i=1
Then, we find the deviations of observatiorfsom the meanx and take their
absolue values, i.e|x - X| for alli =1, 2,..,n
After this, find the mean of the absolute values of the deviations, which is the
required mean deviation abdbe mean. Thus

é fi|)§ - X 148
M.D.(X) = = . =y a fi|x - X
af

(i) Mean deviation about mediariTo find mean deviation about median, we find the
median of the given discrete frequency distribution. For this the observations are arranged
in ascending ordeAfter this the cumulative frequencies are obtaiéeén, we identify

N
the observation whose cumulative frequency is equal to or just greategthwhere

N is the sum of frequencies. This value of the observation lies in the middle of the data,
therefore, it is the required medigfter finding median, we obtain the mean of the
absolute valugof the deviations from median.Thus,

M.D.(M) =

Example 4Find mean deviation about the mean for the following data :
X 2 5 6 8 10 12

f 2 8 10 7 8 5

Solution Let us make dable 15.1 of the given data and append other columns after
calculations.
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Table 15.1
X, f, fx; |Xi = i| fiX - i|
2 4 5.5 11
5 8 40 2.5 20
6 10 60 15 15
8 56 0.5 35
10 8 80 25 20
12 5 60 4.5 225
40 300 92
6 6 6
[« [« [« —
N=g f, =40 g fx =300 Qq f|x-x=92
i=1 i=1 i=1
- S
Therefore X=—a fix =—"300= 7.
i=1
and M. D. (Y):ig_fi |>g-$<1:i’ 92= 23
N % 40

Example 5Find the mean deviation about the median for the following data:

X. 3 6 9 ( 12 | 13 15| 21| 22

f 3 4 5 2 4 5 4 3

Solution The given observations are already in ascending ofdkling a row
corresponding to cumulative frequencies to the given data, weajge (15.2).

Table 15.2
X 3 6 9 12 13 15 21| 22

f | 3| 4 5 2 4 5 4 3

c.f.] 3 7 12| 14| 18| 23| 27 30

Now, N=30 which is even.



Median is the mean of the "1&nd 16 observations. Both of these observations
lie in the cumulative frequency 18, for which the corresponding observation is 13.

STATISTICS

th . .
Therefore, Median M= 15" observationr 18 observatlog 13 53
2 2
Now, absolute values of the deviations from median, |>e M| are shown in
Table 15.3.
Table 15.3
|xi - M| 10 7 4 1 0 2| 8 9
f, 3 4 5|1 2 4 5 4 3
f.[% - M| 30 | 28| 20| 2| 0 10| 32| 27
$
We have a fi=30 ancﬁ fi% - Mg 14¢
i=1
1 &
Therefore M. D_(|\/|)_N a fi|x - M|
i=1
—i 149 = 4.97.
30

(b) Continuous frequency distribution A continuous frequency distribution is a series
in which the data are classified into different class-intervals without gaps alongwith

their respective frequencies.

For example, marks obtained by 100 students are presented in a continuous

frequency distribution as follows

Marks obtained 0-10| 10-20| 20-30] 30-4(

40-5

D 50-60

Number of Studen{s 12 18 27 20

17

6

(i) Mean deviation about mearnWhile calculating the mean of a continuous frequency
distribution, we had made the assumption that the frequency in each class is centred at
its mid-point. Here also, we write the mid-point of each given class and proceed further

as for a discrete frequency distribution to find the mean deviation.

Let us take the following example.



356 MATHEMATICS

Example 6Find the mean deviation about the mean for the following data.

0

Marks obtained 10-20| 20-3Q 30-4Q 40-50 50-60 60-7p 70-§
Number of students| 2 3 8| 14 8 3 2
Solution We make the followingable 15.4 from the given data :
Table 15.4
Marks | Numberof | Mid-points | fx | [x-X | f|x-X
obtained| students
f. X,
10-20 2 15 30 30 60
20-30 25 75 20 60
30-40 35 280 10 80
40-50 14 45 630 0 0
50-60 55 440 10 80
60-70 65 195 20 60
70-80 75 150 30 60
40 1800 400
d of o
Here N = gl f, :40(?1:1 f.x :18005}:1§|>g -X = 40
Therefore X= % i f —%):45
n_1d -1,
and M D.(x)=ﬁia:_1 f,|>1 - X= 20 40G= 1C

Shatcut method for calculating mean deviation about mearWe can avoid the
tedious calculations of computingby following step-deviation method. Recall that in

this method, we take an assumed mean which is in the middle or just close to it in the
data. Then deviations of the observations (or mid-points of classes) are taken from the
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assuned mean. This is nothing but the shifting of origin from zero to the assumed mean
on the number line, as shown in Fig 15.3

—60 —50 —40 —30 20 —10 0 10 20 30 40 50 60<€—After
L. . . . . . . . o ° ° ° geviations

< ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ —
Before 10 20 30 40 50 60 70 80 90 100 110 120
deviations

Assumed

Mean

Fig 15.3

If there is a common factor of all the deviations, we divide them by this common
factor to further simplify the deviations. These are known as step-deviations. The
process of taking step-deviations is the change of scale on the number line as shown in
Fig15.4
Step

-6 -5 4 -3 -2 -1 0 1 2 3 4 5 6%

Deviations from deviations

=> —60 -50 —40 -30 20 -10 0 10 20 30 40 50 60
assumed mean o o . . .
pd

<

—_— S
0 10 20 30 40 50 60 70 80 90 100 110 120

Assumed
Mean

Fig 15.4

The deviations and step-deviations reduce the size of the observations, so that the
computations viz. multiplication, etc., become simplet, the nes variable be denoted

by di 2%61 , where &’ is the assumed mean dni the common factofhen, the

mean x by step-deviation method is given by

n
o

fi

a
x=a+lZL - p
N
Let us take the data of Example 6 and find the mean deviation by using step-
deviation method.
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Take the assumed mearr 45 andh = 10, and form the followin@able 15.5.

Table 15.5
. : _%-45 - -
Marks | Number of| Mid-points | d; =———— | fd; |>§ - X| fi|>§ - X|
obtained| students 10
f, X,
10-20 2 15 -3 -6 30 60
20-30 3 25 -2 -6 20 60
30-40 8 35 -1 -8 10 80
40-50 14 45 0 0 0 0
50-60 55 1 8 10 80
60-70 65 2 6 20 60
70-80 75 3 6 30 60
40 0 400
7
a fi d
Therefore g=a+l™ " h
N
= 45+£' 16= 4c&
40
1 d 400
and MD. (X) = = filx -X= — =10
0 = affs-X= 75
The step deviation method is applied to comput&est of the procedure
iS same.

(i) Mean deviation about medianThe process of finding the mean deviation about
median for a continuous frequency distribution is similar as we did for mean deviation
about the mean. The only difference lies in the replacement of the mean by median
while taking deviations.

Let us recall the process of finding median for a continuous frequency distribution.

The data is first arranged in ascending ar@iben, the median of continuous
frequency distribution is obtained by first identifying the class in which median lies
(median class) and then applying the formula
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N.oc
2

Median =1 + “h

where median class is the class interval whose cumulative frequency is just greater

N
than or equal teE , N is the sum of frequencidsf, handC are respectively the lower

limit , the frequencythe width of the median class andh€ cumulative frequency of
the class just preceding the median clagsr finding the median, the absolute values

of the deviations of mid-poim¢of each class from the median i|ezi. - M| are obtained.

1 1
MD.(M) = — & f|x - M
Then (M) N % |‘>ﬁ ‘

The process is illustrated in the following example:

Example 7Calculate the mean deviation about median for the following data :

Class 0-10 | 10-29 20-30 30-40 40-50 50-60
Frequency 6 7| 15| 16| 4 2

Solution Form the followingTable 15.6 from the given data :

Table 15.6
Class | Frequency| Cumulative |Mid-points ‘Xi - Med‘ fi‘xi - Med‘
frequency

f (c.f) X,
0-10 6 6 5 23 138
10-20 7 13 15 13 91
20-30 15 28 25 8 45
30-40 16 44 85 7 12
40-50 4 48 45 17 68
50-60 2 50 55 27 54

50 508
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th
The class interval containing or 258" item is 20-30. Therefore, 20-30 is the median

class.We know that

N.oc

Median =1 + 2f “h

Herel = 20, C = 13f =15,h=10and N =50
25- 13,

Therefore, Median =20+ 10=20+8=28
Thus, Mean deviation about median is given by

6
o

1 1,
M.D. (M) = a fi|x - M| = oo S08=10.16
i=1

|EXERCISE 15.1|

Find the mean deviation about the mean for the data in Exercises 1 and 2.
1. 4,7,8,9,10,12,13,17
2. 38,70,48,40,42,55, 63, 46,54, 44

Find the mean deviation about the median for the data in Exercises 3 and 4.
3. 13,17,16,14,1,13,10,16,1, 18,12, 17
4. 36,72,46,42,60, 45, 53, 46, 51, 49

Find the mean deviation about the mean for the data in Exercises 5 and 6.
5 X 5 10 15 20 25

f 7 4 6 3 5

6. X 10 30 50 70 90

f 4 24 28 16 8

Find the mean deviation about the median for the data in Exercises 7 and 8.
7. X 5 7 9 10 12 15
f. 8 6 2 2 2 6

8. X 15 21 27 30 35

f 3 5 6 7 8
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Find the mean deviation about the mean for the data in Exercises 9 and 10.

9. | Income pef0-100[100-200 200-30(B00-400400-500500-600 600-700 700-800
day in®
Number| 4 8 9 10 7 5 4 3
of persons
10.| Height 95-105 | 105-115 | 115-125| 125-135| 135-145 145-155
in cms
Number of 9 13 26 30 12 10
boys
11. Find the mean deviation about median for the following data :
Marks 0-10 10-20 20-30 30-40 40-50 50-60
Number of 6 8 14 16 4 2
Girls

12. Calculate the mean deviation about median age for the age distribution of 100
persons given below:

Age |16-20 | 21-25| 26-30 31-35 36-40 4145 46-50 51:55
(in years
Number| 5 6 12 14 26 12 16 9

[Hint Convert the given data into continuous frequency distribution by subtracting 0.5
from the lower limit and adding 0.5 to the upper limit of each class interval]

15.4.3 Limitations of mean deviationIn a series, where the degree of variability is
very high, the median is not a representative central tendency, the mean deviation
about median calculated for such series can not be fully relied.

The sum of the deviations from the mean (minus signs ignored) is more than the
sum of the deviations from median. Therefore, the mean deviation about the mean is
not very scientific. Thus, in many cases, mean deviation may give unsatisfactory results.
Also mean deviation is calculated on the basis of absolute values of the deviations and
therefore, cannot be subjected to further algebraic treatment. This implies that we
must have some other measure of dispersion. Standard deviation is such a measure of
dispersion.

15.5 Variance and $andard Deviation
Recall that while calculating mean deviation about mean or median, the absolute values
of the deviations were taken. The absolute values were taken to give meaning to the
mean deviation, otherwise the deviations may cancel among themselves.

Another way to overcome this difficulty which arose due to the signs of deviations,
is to take squares of all the deviations. Obviously all these squares of deviations are
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non-negative. Let, X,, X,, ...,X ben observations an& be their mean. Then

(X-%*+ (% - R+ ... £ (% X= f (x .

i
If this sumis zero, then ea¢k, - X) has to be zero. This implies that there is no

dispersion at all as all observations are equal to the mean

n
[e] —

ifa (- X)?is small , this indicates that the observatiapsc, x,,...x, are
i=1

close to the mearx and therefore, there is a lower degree of dispersion. On the
contrary if this sum is lage, there is a higher degree of dispersion of the observations

n
o —

from the meary . Can we thus say that the s@h (% - X)z is a reasonable indicator
i=1

of the degree of dispersion or scatter?
Let us take the sét of six observations 5, 15, 25, 35, 45, B6e mean of the
observations ig = 30. The sum of squares of deviations frgrfor this set is
6

éit (% - X)* = (5-30% + (15-303+ (25-30 + (35-303+ (45—305+(55-30}

=625+ 225 + 25 + 25 + 225 + 625 = 1750
Let us now take another set B of 31 observations 15, 16, 17, 18, 19, 20, 21, 22, 23,
24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44,45. The
mean of these observationsyis= 30
Note that both the sefsand B of observations have a mean of 30.
Now, the sum of squares of deviations of observations for set B from theymisan
given by

é_t (Vi - ¥)* = (15-303 +(16-30} + (17—30J + ...+ (44—30)+(45—30%

(—15F +(—14F+ ...+ (-1¥+ 0P+ 12+ 224+ 3+ ..+ 14+ 17
215+ 14+ ...+ ¥
.15 (15 1)(36¢- 1) _

=2 6 =5x16 x 31 = 2480

_ n(n+1) (2n+1)
(Because sum of squares of finghatural numbers =6— Heren = 15)
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n
2 2 , :

it a (%-X)" is simply our measure of dispersion or scatter about mean, we
i=1

will tend to say that the sAtof six observations has a lesser dispersion about the mean
than the set B of 31 observations, even though the observationsAirasetmore
scattered from the mean (the range of deviations being from —25 to 25) than in the set
B (where the range of deviations is from —15 to 15).

This is also clear from the following diagrams.

For the sef, we have

Z o o o o o o o o o o o o ~
0 5 10 15 20 25 3‘1(') 35 40 45 50 55 60
Mean
Fig 15.5
For the set B, we have
PA :....:OOOO:...i:....:....:....: ~
~ T

0510152025$354045505560

Mean
Fig 15.6

Thus, we can say that the sum of squares of deviations from the mean is not a proper
measure of dispersiofio overcome this diiculty we take the mean of the sayes of

14 -
the deviations, i.e., we takt-ﬁfa (>§ - X)Z. In case of the seA, we have
i=1

1 1
Mean = Ex 1750 = 291.67 and in case of the set B, iﬂs 2480 = 80.

This indicates that the scatter or dispersion is more Mtbein the scatter or dispersion
in set B, which confirms with the geometrical representation of the two sets.

1o =
Thus, we can tak% a(x- X)* as a quantity which leads to a proper measure

of dispersionThis numberi.e., mean of the squares of the deviations from mean is

called thevariance and is denoted by ? (read as sigma square). Therefore, the

variance o observations,, X,,..., X is given by



364 MATHEMATICS

»_1 3 <\2
s*=—a (X -X)
Nz
15.5.1 Standard Deviationln the calculation of variance, we find that the units of
individual observationg and the unit of their meag are different from that of variance,

since variance involves the sum of squares»# x(). For this reason, the proper
measure of dispersion about the mean of a set of observations is expressed as positive
square-root of the variance and is callémhdad deviation Therefore, the standard
deviation, usually denoted lyy , is given by

14 _
s=,/ﬁq (% - X)? . (1)

Let us take the following example to illustrate the calculation of variance and
hence, standard deviation of ungrouped data.

Example 8 Find the variance of the following data:
6, 8,10, 12, 14, 16, 18, 20, 22, 24

Solution From the given data we can form the followif@ple 15.7.The mean is
calculated by step-deviation method taking 14 as assumed mean. The number of
observations is = 10

Table 15.7
« d = X% - 14 | Deviations from meaf (X=%)
[ 2 (Xi_ X) i
6 -4 -9 81
8 -3 7 49
10 -2 -5 25
12 —i -3

49
81
330

0
1 1
2 3
20 3 5 25
4 7
5 9
5
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n
4 d i
Therefore Mean X = assumed mean % h = 14+1—O' 2= 15
18 -2 1,
and Variance 62) = —a (X - X)"= —" 330=33
Nz 10

Thus Standard deviations() = +/33 = 574

15.5.2Standard deviation of a discrete frequency distributitet the given discrete
frequency distribution be

XD X, Xy XX

fo f, 6 f...f
n

In this case standard deviatiofy ) = \/%é_ f(x - X)? - (2)
i=1

n
where N=§ f. .
i=1
Let us take up following example.

Example 9 Find the variance and standard deviation for the following data:

X. 4 8 11| 17 200 24 37

f 3 5 9 5 4 3 1

Solution Presenting the data in tabular fornafle 15.8), we get

Table 15.8

X, f, fx | x=x| (x-%)?| f(x-x?
4 3 12 | -10| 100 300
8 5 40 | -6 36 180
1 9 9 | -3 9 81
17 5 85 3 9 45
20 4 80 6 36 144
24 3 72 10| 100 300
32 1 32 18| 324 324

30 420 1374
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7 7
N =30 8 fix =420, f(x- %)= 137

i=1 i=1
d
a fix 1
Therefore % =izl == " 420= 14
N 30
1 ¢ 2
Hence variance(s?) = 3 @ fil§- X)
i=1
-t x 1374 =45.8
~ 30 -
and Standard deviatiom):1/45_8 =6.77

15.5.3 Standard deviation of a continuous frequency distributiofhe given
continuous frequency distribution can be represented as a discrete frequency distribution
by replacing each class by its mid-point. Then, the standard deviation is calculated by
the technique adopted in the case of a discrete frequency distribution.

If there is a frequency distribution otlasses each class defined by its mid-point
x with frequencyf, the standard deviation will be obtained by the formula

I
S _\/N Iaz.lfl(X X) s

n
where ¥ is the mean of the distribution amdl= é_ f,.
i=1

Another formula for standard deviationWe know that
1 4 -, L1 2 2 —9 A
Variance(s?) =y @ fi(x- X2 = N a f.(x°+ X2-2X X)

i=1 i=1

|
Z|r



STATISTICS 367

U
:i fx?+X%?N- 2x.NX eI—Iere— x,f—xoa X f=Nxg
N i=1 N'—l i=1 U
-1 én_f 2,%2 Loxt =& én_f-xz- X
- N i=1 - N i=1 I
aeé’nlfx 0
iX = 2
189, , AT 1€ 0 gn Bt
o 2=—=a fix - GE—T= g fix-a fx«¢
Ny g N = N?@ "= gi=1 o
é 2
18 . o . 0
Thus,standarddeviatic(rs)=ﬁ Na fx ? f.>$‘+a .. (3)

Example 10Calculate the mean, variance and standard deviation for the following
distribution :

Class 30-40| 40-50| 50-60/ 60-70 70-80 80-9090-100
Frequency 8 7 12 15 8 3 2

Solution From the given data, we construct the followiradple 15.9.

Table 15.9
Class | Frequency| Mid-point| fx [ (x—x)*| f(x—%)?
(f) (x)
30-40 3 35 105 729 2187
40-50 7 45 315 289 2023
50-60 12 55 660 49 588
60-70 15 65 975 9 135
70-80 8 75 600 169 1352
80-90 3 85 255 529 1587
90-100 2 95 190 | 1089 2178
50 3100 10050
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1 d 3100
Mean X = — fx=—— =62
Thus N Ia:;L |)€ 50 g4
Variance(sz) _ L 57. fi(x - X)?
TN G
1,
= —"1005C=201
50
and Standard deviatio(ls) =4201=14 1¢

Example 11 Find the standard deviation for the following data :

X 3 8 | 13 18 23

f 7 | 10| 15 10| 6

Solution Let us form the followingable 15.10:

Table 15.10

X. fo| fx | x2[ fx?

71 21 9 63
10| 80| 64| 640
13 | 15| 195| 169| 2535
18 | 10| 180 | 324| 3240
23 6 | 138 | 529| 3174

48 | 614 9652

Now, by formula (3), we have

s = %\/Né X - @ fx)

1
= — /48 9652 (61
5V 614

= i\/463296- 37699
48
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1.
=— 29377=
18 6.12

Therefore, Standard deviations() =6.12

15.5.4. Shortcut method to find variance and standard deviatiSometimes the
values ofx in a discrete distribution or the mid pointsof different classes in a
continuous distribution are large and so the calculation of mean and variance becomes
tedious and time consuming. By using step-deviation method, it is possible to simplify
the procedure.

1
Let the assumed mean be @nd the scale be reducedﬁtdimes f being the

width of class-intervals). Let the step-deviations or the new valugs be

. X - A

i.e. Y, == or x =A+hy - (1)
a fx

We know that X = ile .. (2

Replacingx from (1) in (2), we get

& 1(A+y)

= =1

x|
|

N
n o" 1% N n
:iS% fA+a h iy s= _QAé. fi+ré. flyl_‘
Ne. i=1 4 Ne i=1 i=1 e
n

fy 3 |

I g%ecausé ff= N

AT é =1 ¢

Thus X=A+hy . (3
2 _ 1 cr’] \2
Now Variance of the variabbe, Sx =7 A fi(x - X)
i=

i=1
n

- %é fi(A+hy -A- hy? (Using (1) and (3))

i=1



370 MATHEMATICS

13 2 2
- —Aafh -
=qa iy

i=1

h? & 2
=y a fi0i-¥)"=r" variance of the variablg
i=1
ie sxz— h25y2
Or sX: rlsy aes (4)
From (3) and (4), we have
h| & , &, b
ST N Na fiy"-a fy- .. (5)
i=1 ei=1 %)

Let us solve Examplellby the short-cut method and using formula (5)

Examples 12 Calculate mean, variance and standard deviation for the following
distribution.

Classes 30-40( 40-50 50-6p 60-70 70-80 80-{%MM-100
Frequency 8 7 12 15 8 3 2

Solution Let the assumed mea&n= 65. Heren = 10
We obtain the followin@able 15.1 from the given data :

Table 15.1
: : X - 65
Class |Frequency| Mid-point | y= 10 y? fy fy?
f, X;

30-40 3 35 -3 9 -9 27
40-50 7 45 -2 4 - 14 28
50-60 12 55 -1 1 -12 12
60-70 15 65 0 0 0 0
70-80 8 75 1 1 8 8
80-90 3 85 2 4 6 12
90-100 2 95 3 9 6 18

N=50 —15 105
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o
a fiy. 15
Theref x=A+—— h=65- — 16 62
erefore X 50 0
2 .
_ he é . . 2¢
Variance g2 = 2 gNa fv®- @ fiy ) ’

2

(19)° & )

-7 _6&0 105 (-15FVY
(50)2 e ( % 9
1

= —[5250- 225% 20:
25

and standard deviatio('s ) =201 =14.18

|[EXERCISE 15.2|

Find the mean and variance for each of the data in Exercies 1 to 5.
1. 6,7,10,12,13,4,8,12

. Firstn natural numbers

2

3. First 10 multiples of 3
4. | X 6 |10 14| 18 24 28| 30
f 2 4 71 12 8 4 3

51 x 92| 93| 97| 98| 102 | 104| 109
fl 3 2 3 2 6 3 3

6. Find the mean and standard deviation using short-cut method.
x| 60| 61| 62| 63| 64 65 64 6] 68

fl 2 1) 12| 29( 25| 12| 10| 4 5

Find the mean and variance for the following frequency distributions in Exercises
7 and 8.

7. |Classes [ 0-30| 30-60 60-90 90-120/120-150 150-180 180-210
Frequencigs 2 3 5 10 3 5 2
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8. [ Classes 0-10 10-20 | 20-30| 30-40 | 40-50

Frequencies 5 8 15 16 6

9. Find the mean, variance and standard deviation using short-cut method

Height | 70-75 75-80 80-8p 85-&10 90-995-100 100—10*[05-]10 110-115
in cms

No. of 3 4 7 7 15 9 6 6 3
children

10. The diameters of circles (in mm) drawn in a design are given below:

Diameters | 33-36 | 37-40 | 41-44 45-48 49-52
No. of circles 15 17 21 22 25

Calculate the standard deviation and mean diameter of the circles.

[ Hint First make the data continuous by making the classes as 32.5-36.5, 36.5-40.5,
40.5-44.5, 445 - 48.5, 48.5 - 52.5 and then proceed.]

15.6 Analysis of Frequency Distributions

In earlier sections, we have studied about some types of measures of dispersion. The
mean deviation and the standard deviation have the same units in which the data are
given. Whenever we want to compare the variability of two series with same mean,
which are measured in different units, we do not merely calculate the measures of
dispersion but we require such measures which are independent of the units. The
measure of variability which is independent of units is called coefficient of variation

(denoted as C.Y
The coefficient of variation is defined as

C.V.==—"100, xt 0,

x| »

wheres and X are the standard deviation and mean of the data.

For comparing the variability or dispersion of two series, we calculate the coefficient
of variance for each seri€Bhe series having greater Ci¥ said to be more variable
than the othefThe series having lesser Ci¥ said to be more consistent than the
other
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15.6.1Comparison of two frequency distributions with same mdzet X, ands,

be the mean and standard deviation of the first distribution,)‘«gmahnds2 be the
mean and standard deviation of the second distribution.

S,
Then C.V. (1st distribution) :{1 100

S,.
and C.V. (2nd distribution) =%~ 100
2

Given X = X, = X (say)

S, .

Therefore C.V. (st distribution)=¥1 100 . ()
S, .

and C.V. (2nd distribution) :?2 100 .. (2

Itis clear from (1) and (2) that the two C.Vs. can be compared on the basis of values
of s, ands, only.

Thus, we say that for two series with equal means, the series with greater standard
deviation (or variance) is called more variable or dispersed than theAiiwerthe
series with lesser value of standard deviation (or variance) is said to be more consistent

than the other
Let us now take following examples:

Example 13Two plantsA andB of a factory show following results about the number
of workers and the wages paid to them.

A B
No. of workers 5000 6000
Average monthly wages Rs 2500 Rs 2500
Variance of distribution 81 100

of wages
In which plantA or B is there greater variability in individual wages?

Solution The variance of the distribution of wages in plamtslz) =81

Therefore, standard deviation of the distribution of wages in plast ) = 9
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Also, the variance of the distribution of wages in plantslgz() =100

Therefore, standard deviation of the distribution of wages in plast, B 10

Since the average monthly wages in both the plants is same, i.e., Rs.2500, therefore,
the plant with greater standard deviation will have more variability
Thus, the plant B has greater variability in the individual wages.

Example 14 Coefficient of variation of two distributions are 60 and 70, and their
standard deviations are 21 and 16, respectiVé¢hat are their arithmetic means.

Solution Given C.V. (st distribution) = 605, = 21
C.V. (2nd distribution) = 705, = 16
Let X, and X, be the means of 1st and 2nd distribution, respectiValn

S
C.V. (st distribution) :f x 100

Therefore 60 =§ “100 orx = 21 106 35
X 60
S 2
and C.V.(2nd distribution)-—x_xloo
2
ie. 70 =_1—6' 100 orx,= 16 106 228
X5 70

Example 15The following values are calculated in respect of heights and weights of
the students of a section of Class XI :

Height Weight
Mean 162.6 cm 52.36 kg
Variance 127.69 crh 23.1361k§

Can we say that the weights show greater variation than the heights?
Solution To compare the variabilityve have to calculate their céiefents of variation.
Given Variance of height 127.69crh

Therefore Standard deviation of height /127 .69¢cm= 11.3 cm
Also Variance of weight 23.1361 kg
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Therefore Standard deviation of weight#23. 1361 k= 4.81 kg
Now, the codficient of variations (C.\ are given by

. . Standard Deviation
(C.V.)) in heights = ~ 100
Mean

113,
= —— 100=6.95
1626

4.81
i i =— 7100 =
and (C.V) in weights 2 36 9.18

Clearly C.V in weights is greater than the CiW heights
Therefore, we can say that weights show more variability than heights.

|EXERCISE 15.3]

1. From the data given below state which group is more varialde B?

Marks |10-20| 20-30 30-40 40-5p 50-60 60-y0 70-80
GroupA 9 17 32 33 40 10
GroupB| 10 20 30 25 43 15

375

2. From the prices of shares X avidbelow find out which is more stable in value:

X[ 35 54| 52| 53 56| 5§ ¥ S0 51 49
Y |108| 107| 105| 10% 106 107/ 1p4 1p3 1p4 101

3. Ananalysis of monthly wages paid to workers in two fifk@nd B, belonging to

the same industygives the following results:

FirmA Firm B
No. of wage earners 586 648
Mean of monthly wages Rs 5253 Rs 5253
Variance of the distribution 100 121

of wages
() Which firmA or B pays lager amount as monthly wages?

(@) Which firm,A or B, shows greater variability in individual wages?
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4. The following is the record of goals scored by team a football session:

No. of goals scored 0 1 2 3 4
No. of matches 1 9 7 5

For the team B, mean number of goals scored per match was 2 with a standard
deviation 1.25 goals. Find which team may be considered more consistent?

5. The sum and sum of squares corresponding to len¢thcm) and weighy
(in gm) of 50 plant products are given below

gO gO ) gO gO )
ax=212 g x =9028 gy =261 g y =1457.6
i=1 i=1 i=1 i=1

Which is more varying, the length or weight?

Miscellaneous Examples

Example 16The variance of 20 observations is 5. If each observation is multiplied by
2, find the new variance of the resulting observations.

Solution Let the observations bg, x,, ..., X,, and X be their mean. Given that
variance = 5 and = 20.We know that

3 1 (230 —\2 . 5_ 1 %0 <\2
Varlance(sz)zﬁa x-X°,ie., _Z_O-al(xi - X)
i=1 i=

20
or ax-%’=100 . (1)

i=1

If each observation is multiplied by 2, and the new resulting observatioys tien

1
y = 2x i.e.,x Eyi
1 gO 020 20
Therefore 7=;§1M=§)§:12x = E)Ia:.lx
ie. y=2x or >—<=17
2

Substituting the values afand x in (1), we get
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20 2, 20
3&y -1y %100 i & (v - y)?=400
i:]_gz 2 %) i=1

C

1, ,
Thus the variance of new observation% 400= 26 27 ¢

| A_Note | The reader may note that if each observation is multiplied by a copstant
k, the variance of the resulting observations becdétases the original variance.

Examplel7The mean of 5 observations is 4.4 and their variance is 8.24. If three of
the observations are 1, 2 and 6, find the other two observations.

Solution Let the other two observations kandy.
Therefore, the seriesis 1, 2x8.y.

- 1+2+6+x+y
Now MeanX =4.4 = #
or 22=9 +x+y
Therefore X+y=13 . (1)
18 >
Also variance =8.24 =—a (X -X)

i=1

1, \
ie. 8.24=g8(3.4)2+(24)2+(162+x2+y2- 2 446 y) 2( apd
Or 41.20=11.56 + 5.76 + 2.56 ¥ +y2—8.8 x 13 + 38.72

Therefore X2 +y? =97 .. (2)
But from (1), we have

X2 +y? + Xy=169 .. (3)
From (2) and (3), we have

2xy =72 .. (4)

Subtracting (4) from (2), we get
X2+y? — Xy=97-72 i.e. {-y)?=25

or X—-y=4+5
.. (5)
So, from (1) and (5), we get

x=9,y=4 whenx —y=5
or Xx=4,y=9whenx—-y=-5
Thus, the remaining observations are 4 and 9.
Example 18If each of the observatiax, x,, ...,X is increased bia’, wherea is a
negative or positive numheshow that the variance remains unchanged.
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Solution Let X be the mean of, x,, ...,x . Then the variance is given by
n
% é (x - %)’
If ‘a is added to each observation, the new observations will be
y=x+a . (1)
Let the mean of the new observationsypeThen

n

146
y=,ad —a (% +a

i=1 i=1

1é¢8 o U 14 na__
= —@é&ad X ta a[j:—axi+—:X+a
Giz1 izt 0 Ny n
ie. y=x+a .. (2)

Thus, the variance of the new observations

14 -
—a ¥-¥=—alx+ta- X-a)’ [Using (1) and (2)]

2
B Nz

Ha (X,-X):s

=1
Thus, the variance of the new observations is same as that of the original observations.

We may note that adding (or subtracting) a positive number to (or from)
each observation of a group does not affect the variance.

Example 19The mean and standard deviation of 100 observations were calculated as
40 and 5.1, respectively by a student who took by mistake 50 instead of 40 for one
observation. What are the correct mean and standard deviation?

Solution Given that number of observationg € 100

Incorrect mean¥ ) = 40,
Incorrect standard deviatiog)(= 5.1

_ 14
We know that X= Ea X;
1 1000 1000
ie. 40=—ax or a % = 4000

10035 =1



i.e.
Thus

Hence

Also

or

Therefore

Now

Therefore
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Incorrect sum of observations49800
the correct sum of observationsreorrect sum — 50 + 40

=4000 - 50 + 40 = 3990

correct sum _ 399

Correct mean = 100 100=39.9

2.
o 14 , 1a&"_©
Standard deviatios =,[-aAd X% - @ X%+
Nz N“eizx g

(51 2 2

= Zax - (x)

n iz

1 . d
51 = \/— Incorrectg x_ - (40j
100 -

1 s
—— " Incorrectg x~ _
26.01 100 ax —1600

Y

n
Incorrecté_ xi2 =100 (26.01 + 1600) = 162601

i=1

n

3 o
Correct @ %° = Incorrect@ X" — (50% + (40y
i=1

i=1
=162601 — 2500 + 1600 = 161701

Correct standard deviation

- (Correct mearf)

o] 2
_ \/Correct a X

n

161701 ,
= - (39.9)
100

= \/1617.01- 15920 = /o5 =5

379
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Miscellaneous Exercise On Chapter 15

The mean and variance of eight observations are 9 and 9.25, respeltsnely

of the observations are 6, 7, 10, 12, 12 and 13, find the remaining two observations.
The mean and variance of 7 observations are 8 and 16, respeditiinedyof the
observations are 2, 4, 10, 12, 14. Find the remaining two observations.

The mean and standard deviation of six observations are 8 and 4, respdttively
each observation is multiplied by 3, find the new mean and new standard deviation
of the resulting observations.

Given thatx is the mean and?is the variance ofi observations, X,, ...X.

Prove that the mean and variance of the observatignax, ax, ....,ax are

ax anda?s? respectively(at 0).

The mean and standard deviation of 20 observations are found to be 10 and 2,
respectively On rechecking, it was found that an observation 8 was incorrect.
Calculate the correct mean and standard deviation in each of the following cases:
(i) If wrong item is omitted. (ii) If it is replaced by 12.

The mean and standard deviation of marks obtained by 50 students of a class in
three subjects, Mathematics, Physics and Chemistry are given below:

Subject Mathematics Physics  Chemistry

Mean 42 32 40.9
Standard 12 15 20
deviation

Which of the three subjects shows the highest variability in marks and which
shows the lowest?

The mean and standard deviation of a group of 100 observations were found to
be 20 and 3, respectivelyater on it was found that three observations were
incorrect, which were recorded as 21, 21 and 18. Find the mean and standard
deviation if the incorrect observations are omitted.

Summary

(R)Measures of dispersiorRange, Quartile deviation, mean deviation, variance,

standard deviation are measures of dispersion.
Range = MaximunValue — Minimun¥alue

(R)Mean deviation for ungrouped data

M.D. (%) :w, M.D. (M) =
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(R)Mean deviation for grouped data

a fi[x -

MD(i)z__ﬁq__“ M.D.(M) =

o —M o
a—t |Iill( | ,where N=g f;

(R)Variance and standard deviation forungrouped data

21 2 _ i o2
St (=%, s= ) (x-%

(®R)Variance and standard deviation of a disaete frequency distribution

52:% f,()g-x : s—\/— (x- x
(R)Variance and standard deviation of a continuous quency distribution
2_1 —\2 _ lJ 2
st=q R0e-X) s= SN B (0 fx)
(R Shortcut method to find variance and standard deviation.
h? 2 h 2
SZ:W N Ry’ -( fy) s :N\/N iy -( fy),
- A
where 'y, = %A

(R Coefficient of variation (C.V.) = % 100,x* 0.

For series with equal means, the series with lesser standard deviation is more consistent
or less scattered.

Historical Note

‘Statistics’ is derived from the Latin word ‘status’ which means a political
state. This suggests that statistics is as old as human civilisation. In the year 3050
B.C., perhaps the first census was held in Egypt. In India also, about 2000 years
ago, we had an#gient system of collecting administrative statistics, particularly
during the regime of Chandra Gupta Maurya (324-300 B.C.). The system of
collecting data related to births and deaths is mentioned in Kasiflgtashastra
(around 300 B.CA detailed account of administrative surveys conducted during
Akbar's regime is given iin-I-Akbari written byAbul Fazl.
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Captain John Graunt of London (1620-1674) is known as father of vital
statistics due to his studies on statistics of births and deaths. Jacob Bernoulli
(1654-1705) stated the Law of Large numbers in his book “Ars Conjectandi’,
published in 1713.

The theoretical development of statistics came during the mid seventeenth
century and continued after that with the introduction of theory of games and
chance (i.e., probability). Francis Galton (1822-1921), an Englishman, pioneered
the use of statistical methods, in the field of Biomeé{arl Pearson (1857-1936)
contributed a lot to the development of statistical studies with his discovery
of Chi squae testand foundation ostatistical laboratoy in England (191).

Sir RonaldA. Fisher (1890-1962), known as the Father of modern statistics,
applied it to various diversified fields such as Genetics, BiomEttycation,
Agriculture, etc.



Chapter

PROBABILITY

V Where a mathematical reasoning can be had, it is as great a folly to
make use of any others to grope for a thing in the dark, when
you have a candle in your hand. JOHN ARBUTHNOT Vv

16.1 Introduction

In earlier classes, we studied about the concept of
probability as a measure of uncertainty of various
phenomenorVe have obtained the probability of getting

3 1
an even number in throwing a die gsi.e., 5 Here the

total possible outcomes are 1,2,3,4,5 and 6 (six in number).

The outcomes in favour of the event of ‘getting an even

numbet are 2,4,6 (i.e., three in number). In general, to

obtain the probability of an event, we find the ratio of the

number of outcomes favourable to the event, to the total

number of equally likely outcomes. This theory of probability =~ Kolmogorov
is known asclassical theoy of pobability. (1903-1987)

In Class IX, we learnt to find the probability on the basis of observations and
collected dataThis is calledstatistical appoach of pobability.

Both the theories have some serious difficulties. For instance, these theories can
not be applied to the activities/experiments which have infinite number of outcomes. In
classical theory we assume all the outcomes to be equally Retgll that the outcomes
are called equally likely when we have no reason to believe that one is more likely to
occur than the othein other words, we assume that all outcomes have equal chance
(probability) to occurThus, to define probabilityve used equally likely or equally
probable outcomes. This is logically not a correct definition. Thus, another theory of
probability was developed ByN. Kolmogorov a Russian mathematician, in 1933. He
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laid down some axioms to interpret probabilityhis book ‘Foundation of Probability’
published in 1933. In this Chaptere will study about this approach calkedomatic
approach of pobability. To understand this approach we must know about few basic
terms viz. random experiment, sample space, events, etc. Let us learn about these all,
in what follows next.

16.2 Random Experiments

In our day to day life, we perform many activities which have a fixed result no matter
any number of times they are repeated. For example given any triangle, without knowing
the three angles, we can definitely say that the sum of measure of angles is 180°.

We also perform many experimental activities, where the result may not be same,
when they are repeated under identical conditions. For example, when a coin is tossed
it may turn up a head or a tail, but we are not sure which one of these results will
actually be obtained. Such experiments are caiadom experiments

An experiment is called random experiment if it satisfies the following two
conditions:

(i) It has more than one possible outcome.
(i) Itis not possible to predict the outcome in advance.

Check whether the experiment of tossing a die is random or not?
In this chapterwe shall refer the random experiment by experiment only unless
stated otherwise.

16.2.1 Outcomes and sample spacA possible result of a random experiment is
called itsoutcome
Consider the experiment of rolling a die. The outcomes of this experiment are 1,
2,3,4,5, or 6, if we are interested in the number of dots on the upper face of the die.
The set of outcomes {1, 2, 3, 4, 5,i6kalled thesample space of the experiment
Thus, the set of all possible outcomes of a random experiment is cakedtple
spaceassociated with the experiment. Sample space is denoted by the symbol S.
Each element of the sample space is calleghaple pointin other words, each
outcome of the random experiment is also cadketiple point
Let us now consider some examples.

Example 1Two coins (a one rupee coin and a two rupee coin) are tossed once. Find
a sample space.

Solution Clearly the coins are distinguishable in the sense that we can speak of the
first coin and the second coin. Since either coin can turn up Head THI)(@1), the
possible outcomes may be
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Heads on both coins = (H,H) = HH

Head on first coin andiail on the other = (H,T) = HT
Tail on first coin and Head on the other sHJ=TH
Tail on both coins = () =TT

Thus, the sample space is S = {HH,,HH, TT}

The outcomes of this experiment are ordered pairs of H aRdr the
sake of simplicity the commas are omitted from the ordered pairs.

Example 2Find the sample space associated with the experiment of rolling a pair of
dice (one is blue and the other red) omdso, find the number of elements of this
sample space.

Solution Suppose 1 appears on blue die and 2 on the red/didenote this outcome
by an ordered pair (1,2). Similariy‘3’ appears on blue die and &1 red, the outcome
is denoted by the ordered pair (3,5).
In general each outcome can be denoted by the orderedx,pdjrwherex is
the number appeared on the blue die wmlthe number appeared on the red die.
Therefore, this sample space is given by
S ={(x, y): xis the number on the blue die an$ the number on the red die}.
The number of elements of this sample space is 6 x 6 = 36 and the sample space is
given below:
{(1,1), (1,2), (1,3), (1,4), (1,5), (1.6), (2,1), (2,2), (2,3), (2,4), (2,5), (2,6)
(3,1),(3,2),(3,3),(3,4),(3,5),(3,6),(4,1), (4,2, (4,3), (4,4), (4,5), (4,6)
(5,1), (5.2), (5.3), (5:4), (5,5), (5,6), (6,1), (6,2), (6,3), (6,4), (6.5), (6.,6)}

Example 3In each of the following experiments specify appropriate sample space

() Aboyhasalrupee coin, a2 rupee coin and a 5 rupee coin in his pocket. He
takes out two coins out of his pocket, one after the other

@) A person is noting down the number of accidents along a busy highway
during a year

Solution (i) Let Q denote a 1 rupee coin, H denotes a 2 rupee coin and R denotes a 5
rupee coin. The first coin he takes out of his pocket may be any one of the three coins
Q, Hor R. Corresponding to Q, the second draw may be H or R. So the result of two
draws may be QH or QRSimilarly, corresponding to H, the second draw may be
QorR.

Therefore, the outcomes may be HQ or H&stly, corresponding to R, the second
draw may be H or Q.

So, the outcomes may be RH or RQ.
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Thus, the sample space is S={QH, QR, HQ, HR, RH, RQ}
(i) The number of accidents along a busy highway during the year of observation
can be either 0 (for no accident ) or 1 or 2, or some other positive integer
Thus, a sample space associated with this experiment is S={0,1,2,...}

Example 4 A coin is tossed. If it shows head, we draw a ball from a bag consisting of
3 blue and 4 white balls; if it shows tail we throw a die. Describe the sample space of
this experiment.

Solution Let us denote blue balls by,B,, B, and the white balls by YW, W,, W,.
Then a sample space of the experiment is

S ={HB, HB,, HB,, HW , HW,, HW,, HW,, T1, T2, T3, T4, T5, T6}.
Here HB means head on the coin and quIsBJIrawn, HWmeans head on the coin
and balW, is drawn. SimilarlyTi means tail on the coin and the numben the die.

Example 5Consider the experiment in which a coin is tossed repeatedly until a head
comes up. Describe the sample space.

Solution In the experiment head may come up on the first toss, or the 2nd toss, or the
3rd toss and so on till head is obtairtdeince, the desired sample space is

S={H, TH, TTH, TTTH, TTTTH,...}

| EXERCISE 16.1|

In each of the following Exercises 1 to 7, describe the sample space for the indicated
experiment.
1. Acoin is tossed three times.

A die is thrown two times.

A coin is tossed four times.

A coin is tossed and a die is thrown.

A coin is tossed and then a die is rolled only in case a head is shown on the coin.

2 boys and 2 girls are in Room X, and 1 boy and 3 girls in Radpecify the

sample space for the experiment in which a room is selected and then a person.

7. One die of red coloyone of white colour and one of blue colour are placed in a
bag. One die is selected at random and rolled, its colour and the number on its
uppermost face is noted. Describe the sample space.

8. An experiment consists of recording boy—girl composition of families with 2
children.
(i) What is the sample space if we are interested in knowing whether it is a boy

or girl in the order of their births?

S
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() What is the sample space if we are interested in the number of girls in the
family?
9. Abox contains 1 red and 3 identical white baligo balls are drawn at random
in succession without replacemeWirite the sample space for this experiment.

10. An experiment consists of tossing a coin and then throwing it second time if a
head occurs. If a tail occurs on the first toss, then a die is rolled once. Find the
sample space.

11. Suppose 3 bulbs are selected at random from a lot. Each bulb is tested and
classified as defective (D) or non — defective(Njite the sample space of this
experiment.

12. A coin is tossed. If the out come is a head, a die is thrown. If the die shows up
an even numbetthe die is thrown againWhat is the sample space for the
experiment?

13. The numbers 1, 2, 3 and 4 are written separatly on four slips of papeslips
are put in a box and mixed thorougtyperson draws two slips from the box,
one after the othemwithout replacement. Describe the sample space for the
experiment.

14. An experiment consists of rolling a die and then tossing a coin once if the number
on the die is even. If the number on the die is odd, the coin is tossed/iniee.
the sample space for this experiment.

15. Acoinistossed. If it shows a tail, we draw a ball from a box which contains 2 red
and 3 black balls. If it shows head, we throw a die. Find the sample space for this
experiment.

16. A die is thrown repeatedly untill a six comes up. What is the sample space for
this experiment?

16.3 Event

We have studied about random experiment and sample space associated with an
experiment. The sample space serves as an universal set for all questions concerned
with the experiment.

Consider the experiment of tossing a coin two tiasassociated sample space
isS ={HH, HT, TH, TT}.

Now suppose that we are interested in those outcomes which correspond to the
occurrence of exactly one headtle find that HTandTH are the only elements of S
corresponding to the occurrence of this happening (event). These two elements form
the setE = { HT, TH}

We know that the set E is a subset of the sample space S . Simitafigd the
following correspondence between events and subsets of S.



388 MATHEMATICS

Description of events Corresponding subset of ‘S’
Number of tails is exactly 2 A={TT}

Number of tails is atleast one B ={HT, TH, TT}

Number of heads is atmost one C={HT, TH, TT}

Second toss is not head D={HT,TT}

Number of tails is atmost two S ={HH, HT, TH, TT}
Number of tails is more than two f

The above discussion suggests that a subset of sample space is associated with
an event and an event is associated with a subset of sample space. In the light of this
we define an event as follows.

Definition Any subset E of a sample space S is calle@vent

16.3.1 Occurrence of an eveniConsider the experiment of throwing a die. Let E
denotes the event “ a number less than 4 appears”. If actually ‘1’ had appeared on the
die then we say that event E has occureda matter of fact if outcomes are 2 or 3,
we say that event E has occurred
Thus, the event E of a sample space S is said to have occurred if the outcome
of the experiment is such thatl E. If the outcome is suchthat 1 E, we say
that the event E has not occurred.

16.3.2 Types of evest Events can be classified into various types on the basis of the
elements they have.

1. Impossible and Sure EventsThe empty set and the sample space S describe
events. In fadt is called ammpossible everand S, i.e., the whole sample space is
called thesure event

To understand these let us consider the experiment of rollingkhdieassociated
sample space is

S={1,2,3,4,5,6}

Let E be the event “ the number appears on the die is a multiple of 7”. Can you
write the subset associated with the event E?

Clearly no outcome satisfies the condition given in the event, i.e., no element of
the sample space ensures the occurrence of the event E. Thus, we say that the empty
set only correspond to the event E. In other words we can say that it is impossible to
have a multiple of 7 on the upper face of the die. Thus, the evehtiEan impossible

event.
Now let us take up another event F “the number turns up is odd or even”. Clearly
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F={1,2,3,4,5,6,}=S, i.e., all outcomes of the experiment ensure the occurrence of
the event FThus, the event F = S is a sure event.

2. Simple Event If an event E has only one sample point of a sample space, it is
called asimple (or elementary event
In a sample space containingdistinct elements, there are exaatlsimple
events.
For example in the experiment of tossing two coins, a sample space is
S={HH, HT, TH, TT}
There are four simple events corresponding to this sample space. These are
E,= {HH}, E_.={HT}, E = { TH} and E={TT}.
3. Compound Event If an event has more than one sample point, it is called a
Compound event
For example, in the experiment of “tossing a coin thrice” the events
E: ‘Exactly one head appeared’
F: ‘Atleast one head appeared’
G: ‘Atmost one head appeared’ etc.
are all compound events. The subsets of S associated with these events are
E={HTT,THT, TTH}
F={HTT,THT, TTH, HHT, HTH, THH, HHH}
G={TTT, THT, HTT, TTH}
Each of the above subsets contain more than one sample point, hence they are all
compound events.

16.3.3 Algebra of everg In the Chapter on Sets, we have studied abofterdift
ways of combining two or more sets, viz, union, intersection, difference, complement
of a set etc. Like-wise we can combine two or more events by using the analogous set
notations.

LetA, B, C be events associated with an experiment whose sample space is S.

1. Complementary Event For every evenf, there corresponds another event
Adcalled the complementary evenftdt is also called thevent ‘notA'.

For example, take the experiment ‘of tossing three cokmsdssociated sample
space is

S ={HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

Let A={HTH, HHT, THH} be the event ‘only one tail appears’

Clearly for the outcome HTThe evenA has not occurred. But we may say that
the event ‘noN has occurredlhus, with every outcome which is notAn we say
that ‘notA’" occurs.
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Thus he complementary event ‘natto the evenA is
A¢= {HHH, HTT, THT, TTH, TTT}

or A¢={w:wl Sandwl A} =S -A.

2. The Event ‘A or B’ Recall that union of two se#s and B denoted b E B
contains all those elements which are eithéy iar in B or in both.

When the seté& and B are two events associated with a sample space, then
‘A E B’ is the event ‘eithe or B or both’ This event ‘AE B’ is also called ‘Aor B'.

Therefore Event‘AorB'=AE B
={w:wl Aorwl B}

3. The Event ‘A and B We know that intersection of two s&sC B is the set of
those elements which are common to batland B. i.e., which belong to both
‘A and B'.
If A and B are two events, then the Aef B denotes the event ‘And B'.
Thus, ACB={w:wl Aandwi B}

For example, in the experiment of ‘throwing a die twicet A be the event
‘score on the first throw is signd B is the event ‘sum of two scores is atled'sthken

A ={(6,1), (6,2), (6,3), (6,4), (6,5), (6,6)}, and B ={(5,6), (6,5), (6,6)}

so A CB={(6,5),(6,6)}
Note that the sé&& C B ={(6,5), (6,6)} may represent the event ‘the score on the first
throw is six and the sum of the scores is atlelst 1

4. The Event ‘A but not B We know thatA—B is the set of all those elements
which are irA but not in B Therefore, the sé&-B may denote the event #ut not
B’.We know that

A-B=ACB

Example 6 Consider the experiment of rolling a die. llebe the event ‘getting a
prime numbéer B be the event ‘getting an odd numbe#rite the sets representing
the events (ifor B (ii) A and B (iii) A but not B (iv) ‘notA'.
Solution Here  S={1,2,3,4,5,6}JA={2,3,5}and B ={1, 3, 5}
Obviously

() ‘AorB'=AEB={1,2,3,5}

(i) ‘A and B=AC B ={3,5}

@iy ‘A butnotB'=A-B={2}

(iv) ‘not A =Ac¢={1,4,6}



PROBABILITY 391

16.3.4Mutually exclusive eventin the experiment of rolling a die, a sample space is
S ={1, 2, 3, 4, 5, 6}. Consider even#s,an odd number appearghd B ‘an even
number appears’

Clearly the evemh excludes the event B and vice versa. In other words, there is
no outcome which ensures the occurrence of eventsd B simultaneouslyere

A={1,3,5}and B = {2, 4, 6}

ClearlyA € B =f, i.e.,A and B are disjoint sets.

In general, two event& and B are callednutually exclusiveevents if the
occurrence of any one of them excludes the occurrence of the other event, i.e., if they
can not occur simultaneously this case the sefsand B are disjoint.

Again in the experiment of rolling a die, consider the ev&ngn odd number
appears’ and event B ‘a number less than 4 appears’

ObviouslyA ={1, 3,5}and B ={1, 2, 3}

Now 3T A aswellas3 B

Therefore,A and B are not mutually exclusive events.

RemarkSimple events of a sample space are always mutually exclusive.
16.3.5Exhaustive everd Consider the experiment of throwing a dige have

S={1, 2, 3, 4,5, 6}. Let us define the following events

A: ‘a number less than 4 appears’,
B: ‘a number greater than 2 but less than 5 appears’
and C: ‘a number greater than 4 appears’.

ThenA ={1, 2, 3}, B = {3,4} and C = {5, 6}We observe that
AEBEC={1,2,3}E{3,4}E {5 6}=S.

Such eventé, B and C are called exhaustive events. In general, EZE..., E aren
events of a sample space S and if

~ ~ ~ ~ \n
E\EEE EE .E EFE B <
i=

then E, E, ...., E are callecexhaustive eventa other words, events EE,, ..., E
are said to be exhaustive if atleast one of them necessarily occurs whenever the
experiment is performed.

Further if E C E =f fori! j ie., events Eand Eare pairwise disjoint and

Iy
_ElEi =S, then events EE,, ..., E are callednutually exclusive and exhaustive
=

events
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We now consider some examples.

Example 7Two dice are thrown and the sum of the numbers which come up on the
dice is noted. Let us consider the following events associated with this experiment

A: ‘the sum is even'.

B: ‘the sum is a multiple of 3'.
C: ‘the sum is less than 4'.
D: ‘the sum is greater tharil

Which pairs of these events are mutually exclusive?
Solution There are 36 elements in the sample space § p{(x,y=1, 2, 3, 4, 5, 6}.
Then
A={1,1),(1,3),(1,5),(2,2),(2,4),(26), (3 1), (3,3),(3,5), (4, 2), (4, 4),
(4,6), (5, 1), (5, 3), (5, 9), (6, 2), (6, 4), (6, 6)}
B={(1.2),(2,1).(1,5),(5,1),(3,3).(2,4),(4,2),(3,6), (6, 3), (4,5), (5, 4),

(6, 6)}
C={(1,1),(2 1), (1,2)}and D ={(6, 6)}

We find that
ACB={(1,5),(2,4),(3,3), (4, 2),(5,1), (6, O}
Therefore,A and B are not mutually exclusive events.
SimilarlyAC C*f ACDf ,BCC'f andBCDf .
Thus, the pairs of events, (A, C), (A, D), (B, C), (B, D) are not mutually exclusive
events.
Also CC D =f and so C and D are mutually exclusive events.
Example 8A coin is tossed three times, consider the following events.

A: ‘No head appears’, B: ‘Exactly one head appears’ and C: ‘Atleast two heads
appeat.

Do they form a set of mutually exclusive and exhaustive events?
Solution The sample space of the experiment is

S={HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}
and A={TTT}, B={HTT, THT, TTH}, C = {HHT, HTH, THH, HHH}
Now

AE BE C={TTT, HTT, THT, TTH, HHT, HTH, THH, HHH} = S

Therefore, A, B and C are exhaustive events.

Also, ACB=f,ACC=f and BC C =f

Therefore, the events are pair-wise disjoint, i.e., they are mutually exclusive.
HenceA, B and C form a set of mutually exclusive and exhaustive events.



PROBABILITY 393

| EXERCISE 16.2)|

1. Adie isrolled. Let E be the event “die shows 4” and F be the event “die shows
even number’Are E and F mutually exclusive?
2. Adie is thrown. Describe the following events:

() A:anumberlessthan 7 (i) B:anumber greater than 7

(i) C:amultiple of 3 (iv) D:anumber less than 4
(v) E:aneven number greater than4 (vi) F:anumber not less than 3
Also findAE BLACB,BEC,ECFDCE,A-C,D-E,EC F¢(F¢

3. An experiment involves rolling a pair of dice and recording the numbers that
come up. Describe the following events:
A: the sum is greater thanB; 2 occurs on either die
C: the sum is at least 7 and a multiple of 3.
Which pairs of these events are mutually exclusive?

4. Three coins are tossed once. Betlenote the event ‘three heads show”, B
denote the event “two heads and one tail show”, C denote the event” three tails
show and D denote the event ‘a head shows on the first coin”. Which events are

(i) mutually exclusive? (ii) simple? (iii) Compound?

5. Three coins are tossed. Describe
() Two events which are mutually exclusive.

(i) Three events which are mutually exclusive and exhaustive.

(i) Two events, which are not mutually exclusive.

(iv) Two events which are mutually exclusive but not exhaustive.

(v) Three events which are mutually exclusive but not exhaustive.
6. Two dice are thrownThe event®\, B and C are as follows:

A: getting an even number on the first die.

B: getting an odd number on the first die.

C: getting the sum of the numbers on the diée

Describe the events

@i Ac (i) notB (i) AorB
(iv) AandB (v) AbutnotC (vij BorC
(vi) BandC (viiy A C B¢C C¢

7. Refer to question 6 above, state true or false: (give reason for your answer)
() A and B are mutually exclusive
(i) A and B are mutually exclusive and exhaustive
iy A=BC¢C
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(iv) A and C are mutually exclusive
(v) A and Btare mutually exclusive.
(vi) A¢ B¢ C are mtually exclusive and exhaustive.

16.4 Axiomatic Approach to Piobability

In earlier sections, we have considered random experiments, sample space and
events associated with these experiments. In our day to day life we use many words
about the chances of occurrence of events. Probability theory attempts to quantify
these chances of occurrence or non occurrence of events.

In earlier classes, we have studied some methods of assigning probability to an
event associated with an experiment having known the number of total outcomes.

Axiomatic approach is another way of describing probability of an event. In this
approach some axioms or rules are depicted to assign probabilities.

Let S be the sample space of a random experiment. The probability P is a real
valued function whose domain is the power set of S and range is the interval [0,1]
satisfying the following axioms

() ForanyeventE, )30 (i) P(S)=1

(i) If E and F are mutually exclusive events, then B(E) = P(E) + P(F).
It follows from (iii) that P{) = 0. To prove this, we take Ffand note that E arfd
are disjoint events. Therefore, from axiom (iii), we get

P(EEf)=P((E)+Pf)or P(E)=P(E)+Pf)ie P¢f)=0.

Let S be a sample space containing outcomes,,...,w,, i.e.,

S= {Wl, W, ...,Wn}
It follows from the axiomatic definition of probability that
() O£P ()£ 1foreactwi S
i) PW)+PW)+..+Pw)=1
(i) Forany evenh, P(A) =& P, ), w1 A.

It may be noted that the singletow) is called elementary event and
for notational convenience, we writewP) for P({w. }).

1
For example, in ‘a coin tossing’ experiment we can assign the nl.]gnbeeach
of the outcomes H ant
_ 1 1
i.e. P(H) =5 and P(T) = Q)

Clearly this assignment satisfies both the conditions i.e., each number is neither
less than zero nor greater thaarid
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P(H) + P(T) =

I\)II—‘

R
i

1 1
Therefore, in this case we can say that probability ofﬁl, and probability of T 25

1 3
If we take P(H)=— and P(T) =— .. (2)

Does this aSS|gnment satisfy the conditions of axiomatic approach?

1 3
Yes, in this case, probability of Hf and probability off = 7

We find that both the assignments (1) a(®) are valid for probability of
H andT.

In fact, we can assign the numbprand (1 ) to both the outcomes such that
Ofpf£land PH)+PM p+(1-p=1

This assignment, too, satisfies both conditions of the axiomatic approach of
probability Hence, we can say that there are many ways (rather infinite) to assign
probabilities to outcomes of an experimé&kie now consider some examples.
Example 9 Let a sample space be S w{w,,..., w.}.Which of the following
assignments of probabilities to each outcome are valid?

Outcomes w, w, w, w, w, W,
1 1 1 1 1 1
® % & & 6 6 6
(b) 1 0 0 0 0 0
1 2 1 1 1 1
© 8 3 3 3 "4 3
1 1 1 1 1 3
@ 2 12 6 & & 2
(e) 01 02 03 04 05 06

Solution (a) Condition (i): Each of the numbenpy is positive and less than one.
Condition (ii): Sum of probabilities
1 1.1 1 1 1

-+ S+ S+ S+ =+ 2=
6 6 6 6 6 6
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Therefore, the assignment is valid

(b) Condition (i): Each of the numbg(w,) is either O or 1.
Condition (ii) Sum of the probabilites=1+0+0+0+0+0=1
Therefore, the assignment is valid

(c) Condition (i)Two of the probabilitiep(w,) andp(w,) are negative, the assignment
is not valid

3
(d) Sincep(w,) = §> 1, the assignment is not valid

(e) Since,sum of probabilities=0.1+ 0.2+ 0.3+ 0.4 + 0.5 + 0.6 tRelassignment
is not valid.

16.4.1Probability of an evenkLet S be a sample space associated with the experiment
‘examining three consecutive pens produced by a machine and classified as Good
(non-defective) and bad (defective)le may get 0, 1, 2 or 3 defective pens as result

of this examination.

A sample space associated with this experiment is

S ={BBB, BBG BGB, GBB, BGGGBG GGB, GGG},
where B stands for a defective or bad pen and G for a non — defective or good pen.
Let the probabilities assigned to the outcomes be as follows
Samplepoint: BBB BBG BGB GBB BGG GBG GGB GGG

B 1 1 1 1 1 1 1 1
Probability: g g g g g g g g

Let eventA: there is exactly one defective pand &ent B: there are atleast two
defective pens.

Hence A = {BGG, GBG GGB} and B = {BBG BGB, GBB, BBB}
Now PA) =aP( ) | A

= P(BGG) + P(GBG) + P(GGB 1,1,1.3
=P( )+ P( )+ P( );3 5’8 8
and PB)=aP( )’ | B

1.1.1.1_4_1
=P(BBG) + P(BGB) + P(GBB) + P(BBB) $+ s ¥ 5+ 5 =5 =7

Let us consider another experiment of ‘tossing a coin “twice”
The sample spce of this experiment is S = {HH, HTH, TT}
Let the following probabilities besaigned to the outcomes
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1 1 2 9
P(HH) = 5, P(HT) =2, P(TH) ==, P(TT) =

Clearly this assignment satisfies the conditions of axiomatic approachlétow
us find the probability of the event E: ‘Both the tosses yield the same result’.

Here E={HH, TT}
Now P(E) =SP(w), forallw, 1 E
= P(HH) + P(TT) :-1+3=il
4 28 7
For the event F: ‘exactly two heads’, we have F = {HH}
and P(F) = P(HH) =%

16.4.2 Probabilities of equally likely outcomesLet a sample space of an
experiment be

S={w,w,...,w}
Let all the outcomes are equally likely to oGadLe., the chance of occurrence of each

simple event must be same.
i.e. PWw) =p, forallw, 1T Swhere @ p£1

P( )=lie.,p+p+..+p(ntimes)=1

Qo5

Since
i=1

or np—ll.e.,p—ﬁ
Let S be a sample space and E be an event, suaf{$)atn andn(E) =m. If
each out come is equally likethen it follows that

Number of outcomes favourable tc
Total possible outcomes

P(E):%

16.4.3 Probability of the event ‘A or BLet us now find the probability of event
‘AorB,ie., P(AE B)

Let A={HHT, HTH,THH}and B = {HTH, THH, HHH} be two events associated
with ‘tossing of a coin thrice’

Clearly A E B = {HHT, HTH, THH, HHH}
Now P (AE B) = P(HHT) + P(HTH) + P(THH) + P(HHH)
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If all the outcomes are equally likelhen

P(AE B)_}+}+_1+_1:_4:_1
8 8 8 8 8 2
3
Also P(A) = P(HHT) + P(HTH) + P(THH) =3
3
and P(B) = P(HTH) + P(THH) + P(HHH) 3
Theref P(A +PB-§+§=£5
erefore P(A) ()—8 8 8

Itis clearthat P(AEB) ! P(A) + P(B)

The points HTH andHH are common to both and B. In the computation of
P(A) + P(B) the probabilities of points HTH af#iH, i.e., the elements &fCB are
included twice. Thus to get the probability i) we have to subtract the probabilities
of the sample points ih C B from P(A) + P(B)

i.e. P(AEB)=PA)+P®B)- P(,," | C
= P(A)+P(B)- P(AC B)
Thus we observe thalP(A E B) =P(A) + P(B) - P(A CB)

In general, ifA and B are any two events associated with a random experiment,
then by the definition of probability of an event, we have

P(AEB)= p( ;) 1 E

Since AEB=(A-B)E (AC B)E (B-A),
we have
PAEB)=[ P(," | 11 1T ¢ J [Pl ]
(becausé&—B, A C B and B -A are mutually exclusive) . (2)
Also PA)+P®)=[ p(; "wf ][ p " i ]

=[ P E ¢ [ [P E ¢ ]

=[ PCi" I ¢ J+[ PG ]+

[ PC;" 1 C ]

=PAEB)+[ P(," [ C ] [using (1)]

P(AE B)+P(AC B).
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Hence P(AE B)=P (A)+P(B) —P(AC B.
Alternatively, it can also be proved as follows:
AE B=AE (B-A), whereA and B -A are mutually exclusive,
and B = (AC B) E (B —A), whereA C B and B -A are mutually exclusive.
Using Axiom (iii) of probability, we get
P(AEB) =P(A) + P(B -A) .. (2)
and P(B)=P(ACB)+ P (B-A) .. (3)
Subtracting (3) from (2) gives
P (A\E B) — P(B) = P(A) - P (AC B)
or P(AE B)=P(A)+ P (B) - P (AC B)
The above result can further be verified by observing/grme Diagram (Fig 16.1)

Fig 16.1

If A and B are disjoint sets, i.e., they are mutually exclusive events Qe = f
Therefore P(ACB)=Pf)=0
Thus, for mutually exclusive everisand B, we have

P(A E B)=P(A)- P(B),
which isAxiom (iii) of probability.
16.4.4 Probability of eventnot A’ Consider the evelt = {2, 4, 6, 8} associated
with the experiment of drawing a card from a deck of ten cards numbered from

1to 10. Clearly the sample space is S ={1, 2, 3, ...,10}
If all the outcomes 1, 2, ...,10 are considered to be equally, liketythe probability

1
of each outcome i%
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Now P(A) =P(2) + P(4) + P(6) + P(8)

10 10 10 10 10 !
Also event ‘noA’ = A¢ ={1, 3,5,7,9, 10}

Now P(AG =P(1) + P(3) + P(5) + P(7) + P(9) + P(10)
_6_3
10 5

Thus, P(A) = gz 1- ézl- P(A)

Also, we know thaf ¢andA are mutually exclusive and exhaustive events i.e.,
ACA¢=f andAE A¢=S

or P(AE A9 = P(S)
Now P(A) + P(A) =1, by using axioms (ii) and (iii).
or P(a¢) = P(notA) = 1 — P(A)

We now consider some examples and exercises having equally likely outcomes
unless stated otherwise.

Example 100ne card is drawn from a well shuffled deck of 52 cards. If each outcome
is equally likely calculate the probability that the card will be
() adiamond (i) notan ace
(i) a black card (i.e., a club,a spade) (iv) notadiamond
(v) not a black card.

Solution When a card is drawn from a well shuffled deck of 52 cards, the number of
possible outcomes is 52.
() LetA be the event 'the card drawn is a diamond'

Clearly the number of elements in 8as 13.

13 1
Therefore, P(A) = 0 2

1
i.e. probability of a diamond card;l:

(i) We assume that the event ‘Card drawn is an ace’is B
Therefore ‘Card drawn is not an ace’ should ige B

We k that P(B=1 PB—l-il-il—z
e know that P(§ =1 - P(B) =\~ 5= 12713
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(i) Let C denote the event ‘card drawn is black card’
Therefore, number of elements in the set C = 26

. 26 1
i,e. P(C)= 5—5

1
Thus, probability of a black cardi .

(iv) We assumed in (i) above this the event ‘card drawn is a diamond’,
so the event ‘card drawn is not a diamomdly be denoted & or ‘not A

1 3
Now P(notA) = 1 — P(A) =1- TZ

(v) The event ‘card drawn is not a black card’ may be denoted¢as'@t C'.
1 1
We know that P(not C) = 1 — P(C)k= 2 :E

1
Therefore, probability of not a black cardéz

Example 11 A bag contains 9 discs of which 4 are red, 3 are blue and 2 are.yellow
The discs are similar in shape and sidlisc is drawn at random from the bag.
Calculate the probability that it will be (i) red, (ii) yellpwii) blue, (iv) not blue,

(v) either red or blue.

Solution There are 9 discs in all so the total number of possible outcomes is 9.
Let theeventsA, B, C be defined as

A: ‘the disc drawn is red’
B: ‘the disc drawn is yellow’
C: ‘the disc drawn is blue’.
() The number of red discs =4, i.e.(A)=4
Hence P(A) = g

@) The number of yellow discs = 2, i.a.(B) = 2

2
Therefore, P(B) = 9
(i) The number of blue discs = 3, i.a(C) =3
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Theref pC)=o=1

erefore, (C) = 9”3

(iv) Clearly the event ‘not blués ‘not C’. We know that P(not C) =1 — P(C)
1 2

Therefore P(not C) =1- 3 :5

(v) The event ‘either red or blue’ may be described by the set ‘A or C’
Since A and C are mutually exclusive events, we have

- 4 1.7
P(AorC)= P (AE C)=P(A)+P(C)=§+§=§

Example 12Two studenténil andAshima appeared in an examinatidhe probability
thatAnil will qualify the examination is 0.05 and thghima will qualify the examination
is 0.10. The probabiljt that both will qualify the examination is 0.02. Find the
probability that

(a) BothAnil andAshima will not qualify the examination.

(b) Atleast one of them will not qualify the examination and
(c) Only one of them will qualify the examination.

Solution Let E and F denote the events thiait andAshima will qualify the examination,
respectivelyGiven that

P(E) = 0.05, P(F) = 0.10 and PCEF) = 0.02.
Then

(a) The event ‘bothAnil and Ashima will not qualify the examinatiomhay be
expressed as 'K F .

SinceE is ‘not E’, i.e.,Anil will not qualify the examination and Fs ‘not F, i.e.,
Ashima will not qualify the examination.

Also E°CF =(EE F) (by Demorgan's Law)

Now P(EE F) = P(E) + P(F) - P(E F)

or P(EE F) =0.05+ 0.10 — 0.02=0.13

ThereforeP(E CF)=P(EEF) =1- P(BEE F)=1- 0.13=0.87

(b) P (atleast one of them will not qualify)

=1 - P(both of them will qualify)
=1- 0.02=0.98
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(c) The event only one of them will qualify the examination is same as the event
either (Anil will qualify, andAshima will not qualify) or (Anil will not qualify anéshima
will qualify) i.e., EC F or E C F, where EC F” and E'C F are mutually exclusive.

Therefore, P(only one of them will qualify¥ P(EC F or E CF)
=PECF)+P(E CF)=P(E)-P(E F)+P(F)-P (B F)
=0.05-0.02+0.10-0.02=0.1

Example 13A committee of two persons is selected from two men and two women.

What is theprobability that the committee will have (a) no man? (b) one man? (c) two
men?

Solution The total number of persons = 2 + 2 = 4. Out of these four person, two can
be selected ifC, ways.
(a) No men inthe committee of two means there will be two women in the committee.

Out of two women, two can be selecteo‘z'(rj2 =1 way.

(b) One man in the committee means that there is one woman. One man out of 2

can be selected ihC, ways and one woman out of 2 can be selecteaCjnways.

Together they can be selected?ip,” *C, ways.

Therefore P(One map= zciczzcl = i 22—2
(c) Two men can be selected #iC, way.

’c,_ 1 _1
Hence P(Two men) = 4Cz = c, =5

| EXERCISE 16.3|

1. Which of the following can not be valid assignment of probabilities for outcomes

of sampleSpace S 3w, w,, Wy, Wy, W, Wg, Wy
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Assignment w w w

1 2 3 4 5 w 6 w 7
(a) 01 001 005 0.03 0.01 0.2 0.6
b L0111 1 1
(b) 7 7 7 7 7 7 7
(c) 01 0.2 0.3 04 0.5 0.6 0.7
(d) -01 0.2 0.3 04 -0.2 0.1 0.3
ir 2 s 4 5 6 15
() 14 14 14 14 14 14 14
2. Acoin is tossed twice, what is the probability that atleast one tail occurs?

3. Adieisthrown, find the probability of following events:
() A prime number will appear
(i) A number greater than or equal to 3 will appear
(i) A number less than or equal to one will appear
(iv) A number more than 6 will appear
(v) A number less than 6 will appear

4. A card is selected from a pack of 52 cards.

(a) How many points are there in the sample space?
(b) Calculate the probability that the card is an ace of spades.
(c) Calculate the probability that the card is (i) an ace (ii) black card.

5. A fair coin with 1 marked on one face and 6 on the other and a fair die are both
tossed. find the probability that the sum of numbers that turn up is (i) 3 (ii) 12

6. There are four men and six women on the city council. If one council member is
selected for a committee at random, how likely is it that it is a woman?

7. A fair coin is tossed four times, and a person win Re 1 for each head and lose
Rs 1.50 for each tail that turns up.
From the sample space calculate how many different amounts of money you can
have after four tosses and the probability of having each of these amounts.

8. Three coins are tossed once. Find the probability of getting

() 3 heads (i) 2 heads (i) atleast 2 heads
(iv) atmost 2 heads (v) no head (vi) 3tails
(vii) exactly two tails (viil)  no tail (ix) atmost two tails

2
9. If 1 is the probability of an event, what is the probabilitjhe event ‘nof’.

10. A letter is chosen at random from the word ‘ASSASSINZN’. Find the
probability that letter is (ia vowel (ii) a consonant
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In a lottery a person choses sixf@ifent natural numbers at random from 1 to 20,

and if these six numbers match with the six numbers already fixed by the lottery

committee, he wins the prize. What is the probability of winning the prize in the

game? [Hint order of the numbers is not important.]

Check whether the following probabilities P(A) and P(B) are consistently defined
() P(A)=0.5, PB)=0.7, P(& B)=0.6

(i) P(A)=0.5 P(B)=0.4, P(X B)=0.8

Fill in the blanks in following table:

P(A) P(B) P(A(; B) P(AE B)
. 1 1 1
O 3 5 15
(i) 0.35 oL 0.25 0.6
iy 0.5 0.35 oL 0.7

3 1
Given P(A) == and P(B) = Find P(Aor B), if A and B are mutually exclusive

events.

1 1 1
If E and F are events such that P(E)4-; P(F) :E and P(E and F) % find

(i) P(E or F), (ii) P(not E and not F).

Events E and F are such that P(not E or not F) = 0.25, State whether E and F are
mutually exclusive.

A and B are events such that P(A) = 0.42, P(B) = 0.48 and P(A and B) = 0.16.
Determine (i) P(nod), (ii) P(not B) and (iii) P(A or B)

In Class Xl of a school 40% of the students study Mathematics and 30% study
Biology. 10% of the class study both Mathematics and Bioltdgy student is
selected at random from the class, find the probability that he will be studying
Mathematics or Biology

In an entrance test that is graded on the basis of two examinations, the probability
of arandomly chosen student passing the first examination is 0.8 and the probability
of passing the second examination is 0.7. The probability of passing atleast one of
them is 0.95. What is the probability of passing both?

The probability that a student will pass the final examination in both English and
Hindi is 0.5 and the probability of passing neither is 0.1. If the probability of
passing the English examination is 0.75, what is the probability of passing the
Hindi examination?
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21. Inaclass of 60 students, 30 opted for NCC, 32 opted for NSS and 24 opted for
both NCC and NSS. If one of these students is selected at random, find the
probability that
(i) The student opted for NCC or NSS.

(i) The student has opted neither NCC nor NSS.
(i)  The student has opted NSS but not NCC.

Miscellaneous Examples

Example 140n her vacation¥eena visits four cities (A, B, C and D) in a random
order What is the probability that she visits

() A before B? @) A before B and B before C?

@) Afirstand B last? (iv) A either first or second?

(v) A just before B?

Solution The number of arrangements (orders) in whMebkna can visit four cities,

B, C,or Dis 4! i.e., 24.Therefore,(S) = 24.

Since the number of elements in the sample space of the experiment is 24 all of these
outcomes are considered to be equally likeAy sample space for the
experimentis

S ={ABCD,ABDC, ACBD, ACDB,ADBC, ADCB
BACD, BADC, BDAC, BDCA, BCAD, BCDA
CABD, CADB, CBDA, CBAD, CDAB, CDBA
DABC, DACB, DBCA, DBAC, DCAB, DCBA}
() Let the event ‘she visita before B’be denoted by E

ThereforegE = {ABCD, CABD, DABC,ABDC, CADB, DACB
ACBD, ACDB, ADBC, CDAB, DCAB, ADCB}

n(E
P( E) :Q :E :_1

n(s) 24 2
(i) Letthe event “éena visitA before B and B before e denoted by.F
Here F = {ABCD, DABC, ABDC, ADBC}

n(F 4 1
Therefore,P( F) = % =Z :_6

Thus

Students are advised to find the probability in case of (iii), (iv) and (v).
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Example 15Find the probability that when a hand of 7 cards is drawn from a well
shuffled deck of 52 cards, it contains (i) all Kings (ii) 3 Kings (iii) atleast 3 Kings.

Solution Total number of possible hands’%C,

(i) Number of hands with 4 Kings #C, ~ **C, (other 3 cards must be chosen
from the rest 48 cards)

‘c, *c, 1
oS 7735

Hence P (a hand will have 4 Kings)

(i) Number of hands with 3 Kings and 4 non-King card&s “°C,
‘c,%®c, _ 9
2C, 1547
(i) P(atleast 3 King) = P(3 Kings or 4 Kings)
= P(3 Kings) + P(4 Kings)
_ 9 .1 _ 46
1547 7735 773

Therefore P (3 Kings) =

Example 16If A, B, C are three events associated with a random experiment,
prove that

P(AEBE C) =P(A)+P(B)+{ Q- K £ B- R& ¢
-P(BCC)+P(ACBCC)

Solution Consider E = EE C so that
PAEBEC)=P(AEE)

=P(A)+P(B- RACE) . (1)
Now
P(E)= A(BE
=P(8)+H9- {® g - @
Also AGE=AC(BEC) = (ACB)E (AC C)[using distribution property of
intersection of sets over the union]. Thus

P(ACE)= P(AG B)+ P(AGC Q- PEACB)C(ACC)¢
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=P(ACB)+P(ACC) - P[ACBCC|] .. (3)
Using (2) and (3) in (1), we get

PI[AEBE C]= P(A)+ {B+ H§- k& §
-P(ACB)- P(AC CF A B Q

Example 17In a relay race there are five teafB, C, D and E.

(a) What is the probability thah, B and C finish first, second and third,
respectively

(b) What is the probability tha&t, B and C are first three to finish (in any order)
(Assume that all finishing orders are equally likely)

Solution If we consider the sample space consisting of all finishing orders in the first

5!
three places, we will hav&p,, i.e., (5 3)| =5 x 4 x 3 =60 sample points, each with

. 1
a probability Of60 .

(a) A, Band Cfinish first, second and third, respectivEhere is only one finishing
order for this, i.e. ABC.

1
ThusP(A, B and C finish first, second and third respectivelyé)b-:.

(b) A, B and C are the first three finishefhere will be 3! arrangements far B
and C.Therefore, the sample points corresponding to this event will be 3! in
number

3 _6 _1
So P (A, B and C are first three to finisFF)g) =E):E

Miscellaneous Exercise on Chapter 16

1. Abox contains 10 red anbles, 20 blue marbles and 30 green marbles. 5 marbles
are drawn from the box, what is the probability that
(i) all will be blue? (ii) atleast one will be green?

2. 4 cards are drawn from a well — shuffled deck of 52 cards. What is the probability
of obtaining 3 diamonds and one spade
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. A die has two faces each with number ‘1’, three faces each with number ‘2’ and

one face with number ‘3. If die is rolled once, determine
(i) P(2) (i) P(L or 3) (i) P(not 3)

In a certain lottery 10,000 tickets are sold and ten equal prizes are awarded.
What is the probability of not getting a prize if you buy (a) one ticket (b) two
tickets (c) 10 tickets.

Out of 100 students, two sections of 40 and 60 are formed. If you and your friend
are among the 100 students, what is the probability that

(a) you both enter the same section?

(b) you both enter the different sections?

. Three letters are dictated to three persons and an envelope is addressed to each
of them, the letters are inserted into the envelopes at random so that each envelope
contains exactly one lettefind the probability that at least one letter is in its
proper envelope.

. A and B are two events such that P(A) = 0.54, P(B) = 0.69 an@B)y= 0.35.
Find (i) P(AE B) (ii) P(A" CB") (iii) P(AC B") (iv) P(BC A")

From the employees of a compabypersons are selected to represent them in
the managing committee of the compdpgrticulars of five persons are as follows:

S. No. Name Sex Age in years
1. Harish M 30
2. Rohan M 33
3. Sheetal F 46
4. Alis F 28
5. Salim M 41

A person is selecteat random from this group to act as a spokesperson. What is
the probability that the spokesperson will be either male or over 35 years?

If 4-digit numbers greater than 5,000 are randomly formed from the digits
0,1, 3,5, and 7, what s the probability of forming a number divisible by 5 when,
(i) the digits are repeated®) the repetition of digits is not allowed?

. The number lock of a suitcase has 4 wheels, each labelled with ten digits i.e.,
from 0 to 9. The lock opens with a sequence of four digits with no repeats. What
is the probability of a person gieiy the right sequence to open the suitcase?
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Summary
In this Chapterwe studied about the axiomatic approach of probafitity main
features of this Chapter are as follows:
(R)Sample spaceThe set of all possible outcomes
(R)Sample pointsElements of sample space
(R)Event A subset of the sample space
(®Impossible event The empty set
(R)Sure event The whole sample space
(R)Complemendry event or ‘not event: The setA¢or S —-A
(REventA or B: The seA E B
(R)EventA andB: The setA C B
(R)EventA andnot B: The setA — B
(®Mutually exclusive eventA and B are mutually exclusive AC B =f

(® Exhaustive and mutually exclusive eventvents E E,..., E are mutually
exclusive and exhaustive if E E,E .EE =Sand ECE =f ¥i?]

(R)Probability: Number P\) associated with sample point, such that
() 0EP@) £1 @) aP()foralwl s=1

Gi) P(A)=a P( ;)forall w,| A.The number Rw) is calledprobability
of the outcomev..
(R Equally likely outcomesAll outcomes with equal probability
(R)Probability of an eventFor a finite sample space with equally likely outcomes

Probability of an evenP(A):%, wheren(A) = number of elements in
n

the sefA, n(S) = number of elements in the set S.
®If A and B are any two events, then
P(A or B) = P(A)\+ P(B) — P(A and B)
equivalently P(AE B) = P(A) + P(B) — P(AC B)
®If A and B are mutually exclusive, then R§AB) = P(A) + P(B)

®If Ais any event, then
P(notA) = 1 — P(A)
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Historical Note

Probability theory like many other branches of mathematics, evolved out of
practical consideration. It had its origin in the 16th century when an Italian physician
and mathematician Jerome Cardan (1501-1576) wrote the first book on the subject
“Book on Games of Chance” (Biber de Ludieae). It was published in 1663
after his death.

In 1654, a gambler Chevalier de Metre approached the well known French
Philosopher and Mathematician Blaise Pascal (1623-1662) for certain dice
problem. Pascal became interested in these problems and discussed with famous
French Mathematician Pierre de Fermat (1601-1665). Both Pascal and Fermat
solved the problem independentBesides, Pascal and Fermat, outstanding
contributions to probability theory were also made by Christian Huygenes (1629—
1665), a Dutchman, J. Bernoulli (1654-1705), De Moivre (1667-1754), a
Frenchman Pierre Laplace (1749-1827), the Rusdiditebyshev (1821-1897),

A. A Markov (1856-1922) aril. N Kolmogorove (1903-1987). Kolmogorov is
credited with the axiomatic theory of probabilittis book ‘Foundations of
Probability’ published in 1933, introduces probability as a set function and is
considered a classic.



